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PREFACE. 



Trs first object of the author of the following treatise has been to 
make the transition from arithmetic to algebra as grodnal as ponible. 
The Book^ therefore, commences with practical questions in simple 
equations, such as the learner might readily solve without the aid of 
algebra. This requires the explanation of only the signs plus and 
minus, the mode of expressing multiplication and division, and the 
sign of equality } together with the use of a letter to express the un- 
known quantity. These may be understood by any one who has a 
tolerable knowledge of arithmetic. All of them, except the use of 
the tetter, have been explained in arithmetic. To reduce such an 
equation, requires only the application of the ordinary rules of arith- 
metic ; and these are applied so simply, that scarcely any one ean 
mistake them, if left entirely to himself. One or two questions are 
solved first with little explanation in order to give the learner an idea 
of what is wanted, and he is then left to solve several by himself. 

The most simple combinations are given first, then those whieh 
are more difiicult. The learner is expeeted to derive most of his 
knowledge by solving the examples himself; therefore care has been 
taken to make -the explanations as f^w and as brief as is consistent 
with giving an idea of what is required. 

In fact, explanations rather embarrass than aid the learner, because 
he is apt to trust too much to them, and neglect to employ his own 
powers ; and because the explanation is firequently not made in the 
way, that would naturally suggest itself to hkn, if he were left to 
examine the subject by himself. The best mode, therefore, seems to 
be, to give examples so simple as to require little or no expla&ation, 
and let the learner reason for himself, taking care to make them more 
dilTicult as he proceeds. This method, besides giving the learner 
confidence, by making him rely on his own powers, is much more 
interesting to him, because he seems to himself to be constant 
making new discoveries. Indeed, an apt scholar will firequenlljr 
make original explanations much more simple than would harve been 
given by tbe ftUlllQr. 



4 PREFACE. 

This mode has also the advantage of exercising the learner in 
reasoning, instead of making him a listener, while the author reasons 
before him. 

The examples in the first fi£ty pages involve nearly all the opera- 
tions, that are ever required in simple numerical equations, \nth one 
and two unknown quantities. 

In the ninth article, the learner is taught to generalize particular 
cases, and to form rules. Here he is first taught to represent known 
quantities by letters, and at the same time the purpose of it. The 
transition from particular cases to general principles is made as 
gradual as possible. At first only a part of the question is general- 
ized, and afterwards the whole of it. 

When the learner understands the purpose of representing Jcnown 
quantities as well as unknown, by letters or general symbols, he is 
considered as fairly introduced to the subject of algebra, and ready to 
conunence where the subject is usually commenced in other treatises. 
Accordingly he is taught the fundamental rules, as applied to literal 
quantities. - Much of this however is only a recapitulation in a gen- 
eral form, of what he has previously learnt, in a particular form. 

After this, various subjects are taken up and discussed. There is 
nothing peculiar in the arrangement or in the manner of treating 
them. The author has used his own language, and explained as 
seemed to him best, virithout reference to any other work. A large 
number of examples introduce and illustrate every principle, and as 
far as seemed practicable, the subjects are taught by. example rather 
than by explanation. 

The demonstration of ^e Binomial Theorem is entirely original, 
so far as regards the rule for finding the coefficients. The rule itself 
is the same that has always been used. The manner of treating and 
demonstrating the principle of summing series by difference, is also 
original.* 

Proportions have been discarded in algebra as well as in arithmetic. 
The author intended to ^ve, in an appendix, some directions for 
using proportions, to assist those who might have occasion to read 
other treatises on mathematics. But this volume was. already too 
large to admit it. It is believed, however, that few will find any 
difficulty in this respect. If they do, one hour's study of some tr a 
tise which explains proportions will remove it. 

* Bee Bo«t<m Joanial or PhOoMq^y and the Arta No. tf, ftor Ifoy, ltt& 
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In order to study this work to advantage, the learner should solre 
every question in course, and do it aUgehraieaUy. If he finds a ques- 
tion which he can solve as easily without the aid of algebra as with 
it, he may be assured, this is what the author expected. If he first 
solves a question, which involves no difficulty, he will understand 
perfectly what he is about, and he will thereby be enabled to encoun- 
ter those which are difficult. 

When the learner is directed to turn back and do in a new way 
something he has done before, let him not fail to do it, for it will be 
necessary to his future progress ; and it will be much better to trace 
the new principle in what he has done before, than to have a new 
example for it. 

The author has heard it objected to his arithmetics by some, that 
they are too easy. Perhaps the same objection will be made to this 
treatise on algebra. But in both ca^s, if they are too easy, it is the 
fault of the aubject, and not of the book. For in the First Lessona, 
there is no explanation ; and in the Sequel there is probably less than 
in any other books, which explain at all. As easy however as thej^ 
are, the atfthor believes that whoever undertakes to teaeh them, will 
fbd the intellects of his scholars more exercised in studying them, 
than in studying the most difficult treatise he can pat into their 
hands. When the learner feels, that the subject is above his eapaelQr, 
he dares not attempt any thing himself, but trusts implicitly to the 
author ; but when he finds it level with his capacity, he readily 
engages in it. But here there is something more. The learner is 
required to perform a part himself. He finds a regular part assigeed 
to him, and if the teacher does his duty, the learner must give a great 
many explanations which he does not find in tiie book. 
!• 
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INTRODUCTION 

Th£ operations explained in Arithmetic are sufficient for 
the solution of all questions in numbers, that ever occur ; but 
it is to be observed, that in every question there are two dis- 
tinct things to be attended to ; first, to discover, by a course 
of reasoning, what operations are necessary ; and, secondly, to 
perform those operations. The first of these, to a certain ex- 
tent, is more easily learned than the second ; but, after the 
method of performing the operations is understood, all the dif- 
ficulty in solving abstruse and complicated questions consists 
in discovering bow the operations are to be applied. 

It is often difficult, and sometimes absolutely impossible to 
discover, by the ordinary modes of reasoning, how the funda- 
mental operations are to be applied to the solution of questions. 
It is our purpose, in this treatise, to show how this difficulty 
may be obviated. 

It has been shown in Arithmetic, that ordinary calculations 
are very much facilitated by a set of arbitrary signs, called 
figures ; it will now be shown that the reasoning, previous to 
calculation, may receive as great assistance from another set of 
arbitrary signs. 

Some of the signs have already been explained in Arithmetic ; 
they will here be briefly recapitulated. 

(=) Two horizontal lines are used to express the words 
** are equal to^^^ or any other similar expression. 

{-{-) A cross, one line being horizontal and the other perpen- 
dicular, signifies ^ added to.'' It may be read and^ more, plus, 
or any similar expression ; thus, 7 + 6 = 12, is read 7 and 5 
are 12, or 5 added to 7 is equal to 12, or 7 plus 6 is equal to 
12. Plus is a Latin word signifying more. 

( — ) A horizontal line, signifies subtracted from. It is some- 
times read less or minus. Mlinus is Latin, signifying less. Tfaui 
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14 — 6 = 8, is read 6 subtracted from 14, or ^4 less 6, or 14 
minus 6 is equal to 8. 

Observe that the sigijs -^ and — affect the numbers whichi 
they stand immediately before, and no others. Thus 

14 — 6 + 8 = 16 ; and 14 + 8 — 6 = 16 ; 
and 8 — 6 + 14 = 16 ; and, in fine, — 6 + 8 -|- 14 = 16* 
In all these cases the 6 only is to be subtracted, and it is the 
same, whether it be first subtracted from one of the numbers, 
and then the rest be added, or whether all the others be added 
and that be subtracted at last. 

(X) (.) An inclined cross, or a point, is used to express 
multiplication ; thus, 6 X 3 = 15, or 5 . 3 = 15. 

(-7-) A horizontal line, with a point above and another below 
k, is used to express division. Thus 15 -r- 3= 5, is read 16 
divided by 3 is equal to 5. 

But division is more frequently expressed in the form of a 
fraction {^rith. Art. XVI. Fart 11.), the diyisor being made the 
denominator, and the dividend the numerator. Thus *3* = 6, 
is read 15 divided by 3 is equal to 5, or one third of 15, is 5, 
or 15 contains 3, 5 times. 

Example. 6 X 9 + 15 — 3 = 7 . 8 — *:J -f 14. 
This is read, 9 times 6 and 15 less 3 are equal to 8 times 7 
less 16 divided by 4, and 14. 

To find the value of each side ; 9 times 6 are 54 and 15 are 
69, less 3 are 66. Then 8 times 7 are 56, Ipss 16 divided by 
4, or 4 are 52, and 14 mor« are 66. 

In questbns proposed for solution, it is always required to 
find one or more quantities which are unknown ; these, when 
found, are the answer to ,the question. It will be found e^reme- 
ly useful to have signs to express the^e unknown quantities, be- 
cause it will enable us to keep the object more steadily and dis- 
tinctly in view. We shall also be able to represent certain ope- 
rations upon them by the aid of signs, which will greatly assist 
us in arriving at the result. 

Algebi-aic signs are in fact nothing else than an abridgment of 
common language, by which a long process of* reasoning is pre- 
sented at once in a single view. 

The signs generally used to express the unknown quantities 
above mentioned are some of the last letters of the alphabet, as 
«5 y^ ^1 &c. 
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1. 1. Two men, A and B, trade in company, and gain S67 
dollars, of which B has twice as much as A. What is the share 
of each? 

In this example the unknown quantities are the particular 
shares of A and B. 

Let X represent the number of dollars in A's share, then 2 x, 
w31 represent the number of dollars in B's share. Now tliese 
added .together must make the number of dollars in both their 
shares, that is, 267 dollars. - 

a: + 2 a: = 267 
Putting all the x's together, 3 a? =3: 267 

If 3 X are 267, 1 or is | of 267 in the same manner as if 3 
oxen were worth $ 267, 1 ox wopld be worth § of it. 

X = 89 =. A's share. 
5 a; = 178 = B's share. 

2. Four men, A, B, C, and D, found a purse of money con- 
taining $ 325, but not agreeing about the division of it, each took 
as much as he could get ; A got a certain sum, B got 5 times as 
mocb ; C, 7 times as much ; and D, as much as B and C both. 
How many doUars did each get? 

Let X represent the number of dollars that A got ; then B got 
5 ap, C 7 a?, and D (5 a? + 7 a?) = 12 a?. These, added toge- 
ther, most make $325, the whole number to be divided. 

a?-f.6a? + 7ar + 12a: = 325 
Putting all the a;'s together, 25 a; r= 325 

a? = 13 = A's share. 
6x= 65 = B's " 
7a?= 91=C's " 
12a?=166 = D's " 

^ote. All examples of this kind in algebra admit of proof. 
In this case the work is proved by adding together the several 
shares. If they are equal to the whole sum, 325, the work is 
right. As the answers are not given in this work, it will be well 
for the learner always to prove his results. 

In the same manner perform the following examples. 

3. Said A to B, my horse and saddle together are worth $130, 
but the horse is worth 9 times as much as the saddle. What is 
the value of each? 

4. Three men. A, B, and C, trade in company, A puts in a 
certain sum, B puts in 3 times as much, and C puts in as much 
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as A and B both ; they gain $656. What is each man's share 
of the gain? 

5. A gentleman, meeting 4 poor persons, distributed 60 cents 
among thera^ giving the second twice, the third three times, and 
the fourth four times as much as the first. How many cents did 
he give to each? 

6. A gentleman left 11000 crowns to be divided between his 
^ widow, two sons, and three daughters. He intended that the 

widow should receive twice the share of a son, and that each son ' 
should receive twice the share of a daughter. Required the share 
of each. 

Let X represent the share of a daughter, then 2 x will represent 
the share of a son, &c. 

7. Pour gentlemen entered into a speculation, for which they 
subscribed $4755, of which B paid 3 times as much as A, and 
C paid as much as A and B, and D paid as much as B and C. 
What did each pay? 

8. A man bought some oxen, some cows, and some sheep for 
$ 1400 ; there were an equal number of each sort. For the oxen 
be gave $42 apiece, for the cows $20, and for the sheep $8 
apiece. How many were there of each sort? 

In this example the unknown quantity is the number of each 
sort, but the number of each sort being the same, oae character 
will express it. 

Let X denote the number of each sort. 

Then x oxen, at $42 apiece, will come to 42 x dolls., and x 
cows, at $20 apiece, will come to 20 x dolls., and x sheep, at 
$ 8 apiece, will come to 8 a; dolls. These added together must 
iDske the whole price. 

42 a; + 20 a? + 8 a:= 1400 
Putting the x's together, . . 70 a: = 1400 

Dividing by 70, a? = 20 

Ans. 20 of each sort. 

9. A man sold some calves and some sheep for $374, the 
calves at $ 5, and the sheep sit $ 7 apiece ; *there were three 
times as many calves as sheep. How many were there of 
each? 

Let x denote the number of sheep ; then 3 x will denote the 
number of calves. 
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Then x sheep, at $7 apiece, will come to 7 x doUs., and 3 x 
calves, at $ 5 apiece, will come to 5 times 3 x dolls., that is, 15 x 
<lolls. 

Tliese added together must make the whole price. 

7a:+ 15ar = 374 
Putting the a?'s together, 22 x =z 374 
Dividing by 22, a: = 17 = number of sheep. 

3 ar = 51== " calves. 

The learner must liave remarked by this time, that when a 
question is proposed, the first thing to be done, is to find, by 
means of the unknown quantity, an expression which shall be 
equal. to a given quantity, and then from that, by arithmetical op- 
erations, to deduce the value of the unknown quantity. 
' This expression of equality between two quantities, is called 
an equation. In the last example, 7 a; -J- 15 «= 374 is an equor 
tion. 

The quantity or quantities on the left of the sign = are called 
the first member, those on the right, the second manber of the 
equation. (7 ar + 1 5 a?) is the first member of the above equa- 
tion, and 374 is the second member. 

Quantities connected by the signs + ^nd — are called terms. 
7 X and 15 a? are terms in the above equation. 

The figure written before a letter showing how many limes the 
letter is to be *taken, is called the coefficient of that letter. In 
the quantities 7 ar, 15 ar, 22 ar ; 7, 15, 22, are coefficients of x. 

The process of forming an equation by the ocmdidons of a 
question, is called putting ike question into an equation. 

The process by which the viJue of the unlmowii quantity is 
found, after the question is put into an equation, is called solving 
or reducing the equation. 

No rules can be given for putting questions into equations ; 
this must be learned by practice ; but rules may be K>und for 
solving most of the equations that ever occur. 

After the preceding questions were put into equation, the first 
thing was to reduce all the terms containing the unknown quanti- 
ty to one term, whi6h was done by adding the coefficients. As 
7 a: rf 15 a: are 22 ar. Then, since 22 a? == 374, 1 x must be 
equal to ,>, of 374. That is. 

When the unknown quantity in one member is reduced to on6 
term, and stands equatto a known quantity in the other, its valu§ 
2 
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is found by dividing the knaun quantity by the coefficient of the 
unknown quantity. 

10. A man bought some oranges, some lemons, and some 
pears, for 156 cents ; tlie oranges at 6 cents each, the lemons at 
4 cents, and the pears at 3 cents ; there was an equal number 
of each sorti Required the number of each. 

11. In fencing the side of a field, the length of which waa 
450 yards, two workmen were employed ; one fenced 9 yards, 
and the other 6 yards per day. How many days did they 
work? 

12. Three men built 780 rods of fence ; the first built 9 
rods per day, the second 7, and the third 5 ; the second work- 
ed three times as many days as the first, and the third, twice as 
many days as the second. How many days did each work.^ 

13. A man bought some oxen, some cows, and some calves 
for $348 ; the oxen at $38 each, the cows at $18, and the 
calves at $ 4. There were three times as many cows as oxen, 
and twice as many calves as cows. How many were there of 
each sort? 

' 14. A merchant bought a quantity of flour for $ 132 ; for one 
half of it he gave $ 5 per barrel, and for the other half $ 7. How 
many barrels were there in the whole? 

Let X denote one half the number of barrels.* 

16. From two towns, which are 187 miles apart, two travel- 
lers set out at the same time with an intention of meeting ; one 
of them travels at the rate of 8, the other of 9 miles each day. 
In how many days will they meet? 

n. 1. A cask of wine was sold for $46, which was only | 
of what it cost. Required the cost. 
Let X denote the cost. 

# Three fourths of x may be written | a? or — . The latter is 

4 
preferable. » 

9 = 60 Jin».$60. 
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If i of 0? comes to 45, then — must come to | of 45, or 

4 

16, and x wOl be 4 times 15, or 60. 

A better method. 

T-45 

3 a? = 45 X 4 = 180 
a: = 60 

Sx 

Observe, that — is the same as { of 3 x. Now if } of 3 « 
4 

Is 45, Sx itself must be 4 times 45, or 180; 3a; being 180, x 

must be J of 180, which is 60. 

2. A man, being asked his age, answered, that if its half and 
its third were added to it,, the sum would be 88. What was Us 
age? 

Let X denote his age; then, 

a? + i + - = 88 

Reducmg the tefms to acorn- ?^*i^i?i^ qq 

mon denominator, >"6"~6'~6 

11 X 
> Adding them together, — = 88 

6 
i of 11 X being 88, 11 « will be 6 times 88, 11 a; = 528 
Dividing by 11, a? = 48 

Ans. 48 years. 

3. If { of a hogshead of wine cost $ 65; what will a hogshead 
cost at that rate? 

4. There is a pole | and } under water, and 5 feet out of 
water; what is the length of the pole? 

^ X X 

Let X denote the whole length. Then 1 j- 5 must be 

2 o 



equal to the whole length. Hence, 



2^3^ 



Reducing to a common denominator, 



6x 3x , 2x , ^ 
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Adding together, — =^— 4- 6 

5 •? 
Since the two members are equal, if — be subtracted from 

both, they will still be equal; hence, 

and a: = 30 Ans, 30 feet. 

Proof. One half of 30 is 15, and one third of thirty is 10. 
Now 30 = 15 + 10 + 5. 

There is another mode of reducing the above equation which 
in most cases is to be preferred. It is the same in principle. 

If both members of an equation be multiplied by the same 
number they evidently will still be equal. 

In the equation, 

First multiply both members by 2, the denominator of one of 
the fractions, and it becomes, 

2ff = ar + ~ + 10. 

Next multi{^y both members by 3, the denominator of the 
odier fraction, and it becomes, 

6jr=a=3a: + 2ar + 30 
or 6 a:^= 5 ar + 30. 
Subtracting 5 x from both members, 

a; = 30 as before. 

5. In an orchard of fruit trees \ of them bear apples, \ of 
them pefffs^ { of them plums, 7 bear peaches, and 3 bear cher- 
ries; these are all the trees in the orchard. How many are 
there .^ 

6. A farmer, being asked how many sheep he had, answered, 
he had them in four pastures; in the first he had \ of them, in the 
second \ , in the third \ , and in the. fourth he had 24 sheep. 
How many had he in the whole .^ 

7. A person having spent \ and \ of his money, had $ 26| left. 
How much money had he at first? 

8. A man driving his geese to market, was met by another, 
who said good morrow, master, with your hundred geese; said 
he, I have not a hundred, but if I had as many more, and half 
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as many more, and two geese and a half, I should hare a hundred. 
How many had he? 

9. A and B having found a bag of money, disputed about the 
division of it. A said that | and ) and } of the money made 
$ 130, and if B could tell how much money there was, he 
should have it all, otherwise none of it. How much money was 
there in the bag? 

10. Upon measuring the corn produced in a field, being 96 
bushels, it appeared that it had yielded only one third part more 
than was sown. How much was sown? 

11. A man sold 96 loads of hay to two persons; to the first {^ 
and to the second J of what his stack contained. How many 
loads did the stack contain at first? 

12. A and B talking of their s^es, A says to B if I, } , and ) 
of my age be added to ray age, and 2 years more, the sum wiu 
be twice my age. What was his age? 

13. What sum of money is that whose J , ) , and { part added 
together, amount to £ 9? 

14. Tiie account of a certain school is as follows: ^ of the 
boys learn geometiy, | learn grammar, f^ learn arithmetic, A 
learn spelling, and 9 learn to read. What is the number of 
scholars in the school? 

15. There is a fish whose head weighs 9 lb. his tail weighi 
as much as his head and half bis body, and his body weighs as 
much as his head and tail both. What is the weight of the 
fish? 

Represent the weight of the body by x, 

16. There is a fish whose head is 4 inches long, the tail is 
twice the length of tlic head, added to | of the length of the 
body, and the body is as long as the head and tail bodi. What 
is the whole length of the fish? 

17. A and B talking of their ages, A says to B, your age it 
twice and three fifths of my age, and the sum of our ages is 54. 
What is the age of each? 

18. A man divided $40 between two persons; to the first he 
gave a certain sum, and to the second only { as much. How 
much did he give to each? 

Let » denote the share of the first, -p wiH denote the 

5 

2» 
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of the second. These added together mmt make $ 40. 

, 3x 
, + - = 40 

Multipfying by 6, & a? + 3 ar = 200 

Adding together, Sx = 200 

Dividing by 8, a? = 25 === share of the first. 

3x 

— =15= " second. 

5 

19^^. Three pCTsons are to share $ 290 in tlie following man- 
ner: the second is to have two thirds, and the third three fourths 
as much as the first. What is the share of each? 

20. A fanner wishes to mix 1 00 bushels of provender, con- 
sisting of rye, barley, and oats, so that it may contain f as much 
barley as oats, and i as much rye as barley. How much of each 
mast there be in the mixture? 

31 . Divide 40 apples between two boys in the proportion of 
8 fo 2. 

The proportion 3 to 2 signifies that the second will have | as 
many as the first. 

22. A gentleman gave to S persons £ 98. The second re- 
ceived five-eighths of the sum given to the first, and the third 
one-fifth of what the second had. What did each receive ? 

23. A prize of $ 1^80 was divided betyt^een two persons, in 
the proportion of 9 to 7. What was the share of each? 

24. Three men trading in company, put in money in the fol- 
lowing proportion; the first 3 dollars as often as the second 7, 
and the third 5. They gain $ 960. What is each man's share 
of the gain? 

Observe, the second put in { of what the first put in, and the 
third put in i . 

25. Three men traded together; the first put in $ 700, the 
second $ 450, and the third $ 950. They gained $ 420. What 
wais the share of each? 

Observe, the second put in |B ass |§ est: ^ of what the first put 
i%te. 



III. 1. Two men^ A and B, hired a pasture togedier for 
$55, and A was to pay $13 more than a. What did each 
pajr? 

Suppose B paid x dollars ; A was to pay 13 dollars more ; 
therefore he paid a: + 13. These put togedier must make the 
whole 55 dollars. 

ar + ar4- 13 = 56 
Putting the a;'s together, 

2 a: + 13 = 65 
it appears ]^at 2^x is not so much as 66 by 13, therefore tak- 
hg 13 from 55, 

2a?= 65 — 13 
^2x = 42 
Dividing by 2, * a? == 21 = B's share. 

B% share is $21, and A'^s, being 13 more, is $ 34, 

ar + 13 = 21 + 13 = 34 = A's share. 
Protff, 34 + 21 = 65 the whole sum. 

2. A man bought a horse and chaise for f 300; the horse cost 
^ 28 more than the chaise.. What was the price of each ? 

3. A man bequeathed his estate of $ 12000 to his son and 
daughter ; the son was to have $ 2350 more than the daughter. 
What was the share of each? 

4. A father who has three sons, leaves them 16000 crowns. 
The will specifies that the eldest shall have 2000 crowns more 
tha& tlie second, and that the second shall have 1000 more than 
the youngest. What is the share of each.*^ 

Let X denote the number of crowns in the share of the young- 
ea/ki^ then x + 1 000 will denote the share of the second, and 
X + 1000 + 2000 will denote the share of the eldest. These 
added together must make the whole sum. 

X + X + 1000 + X + 1000 + 2000 = 16000 
Potling together the x's and the numbers, 

3 a; + 4000= 16000 
It appears that 3ar is not so much as 16000 by 4000, therefore 
subtracting 4000 from 16000, 

3a:= 16000 — 4000 
3a: =12000 
Dividing by 3, x = 4000 = share of the yooogest. 

The share of the youngest is 4000 crowns ; add to this 1000, 
(t makes 5000, the' share of the second^ 

X + 1000 = 5000 = shape of the second 
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Add 2000 more, it makes 7000, the share of the eldest, 
X + 1000 + 2000 == 7000 = share of the eldest. 
Proof. The several shares added make 16000 crowns which 
is ibe whole estate. 

6. A draper bought three pieces of cloth, which together mea- 
sured 159 yards ; die second piece was 15 yards longer than 
the first, and the third was 24 yards longer than the second. 
TVTiat was the length of each? 

6. A gentleman bequeathed an estate of $ 65000 to his wife, 
two sons, and three daughters. The wife was to have $ 2000 
less than the elder son, and $ 3000 more than the younger son ; 
and the portion of each of the daughters was $ 3500 less than 
that of tne younger son. Required the share of each. 

The 1st example may be performed differendy. heVx de- 
note the number of dollars paid by A ; B paid $ 13 less, there- 
fore X — 13 will represent the number of dollars paid by B, 
These added together must make the whole. 
x + x — 13 = 55 
Putting the ar's together, 2x — 13 =i 55 
It appears that 2 a? is more than 55 by 13, therefore add 13 to 
55 to make 2 x, 

2a? = 55+13 
2ar = 68 
Dividing by 2, a? = 34 = A*s share. 

This gives A's share $ 34, from which subtract $ 13, and it gives 
B's share $21, as before, 

X — l.J = 21 = B's share. 
In the same manner perform the 2d and 3d. The 4th may 
be solved in a similar manner. 

Let the elder son's share be represented by a?. The second 
son's share, being $ 2000 less, will be a: — 2000. The younger 
son's share, being $ 1000 less still, will be « — 2000 — 1000. 
These added together must make the whole sum. 

x + x — 2000 + x — 2000 — 1000 = 16000 
Putting the a;'s together and the numbers together, 

3a: — 5000= 16000. 
It appears that 3 a; is more than 16000 by 5000, therefore add 
5000 to 16000, 

3ar ss 16000 -f 5000 
3« = 21000 I 

Dividing by 3, xs 7000 
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The dder son^ share isf ^7000, as befiore. The others magr 

be eaisily found from this. 

Again, let x denote the second son's share. The elder son's, 
being $ 2000 more, will be a? + 2000. The younger son's, 
being $ 1000 fess, will be x — 1000. These added togelher 
must make the whole. 

X + 2000 + » + ar — 1000 = 16000 
Putting the x's together and the numbers together, 
3 a: + 1000 = 16000 

3x= 16000— 1000 
3a: = 15000 
. a:= 5000 
The second son's share is j^5000, as before. From this the 
rest are easily found. 

Perform the 5th and 6th in a similar way. 

7. At a certain election 943 men voted, and the candidate 
chosen had a majority of 65. How many voted for each ? 

8. A person employed 4 workmen ; to the first of whom he 
gave 2 shillings more than to the second ; to the second 3 shil- 
lings more than to the third ; and to the third 4 more than to the 
fourth. Their wages amounted to 32 shillings. What 'did each 
receive ? 

9. A cask, which held 146 gallons, was filled with a mixture 
of brandy, wine, and water. In it there were 15 gallons of wine 
more than there were of brandy, and as much water as both wine 
and brandy. What quantity was there of each ? 

Observe, that after the question is put into equation, the pur- 
pose is to make x stand akiue in one member of the equation, 
3ual to a known quantity in the otLer member, then the value 
» is found. In tl^e preceding examples in this Art. x has beea 
found only in the first member, but connected with known quan- 
tities by the signs -f- and — . In the solution of these equations 
the first thing teas to unite all the x's into one term, an4 all the 
knoton quantities into another. 7%en, if the number which stood 
on the same side mth x, had the sign -\- before it^ that number 
ioas subtracted from the other member of the equation ; but if it 
had the sign — before itj it teas added to the other member. 
Then the second member was divided by the coefficient of x, and 
the answer wm obtained, 

10. A and B began to trade with equal stocks. In the first 
year A gained a sum equal to twice his stock and £27 over ; 
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B gained a sum equal to his stock and £153 ov«r. Now the 
amount of both their gains was equal to 5 times the stock of 
either. What was the stock ? 

Let X denote the stock. Then A's gain was 2 a? + 27, and 
B's was a? + 163. These added together must make 5 times 
the stock, that is, 5 x, 

6ar = 2ar + 27 + a:+ 163 
Uniting the x's in 2d member, and the numbers, 

6a? = 3a:+180 
Subtracting 3 x from both sides, 

2x= 180 
a?= 90 

11. A young man being asked his age, answered that if 
the age of his father, which was 44 years, were added to twice 
bis own, the sum would be four tiroes his Qjvn age. What was 
his age ? 

12. A man meeting some beggars, gave each of them 4 
pence, and had 16 pence left ; ifhe had given them 6 pence 
apiece, be would have wanted 12 pence more for that purpose. 
How many beggars were there, and how much money had 

Let X represent the number of beggars. 

13. A man has six sons, each of whQn).is 4 years older than 
his next younger brother ; and the eldest is three times as old as 
the youngest. Required their ages. 

14. Three persons. A, B, and C, make a joint contribution, 
which in the whole amounts to £76, of which A contributes 
a certain sum, B contributes as much as A and ^10 more, 
and C as much as A and B both. Required their several 
contributions. 

16. A boy, being sent to market to buy a certain quantity 
of meat, found that if he bought beef, which was 4 pence per 
pound, he would lay out all the money he was entrusted with ; 
but if he bought mutton, which was 3 J pence per pound, 
he would have 2 shillings left. How much meat was be sent 
for ? 

16. A man lying at the point of death left all his estate to 
his three sons, to be divided as follows : to A he gave one half 
of the whole wanting $600 ; to B one third ; and to C the rest, 
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which was $ 100 less than the share of B. What was the whole 
estate, and what was each son's share ? 
Let X represent the whole estate. 

A's share will be ~ — 600 
2 

B's share, . . — 

C's share, . . - — 100 

3 « 

These together will be equal to the whole estate, which was 
represented by or. 

?._500 + l + l_lOO = a: 
2 '33 

Uniting x*s and numbers in the first member, 

^^-600 = 5 
6 6 

Tx 6«r 

•>- b greater than --- by 600, therefore 

o 

6 6 

— =600 
6 

X =3600 

The whole estate is $ 3600 ; the shares are $ 1300, $ 1200, 
and $ 1100, respectively. 

17« A father intends by his will, that his three sons shall 
share his property in the following manner ; the eldest is to 
receive 1000 crowns less than half the whole fortune ; the 
second is to receive 800 crowns less than } of the whole ; and 
the third is to receive 600 crowns less Aan J of the whole. 
Required the amount of the whole fortune, and the share of 
each. 

18. A father leaves four sons, who share his property in the 
following manner ; the first takes 3000 livres less than one half 
the fortune ; the second, 1000 livres less than one third of the 
whole ; the third, exacthr one fourth ; and the fourth takes 600 
livres more than one fifth of the whole. What was the whole 
fortune, and what did each receive ? 
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19. In a mixture of copper, tin, and lead ; 16 lb. less than 
one half of the whole was copper ; 12 Bb. less than one Aird 
of the whole was tin, aijd 4 ro. more than one fourth of the 
whole was lead. What quantity oi each was there in the mix- 
ture ? 

20. A general having lost a batde, found that he had only 
3600 men more than one half of his army left, fit for action ; 
600 more than one eighth of them being wounded, and the rest, 
which araounfed to. one fiftlh of die whole army, either slain or 
taken prisoners. Of how many men did bis army consist before 
the 1i)attle ? 

21. Seven eighths of a certain number exceeds four fifths of 
it by .6. What is ihait number ? 

22. A and B talking of their ages, A says to B, one third of 
my age exceeds its fourth by 5 years. What was his age? 

23. A sum of money is to be 4tvid0dl between two persons, 
A and B, so that as often as A takes J£9, B takes £4, Now it 
happens that A receives £15 more than. B. What is the share 
of each ? 

24. In a mixture of wine and cidier, 25 |;allons more than half 
the whole was wine, and 5 gallons less ^an one third of the whole 
was cider. How many gallons were there of each ? 

IV. 1. A man having some calves and some sheep, and 
being asked how many he had of each sort, answered, iimt he 
bad 20 more sheen than calves, and that three times the number 
of sheep was equal to seven times the number of calves. How 
many were there of each ^ 

Let X denote the number of calves. 
Then or + 20 will denote the number of slieep. 
7 times the number of calves is 7 a? ; 3 times the number of 
sheep is 3 « + 60 ; for it is evident that to take 3 times a? + 20| 
it is necessary to multiply both terms by 3. 
By the conditions these must be equal, 

7 a: = 3a? + 60. 
Subtracting 3 a? firom both members, 
4a? = 60 
a? £=:^ 15 = tmmber of calves. 
9 -^ 20 isss 35 ss number of sheep. 

Jlns. 15 calves, and 85 she^. 
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^ T^'toea- talking of their'age^, the first ^ys, your age Is 
. 16 yeirs' mofB than miDe, and twice your age is equal to Uiree 
iMi^ndne^ 'Required the age of each. v - 

*3* Three men, A, B, and C, make a joint conQribution, which 
m the whole amounts to £276. A contributes a certain sum, 
B twiee as much as A and £12 more, and C three times as 
mucb as B and' £12 more. Required their several contribu- 
tions. 

4. A man bought 7, oxen and 11 cows for $591. - For the 
oxen he gave $ 15 apiece more than for the cows. How much 
did he give fipiece for* each ? 

Let X denote the price of a cow. 
Then the price of an ox will be a? + 15. 
11 cows at X dollars apiece will come to 11 x dollars. 
If one ox cost a: + 15 dollars, 7 oxen will cost 7 times x -{- 
15, which is 7 ar -j- 105. 

The price of the oxen und of the cows added together will 
make $ 591, the whole price. 

lla? + 7ar + 105 = 591 
Uniting a?'s, 18 a? + 105 = 591 

Subtracting 105 from both members, 
18ar = 486 
Dividing by 18, a: =.• 27 = price of cows. 

OF -j- 15 :^ 42 = price of oxen. 

5. A man bought 20 pears and 7 oranges for 95 cents. For 
the oranges he gave two c^its apiece more than for the pears. 
What did he give apiece for each ? 

6. A man bought twenty oranges and 25 lemons for $1.95. 
For the oranges he gave 3 cents apiece more than for the lem- 
ons. What did he give apiece for each ? 

7. Two persons engage at play, A has 76 guineas, and B 52, 
before they begin. After a certain number of games lost and 
won betwieen them, A rises with three times as many guineas as 
B. How many guineas did A win of B ? 

Let X denote the number of 'guineas that A won of B. 
Then A, having gainied x guineas, will have 76 -f" ^ 
B, having lost x guineas, will have only 52 — x 
A has now three times as many as B, that is, 3 times 52 — a?, 
which is 156 — 3 ar. It is evident that both 52 and a? must be 
multiplied by 3, because 52 is a number too large by ar, there- 
fore 3 times 52 will be too large by 3 ar. 



"75 + al=156 — 3a: •■■'-■' "''''•'*^..- 

• - '• ^zzrirlSe — 3ar — 76 ' '"^ . *./ 

'-. 'a? + 3«= 156 — 76 ' '*^ 

4a? = 166 — 76 '*. , 

4a?= 80 

a?= 20 

•dn;. 20 gciineas. 

PrQo/.' If A won 20 guineas of B, A wffl have 96 and B 32. 
3 times' 32 are 96. ► " 

This e(juation is rather more difficult to solve than any of the 
preceding. In the first place I subtract t6 from bbth members, 
no as to ren^ove it from the first member. Then to get 3 x out 
of the second member, which is there subtracted, I add 3 a to 
both members ; then the x's are all in the first member, and the 
known numbers in the other. 

N. B. ' Any term which has the sign +, either expressed or 
understood, may be removed from one member to the other by 
giving it the sign — ; for this is the same as subtracting it fi-om 
both sides. Thus ar -|- 3 = 10 ; ar is not so much as 10 by 3, 
we therefore say x = 10 — 3. Again, 5ar=18 + 3aF. Now 
5 a? IS more than 18by 3 ar, therefore wemaysay 5ar — 3ar:^re, 

Any terra which has the sign — before it may be removed 
firom one meniber to the other by giving it the sign -f*- This 
is equivalent to adding the number to both sides. Thus 5 a? — 3 
= 17. In this it appears that 5a? is more than 17 by 3 ; there- 
fore we say 5 a? = 17 -j-^ 3. Again, 5 a? = 32 — 3a?. Here 
it appears that 5 a; is not so much as 32 by 3 a? ; therefore we 
say 5 a? + 3 a? = 32. This is called transposition. 

Hence it appears thcU any term may be transposed from one 
member to the other, care being taken to change the sign. 

In the last example, 76 was transposed from the first member 
to the second, and the sign changed from -|~ ^o — ; and 3 x 
was transposed from the second member to the first, and the 
sign changed fi*om — to +. This has been dcme in many of 
the preceding examples. 

When a number , consisting of two dr more terms, is to be mtrf- 
Hplied, all the terms must be multiplied, and their signs preserved. 
In the last example, 52 — x, multiplied by 3, gave a product 156 
— 3 a?. 

8. A person bought two casks of wine, one of which held 
exacdy three times as much as the other. Prom each he drew 
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4 gallons, and then there were four times as many gaDons remain- 
ing in the larger as in the smaller. How many gallons were there 
in each at first ? 

Let X denote the number of gallons in the less at first. 
Then the number of gallons in the greater will be 3 x. 
Taking 4 gallons from each, the less will be ar — 4 
And the greatet • . . . Sx — 4 
The greater is noW 4 times as large as the less ; 4 times x •— 
4is4ar — 16. 

4x — 16 = 3a: — 4 
By transposing 16, 4 ar = 3ar + 16 — 4 

By transposing 3x, 4x — 3a? = 16 — 4 
Uniting terms, ar = 12 = less. 

3 a? = 36 = greater. 
Ans. Less 12 gallons, greater 36 gallons. 
Proof, 36 is three times 12 according to the conditions. 
Take 4 from each, then one contains 32 and the other 8. 32 
is 4 times 8. 

9. A n^an when he was married was three times as old as his 
wife; after they had lived together 15 years, he was but twico 
as old. How old was each when they were married ? 

10. A farmer has two flocks of sheep, each containing the 
same number. From one of these he sells 39, and firom the 
other 93; and finds just twice as many remaining in the one as 
in the other. How many did each flock originally contain ? 

11. A courier, who traveb 60 miles per day, had been des- 
patched 5 days, when a second was sent to overtake him ; in 
order to which, he must go 75 miles per day; in what time will 
he overtake the former ? 

12. A and B engaged m trade, A with £240, and B with £96. 
A lost twice as much as B ; and upon setding their accounts it 
appeared that A had three times as much remaining as B. How 
much did each lose ? 

Let X denote B's loss,, then 96 — x will denote what he had 
remaining. 2ar will denote A's loss, and 240 — 2 a; what he 
had remaining, &c. 

13. Two persons began to play with equal sums of money ; 
die first lost 14 shillings, and the other won 14 shillings, and then 
the second had twice as many shillings as the first. What sum 
had each at first ? 
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14. Says A to B, I have 6 times as much money as yoa ; yes, 
says B, but if you will give me $ 17, I shall have seven times as 
much as you. How much had each? 

15. Two men, A and B, commenced trade ; A had $ 500 less 
Aan 3 times as much money as B ; A lost $1500, and B gained 
$ 900, then B had twice as much as A. How much had each 
at first? 

16. Prom each of 15 coins an artist filed the value of 2 shil* 
lings, and then offered them in payment for their original value ; 
but being detected, the whole were found to be worth bo more 
than $ 145. What was their original value? 

17. A boy had 41 apples, which he wished to divide between 
three companions, as follows ; to the second he wished to give 
twice as many as to the first, and three apples more ; and to 
the third he wished to give three times as many as to the 
second, and two apples more. How many must he give to 
each ? 

18. A person buys 12 pieces bf cloth for 149 crowns : 2 are 
white, 3 are black, and 7 are blue. A piece of the black costs 2 
crowns more than a piece of the white, and a piece of the blue 
costs 3 crowns more than a piece of the black. Required the 
price of each kind. , 

See example 4lh of this Art. 

19. A man bought 6 barrels of flour and 4 firkins of butter ; 
he gave $ 2 more for a firkin of butter, than for a barrel of flour ; 
and the butter and flour both cost the same sum. What did he 
give for each ? 

20. A grocer sold his brandy for 25 cents a gallon more than 
his wine, and 37 gallons of his wine came to as much as 32 gal- 
lons of his brandy. What was each per gallon ? 

21 . A man bought 7 oxen and 36 cows ; he gave $ 18 apiece 
more fw the oxen than for the cows, and the cows came to three 
times as much as the oxen wanting $3. What was the price of 
each ? 

22. A man sold 20 oranges, some at 4 cents apiece, and some 
at 5 cents apiece, and the whole amounted to 90 cents. How 
many were there of each sort ? 

If he had sold 13 at 5 cents apiece, then the number sold at 4 
cfflats apiece would be 20 — 13, or 7. 
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In the same manner, if he sold x oranges at 5 cents apieoe, 
then he sold 20 — a? oranges at 4 cents apiece. ^ oranges at 6 
xeots apiece wpuld come to 5 a? cents, and 20 — x oranges at 4 
oents apiece wpuld come to 4 times 20 — x cents, which is 80 
— 4 ar cents. 
%iese added together must make 90 cents, therefore > 
5a? + 80 — 4a? = 90 
By transposing 80 aDd uniting terms, a; = 10 at 5 cents. 

Jins, 10 of each sort. 

23. A man dying left an estate of $2500 to be divided be- 
tween his two sons, in such a manner, that twice the elder son's 
share should be equal to three times the share of the second. 
Required the share of each. 

• Let X denote the younger son's share. 
Then 2500 — x will denote the elder son's share. 
Twice the elder son's share is 5000 — 2x. 
By the conditions, S x :^ 5000 — 2 a? 
By transposition, 5 a? = 5000 
Dividing by 5, x= 1000 

2500—1000=1500 

dns. Elder son $ 1500, younger son $ 1000. 

24. Two robbers, after plundering a house, found they hai/i 
35 guineas between them ; and that if one of them had 4 guineas 
more, he would have twice as many as the other. How many 
had each? 

25. A man sold 45 barrels of flour for $279 ; {K>me at $ 5 
and some *at $ 8 per barrel. How many lvu:re^ w.^e tbeiTp of 
eAcb sort? 

26. A man sold some oxen and some cows for >$ 330; the 
whole number was 15. He sbld the cows for $ 17 apiece, ahd 
the oxen for $32 apiece. How many were there of eich 
sort? 

27. Afle^ A had lost 10 guineas to B, he wanted onlv 8 guineas 
in order to have as inuch money as B ; and tpg^th^r tqqy joad 60 
guineas. What money had each at first? 

Let X be the number of guineas A had. 
Then 60 — ■ x will be the number B had. 
A lost 10 to B, therefore A's is diminished by ,10, aodB's 
increaaed by 10, which makes A's x — 10, and B's 70 — -^9. 
8» 
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By the conditions, x — 10 +^ = "70 — x 
Transposing and uniting, 2 a: = 72 

a? = 36 := what A had. 
60 — 36 = 24 = what B had. 

28. Divide the number 1 97 into two such parts, that four dm^ 
the greater may exceed five times the less by 50. 

29. Two workmen were employed together for 60 days, at 5 
shiUings per day each. A spent 6 p^ice a day less th|m B did, 
and at the end of the 50 days he found he had saved twice as 
much as B, and the expense for two days over. What did each 
spend per day? 

Let a^ denote what A speqt per day (in pence). 

Then 60 — x (5s. being 60d.) will be what he saved per 
day. 

B saved 6d. less than A. 

Therefore 54 — x will be what B saved per day. 

Multiplying both by 50, the number of days, 

A saved 3000 — 50 a?, and B saved 2700 — 50 ar. 

By the conditions A saved 2 a; more than twice what B 
saved. 

Therefore 3000 — 50 a? = 5400 — 100 a? + 2 a? 

Transposmg and uniting, 48 a; = 2400 

a; = 50 =: what A spent. 
50 + 6 = 56 = what B spent. 

V; 1. Two persons talking of their ages, A said he was 
95 years older than B, and that one half of his age was equal 
to dbree times that of B wanting 35 years. What was the age 
of each? 

Let X denote the i^e of B. 

Then the age of A will be a; -f- ^5. 

X -4- 25 
I of a; -j- 35 is expressed —^ — 

« -4- 25 
Hence we have 3ar — 35= ' . 

2 
Multiplying by 2, 6 a; — 70= x +25 

By transposing x and — 70, 6 a: — a: =b 25 + 70 
Unitii^ terms, 5 jp s= 95 

Dividing by 5, ar = 19 = B's age. 

« + 25 = 44 = A's ice. 
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JVb^«. Since J of a: + 25 is Sx — 35, a + ^S ">ust be twice 
3 a: — 35. 

2. Two men talking of their horses, A sajrs to B, my bone 
is worth $ 25 more than yours, and { of the vdue of my 
horse is eqtial to | of the value of yours. What is the value 
of each? 

Let X denote the value of B's horse. 
Then the value of A's will be a: + 25. 

J of a: + 25 is — ■ , f is 3 times as much, tnatis ■ 

5 5 

« . J.. 3a; 3 a? + 75 

By the condiuons, — = 

4 5 

Multiplying by 5, c= 3 « + 75 

4 
Multiplying by 4, 15 ar = 12 ar + 300 

3^ = 300 
a: = 100 

^ns. A's $125, B's $ 100. 
Proof, The first condition is evidently answered. With re- 
gard to the second,! of 125 is 75, and | of 100 is 75. 

3. Two men talking of their ages, one says, my age is now { 
of yours, but in twenty years from this time, if we live, it will 
be J of yours. Required the age of each. 

Suppose the age of the elder x. 

Then the younger will be — . 

4 

In 20 years the age of the elder will be ap + 20,^ and of the 

3 X 
younger 1- 20. 

o .u J-*: 4 ar + 80 3ar , ^^ 

By the conditions ! := — -f- 20- 

• 5 4 

Multiplying by 5, 4 !c + 80 = — + 100 

4 

Multiplying by 4, 16 a; -f- 320 = 1 5 a? -}- 400 

x= 80 = age of elder. 
— = 60 =s age of younger. 
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4. A man being asked the value of his horse and chaise, 
answered, that the chaise was worth $ 50 more than the 
horse, and that one half of the value of the horse was equal to 
Oiaa tihird of the value of the chaise. Required the value of 
each. 

5. Two persons talking of their ages, the first says, | of my 
age is equal to f of yours ; and the difference of our ages is 10 
years. What are their ages? 

6. There are two towns situated at unequal distances from 
Boston, and on the same road. They are 30 miles apart. § 
of the distance of the second from 'Boston is equal to | of 
the distance of the first. What is the distance of each from 
Boston? 

7. A man being asked the value of his horse and saddle, an- 
swered, that hi^ horse was worth $ 114 more than his saddle, 
and that § of the value of his horse was 7 times the value of his 
saddle. What was the value of each? 

6. A hare is 40 rods before a greyhound, but she can run only 
{ as fast as the greyhound. How far will each of them run be- 
fore the greyhound wiU overtake the hare? 

9. A gentleman paid 4 laborers $ 136 ; to the first he paid 
3 times as much as to the second wanting ^ 4 ; to the third one 
half as much as the 6rst, and $ 6 more ; and to the fourth 4 
times as much as to the third, and ^ 5 more. How much did he 
pay to each? 

10. A man bought some cider at $4 per barrel, and some 
beer at $ 7. There were 6 barrels more of the cider than of the 
beer ; and f of the price of the beer was equal to \ of the price 
of the cider. Required the number of barrels of each. 

11. Two men commenced trade together; the first put in 
£40 more than the second, ^nd the stock of the first was to 
that of the second as 14 to 5. What was the stock of each? 

14 to 5 signifies the second is ^ of the first. 

12. A man's age when he was married was to that of his 
wife as 3 to 2 ; and when they had lived together 4 years, his 
age was to hers as 7 to 5. What were their ages when they 
were married? 

13. A and B began .trade with equal sums of money. In the 
first year A ^med £40, aod B lost £40 ; but in the second* 
A lost one third of wlmt he then had, and B gained a sum less 
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by £40 than twice the sum A had lost ; when it appeared that 
B had twice as much money as A, What money did each be- 
gin with? 

Let X be the number of pounds each had at first. The x -{~ 
40 will be the sum A had at the end of the first year ; and x — 
40 the sum B had. 

The second year A lost } of what he then had, consequently 

he saved § ;his sum will then be ^ — . 

B gained twice as much as A lost wanting £40; his will be 
._40+ll+!?-40. 
P had now twice as much as A, 

3 '3 

Multiplying by 3, 

4a?-{-160 = 3a:— 120 + 2 ar + 80 — 120. 
Transposing and uniting, 

— a?=— 320. 
Transposing again, 320 = a:, 

Ans. £ 320. 
JVbic. In this example the result had the sign — in both 
members, but by transposing it has the sign +. It would have 
b^en the same thing if the signs had been changed widiout trans- 
posing. The result would have come out right if the first mem- 
ber had been made the second, and the second first, in the first 
equation- 

14. A person playing: at cards, cut the pack in siich a manner^ 
that S of what he cut on were equal to } of the remainder. How 
many did he cut off .^ 

15. Divide $ 183 between two men, so that f of what the first 
receives, shall be equal to ^o of what the second rec^ves. What 
will be the share of each^ 

16. A man sold 20 bushels of grain, rye and wheat ; the rye 
at 5s. and the wheat at 7s. per bushel ; | of the rye came to as 
much as f of the wheat. How much was there of each.^ 

17. What number is that firom which if 5 be subtracted two 
thirds of the remainder will be 40? 

18. A man has a lease for 99 years ; and being asked how 
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much of it was alrjufly expired, answered, that two thirds of the 
time past was eqiM to four fifths of the time to come. Required 
the time past) and the time to come. 

19. It is required to divide the number 50 into two such parts, 
that three .fourths of one part added to five sixths of the other 
may make 40. 

20. Two workmen received equal sums for their work ; but 
if one of them had received 18 dollars more, and the other 8 
dollars less, then | of the wages of the latter would have been 
equal to J of the wages of the former. . How much did" each re- 
ceive? 

21. A certain man, when he married, found that his age was 
to that of his wife as 7 to 5; if they had been married 8 years 
sooner, his age would have been to hers as 3 to 2. What were 
their ages at 9ie time of their marriage? 

VI. 1. Divide the number 68 into two such parts, that the 
difference between the greater and 84, may be equal to three 
times the excess of 40 above the less. • 

Leta; = the less. 

Then 68 — a; = the greater. 

68 — X must be subtracted firom 84. Observe that 68 — a? is 
not so great as 68 by x.- Therefore if I subtract 68 from 84, I 
shall subtract top much by the quantity ^, and I must add x to 
obtain the true result. 

Then we have 84 — 68 + of for the diflference between 84 and 
68 — X. 

The excess of 40 above the less is 40 — ar, and 3 times this 
i%120 — 3a?.. 

By the conditions, 84 — 68 + a: = 120 — 3 a; 

Transposing and uniting, 4 a: = 104 

Dividing by 4, a? = 26 = less. 

68 — 26= 42 = greater. 

JVbfe. In this question 68 — x was subtracted from 84. In- 
stead of a?, now put its value, 68 — 26. Now 68 — 26 = 42, 
that is, the number to be subtracted from 84 is 42, and the an- 
swer must be 42. When 68 is subtracted fi"om 84, the result 
is 16, which is too small by 26, the value of a? ; to this it is ne- 
cessary to add 26, and it makes 42, the true result, 84 — 68 + 
26 = 42. This shows that we did right in adding x after sub- 
tracting 68. This will always be found true. Therefore, 



when any of the qwuUities to be subtracted have the rign — be^ 
fore themj they must be changed to -^ in subtractings and those 
which have -{- must be changed to — . 

2. A gentleman hired a hborer for 20 days on condition that, 
for every day he worked, he should receive 7s., but for every 
day he was idle, he should forfeit 3s. At the end of the time 
agreed on he received. 80 shilling. How many days did be 
work, andiiow many days was he idle? 

Let :r =: the number of days he worked. 
Then-20 — « = the number of days he was idle. 
X days, at 7s. a day, would come to 7 a; shillings. 
20 — Xj at 3s. .per day, would be 60 — 3 a: shillings. This 
must be taken out of 7 x. 

By the above rule 60 — 3 a;, subtracted from 7 a;, leaves 7 t 
— 60 + 3 a: ; for 60 is too much to be subtracted by 3 x. 
By the conditions, 

7 a?— 60+3 a? t=5 80. 
Transposing and uniting, 

10 a? =140. 
Dividing by 10, *a:= 14 = days he worked. 

20 ; — x= 6 = days he was idle. 

3. Two men, A and B, commenced trade ; A had twice as 
much money as B ; A gained $ 50, and B lost $ 90, then the 
difference between A's and B's money was equal to diree times 
what B then had. How much did each commence with? 

4. Two men, A and B, played together ; when they com- 
menced they had $ 20 between them, after a certain number of 
games, A had won $ 6, then the excess of A's monev above B's 
was equal to | of B's money. How much had each when they 
commenced? 

5. Divide the number 54 into two such parts that the less 
subtracted from the greater, shall be equal to the greater subtract- 
ed from three times the less. What are the parts? 

6. It is required to divide the number 204 into two such parts 
that I of the less being subtracted from the greater, the remainder 
will be^ equal to f of the greater subtracted from four times the 
less. 

Let X = greater part. 

Then 204 — « = the less part. 
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I of the less is — . 

5 
By the conditions, 

408 — 2 a; ^^^ ^ 3a? 

a? — =816 — 4ir 

5 7 

Multiplying by 6, 

5 a; — 408 + 2 ar = 4080 — 20 a: — ^-r^. 

7 
Multiplying by 7, 

35 ar — 2856 + 14 ar= 28560 — 140 a? — 1^ x. 
Transposing and uniting, 

204 ar =s 31416 
x= 154 
204 — a? = 50 
Let X denote the less number, and solve the question again. 
JSTote, Observe, that after multiplying by 5 in the above 
example, the signs of both terms of the numerator were' chang- 
ed, that of 408 to — , and that of 2 ar to + 5 this was d©ne ber 
cause it was not required to subtract so much as 41)8 by 2 x. 
The change of signs could not be made before multiplying by 
6, because the sign — before the fraction showed Uiat the 
whole fraction was to be subtracted. If the signs of the frac- 
tion had been changed at first, it would have been necessary to 
put the sign + before the fraction. This requires particular at- 
tention, because it is of great impoitance, and there is danger of 
forgetting it. 

7. A man bought a horse and chaise for $ 341 . Now if | of 
the price of the horse be subtracted from twice the price of the 
chaise, the remainder will be the same as if f of the price of 
the chaise be subtracted from three times the price of the horse. 
Required the price of each. 

8. Two men, A and B, were playing at cards ; when thej* 
began, A had only f as much money as B. A won of B |S23 i 
then I of B's money, subtracted from A's, would leave on4 
half of what A had at first. How much had each when they 
began? ' 

9. A man has a horse and chaise. The horse is worth $ 44 
less than the chaise. If | of the value of the horse be sub- 
tracted from the value of the chaise, the remainder will be the 
same as if froni the value of the horse you subtract j of the ex- 
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cess of the value of the horse above 84 dollars. What is the 
value of the horse? 

VII. The examples in this article are intended to exercise 
the, learner in putting questions into equation. The]^ require 
no operations which have not already been explained. It 
was remarked, that no rule could be given for putting ques- 
tions into equation, but there is a precept which may be very 
useful. 

Take the unknoion quantity^ and perform the same operc^ians 
on U^ that it would be necessary to perform on the answer to see 
if it was right. When this is done the question is in equation. 

1 . A and B, being at play, severally cut packs of cards so as 
to take off more than mey left. Now it happened that A cut 
off twice as many as B left, and B cut off seven times as many 
as A left. How were the cards cut? 

Let x^^ihe number B left. 

Then 2 ^ = the number A cut off. 

52. — X = the number B cut off. 

52* — 2 a? = the numbef A left. 
By the conditions, 7 times 52 — 2 « are equal to 52 — x. 
364 — 14a: = 52 — X. 

Take the numbers of the answer and endeavor to prove that 
they are right, iind you will see that you take the same course as 
above. 

2. A man, at a card party, betted 3s. to 2 on every deal. 
After twenty deals he had won 5 shillings. At how many deak 
did he win? 

Let X = the number of deals he won. 

Then 20 — a: = the number of deals he lost. 

Every time he^ won, he won 2 shillings ; that will be 2 a? shil- 
ling. 

Every loss was 3 shillmgs ; that will be 3 times 20 — a?, or 
60 — 3ar. 

The loss must be taken from the gain, and he will have 5 shil- 
lings left. 

2a? — 60 + 3a? = 6. " 

S What two numbers are to each other as 2 to 3 ; to each 
of which, if 4 be added, the sums will be as 5 to 7. 
4 
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Let ff = the first number. 

Then — = the second. 
2 

Sx 
Adding 4 to each, they become « + 4, and _- + 4. 

The first is now \ of the second, or the second is { of the 
first. 

6 T"*" 

4. A sum of money was divided between two persons, A and 
B, so that the share of A was to that of B as 6 to 3. Now A's 
share exceeded | of the whole sum by % 50. What was the 
share of each person? 

Let 0? = A's share. 

3it 
Then — = B's share.. 

5 • 

X -|- — = whole aium. 
6 

^ ^ , 3ar . 5x , \bx bx , x 

t of a: + — IS — -f- • or — -t" — 

By the conditions, 



5. The joint stock of two partners, whose particular shares 
differed by 48 dollars,- was to the less as 14 to 5. Required 
the shares. 

6. Four men bought an ox for $43, and agreed that those, 
who had the hind quarters, should pay \ cent per pound more 
than those, who had the fore quarters. A and B bad the hind 

Juarters, C and D the fore quarters. A's quarter weighed t68 
}., B's 163 lb., C's 167 lb., and D's 165 lb. What was each 
per lb., and what did each man pay? 

7. A certain person has two silver cups, and only one cover 
for both. The first cup weighs 12 oz. If the first cup be cov- 
ered it weighs twice as much as the other cup, but if tne second 
be covered it weighs three times as much as the first. What is 
the weight of the cover, and of the second cup? 
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Let X = weight of the cover. 

Then 12 + * = weight of the first cup covered. 

And 6 -\ — -= weight of the second cup, &c. 

8. Some persons agreed to give 6d. each to a waterman for 
carrying them from London to Gravesend ; but with this condi- 
tion, that for every other person taken in by the way, three pence 
should be abated m their joint fare. Now the waterman took in 
three more than a fourth part of the number of the first passen- 
gers, in consideration of which he took of them but 5d. each. 
How many persons were there at first.^ 

Let X = the number of passengers at first. 

Then — +3= the number taken in, &c. 
4 » 

' 9. Pour places are situated in the order of the four letters, 
A, B, C, Di The distance firom A to D is 134 miles, the dis- 
tance irom'A to B is to the distance from C to D, as 3 to 2, and 
one fourth of the distance from A to B, added to half the dis- 
tance irom C to D, is three times the distance from 6 to C, 
What are the respective distances.^ 

10. A field of wheat and oats, which contained 20 acres, was 
put out to a laborer to reap for $ 20 ; the wheat at $ 1.20 and 
the oats $ 0.95 per acre. Now die laborer falling ill reaped only 
the wheat. How much money ought he to receive according 
to the bargain? 

11. Three men. A, B, and C, entered into partnership; A 
pmd in as much as B and one third of C ; B paid as much as C 
and one third of A; and C paid in $ 10 and one third of A. 
What did each pay in.^ 

Let ar = the sum A contributed. 

Then -|- + 10 = " C " 

and 4-+ 10 + 4-= " B « &c. 
o o 

12. A gentleman gave in charity £ 46 ; a part of it in equal 
portions to 5 poor men, and the rest ia equal portions to 7 poor 
women. Now the share of a man and a woman together 
amounted to £S. What was given to the men, and what to the 
women .^ 
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Let X = ihe sum a man received. 

Then 8 — ar = the sum a woman received, &c. 

13. Suppose that for every 10 sheep a farmer kept, he should 
plough an acre of land, and should be allowed an acre of pas- 
ture for every 4 sheep. How many sheep may that person keep 
who farms 700 acres? 

Let X = the. whole number of sheep. 

IMie number of acres ploughed will be ^q of the number of 
shepp ; and the number of acres of the pasture will be J of the 
number of sheep ; both these added together must be the whole 
number of acres, &c. 

14. A, B, and CLmake a joint stock ; A puts in $70 more 
than B, and $ 90 less than € ; and the sum of the shares of A 
and B is J of the sum of the shares of B and C. What did 
each put in? 

Let X = the sum that B put in, &c. 

15. Divide the number 85 into two such parts that if the 
greater be increased by 7 and the less be diminished by 8, they 
will be to each other in the proportion of 5 to 2, 

16. It is required to divide the number 67 into two such parts 
that the difference between the greater and 75 may be to the 
excess of the less over 12 in the proportion of 8 to .3. 

17. A man bought 12 lemons and a pound of sugar for 56 
cents, afterwards he bought 18 lemons and ^ pound of sugar at 
the same rate for 74 cents. What was the price of the sugar, 
and of a lemon? 

Let ar = the price of the sugar. 

Then 56 -^ a? == the price of 12 lemons. 

And — ^^ = the price of 1 lemon. 
12 ^ 

In the same manner, 

74 /p 

= the price of a lemon. 

18 ^ 

Hence = , &c. 

12 18 ' 

18. A man bought 5 oranges and 7 lemons for 58 cents ; af- 
terwards he bought 13 oranges and 6 lemons at the same rate 
for 102 cents. What was the price of an (grange, and of a 
lemon? 
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Let a? = the price of an orange. 

Then — = the price of a lemon by the first concR-. 

tion, &c. 

19. A footman, who contracted for $ 72 a year and a Kvery 
suU, was turned away at the end of 7 months, and received only 
$32 and the livery. What was the value of the livery? • 

^2Qk A landlord let his farm for £10 a year in money and a 
certain number of bushels, of corn. When com sold at 10s. a 
bushel, he received at the rate of 10s. an acre for his land ; but 
when it sold for 13s. 6d. a bushel, he received 13s. an acre. 
How many bushels of corn did he receive? 

Let a: = the number of bushels. 

Then 10 x -f- 200 = the year's rent in shillings; 

Jl = J? 4- 20= the number of acres. 

10 
27 a? -^ 400 = the year's rent at the second rate in six- 
pences. 

27 iF -4- 400 

J_ = the number of acres, which must be equal to 

26 ^ 

the other, &c. 

21. A man commenced trade with a certain sura of moncnr, 
which he improved so well, that at the year's end he found be 
had doubled his first stock wanting $ 1000 ; and so he went on 
every year doubling the last year's stock wanting $ 1000 ; at 
the end of the third year he found that he had just three times 
as much money as he commenced with. What was his first 
stock? 

22. A man, having a certdn sum of money, went to a tavern, 
where he borrowed as much money as he then had, and then 
spent a shilling ; with the remainder he went to another tavern, 
where he borrowed as much as he then had, and then spent a 
shilling, and so he went to a third and a fourth tavern, borrow- 
ing and spending as before ; after which he had nothing left. 
How much money had he at first? 

23. It is required to divide the number 60 into two suchpar^ 
that one seventh of the one may be equal to one eighth of tte 
other. 

4* 
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24. It IS requked to divide the number 85 into two such parts 
that I of the one added to | of the other may make 60. 

25. It is required to divide the number 100 mto two sucli* 
parts, that if one third of &ne part be subtracted from one fourth 
of the other, the remainder may be 1 1 . 

26. It is required to divide the number 48 into two such pails, 
that one part may be three times as much above 20, as the o^imr - 
wants of 20. 

27. A man distributed 20 shillings among 20 people, giving o 
pence apiece to some, and 16 pence apiece to the rest. What 
number of persons were there of each kind.^ 

28. A man paid £ 100 with 208 pieces of money, a part gui- 
neas at 21s. each, and a part crowns at' 5s. each. How many 
pieces were there of each sort.^ 

29. A countryman had two flocks of sheep, the smaller 
consisting entirely of ewes, each of which brought him 2 
Iambs. On counting them he found that the number of 
Iambs was equal to the difference between the two flocks. If 
all his sheep had been ewes, and brou^t forth three lambs 
apiece, his stock would have been 432. Required the number 
in each flock. 

Let X = the number in the less. 

Then 2 a? =• the number of lambs. . 

3 a? = the number in the larger. 

4 or = the number in both, &c. 

30. When the price of a bushel of barley wanted but 3d. to 
be to the price of a bushel of oats as 8 to 5, four bushels of bar- 
fejr and 7s. 6d. in money were given for nine bushels of oats. 
What was the price of a bushel of each.? 

Let ^ = the price of a bushel of oats in pence. 

Then — 3== the price of a bushel of barley, &c. 

5 

31. A market-woman bought a certain number of e^s at tbe 
rate of 2 for a cent, and as many at 3 for a cent, and sold them 
out at the rate of 5 for two cents ; after which she observed, 
that she had lost four cents by them. How many eggs of each 
sort had she? 
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Let X = ihe number of each sort. 

Then ~ = the price of x eggs at 2 for a cent. 

/it 

And —. = the price of x eggs at three for a cent. 

These added together make what the eggs cost. 

The whole number is 2x; these at 5 for two cents come to 

Ax ^ 
— cents-. 
5 ' 

X X 4 J/ 
By the conditions, 1 = f- 4. 

^ '2^36 

32. A cistern has two fountains to fill it; the first will fill it 
alone in 7 hours, and the second in 5 hours. In what time will 
the cistern be filled, if both run together? 

Let X = the number of hours required to fill it. 

The first would iill } of it in an hour, and the second would 
fill I of it in an hour. 

Both together then would fill ^ -j" i ^^^ ^ hour; and in x hours 

XX ' 

both would fill 1 of it. But by the conditions it was to 

7 6 ^ . 

be filled in x hours. 

flj X 

Therefore, f- -- = 1 cistern. 

7 5 

•33. A gentleman, having a piece of work to do, hired two 
men and a boy to do it ; one man could do it alone in 5 days, 
the other could do it alone In 8 days, and the boy could do it 
alone in 10 days. How long would it take the three together to 
doit? 

34. A cistern, into which the water runs by two cocks, A 
and B, will be filled by them both running together in 12 hours; 
and by the cock A alone in 20 hours. In what time will it be 
filled by the cock B alone? 

Let X = the time in which B will fill it alone. Both will fill 
^ of it in an hour, A alone ^^ of it, and B will fill ^ — l^ of it in 
an hour, &c. 

35. A man and his wife usually di*ank out a vessel of beer in 
12 days: but when the man was from home it would usually last 
the wife alone 30 days. In how many days would the man alone 
driok it out? 
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36. The hold of a ship contained 442 gallons of water. 
This was emptied out by two buckets, the greater of which, 
hplding twice as much as the other, was emptied twice in three 
minutes, but the less three times in two minutes; and tl|^ 
whole Ume of emptying was 12 minutes. Required the size 
of each. 

The greater was emptied 8 times in the 12 minutes, &c. 

37. Two persons, A and B, have the same income. A saves 
i of his; but B, by spending £ 80 a year more than A, at the 
end of 4 years finds himself £220 in debt. What did each 
receive and expend annually? 

38. After paying \ of my money, and \ of the remainder, I 
had 72 guineas left. How much had I at first .^ 

39. A bill of £ 120 was paid in guineas and moidores, the 
guineas at 21s., and the moidores at 27s. each; the number of 
pieces of both sorts was just 100. How many were there of 
each? 

40. It is required to divide the number 26 into three such 
parts, that if the first be multiplied by 2, the second by 3, and 
third by 4, the products shall all be equal. 

2x 

Let a: = the first part. The second part must be — , and 

the third part — or — . 
^42 

41. It is required to divide the number 54 into three such 
parts, that \ of the first, \ of the second, and \ of the third, may 
be all equal to each other. 

Let 2x,= the first part. 

Then Sx = the second part, &c. 

42. A person has two horses and a saddle, which of itself 
IS worth £ 25. Now if the saddle be put upon the back of the 
first horse, it will make his value double that of the second; 
but if it be put upon the back of the second, it will make 
his value triple that of the first. What is the value of each 
horse? 

43. A man has two horses and a chaise, which is worth 
$ 183. Now if the first horse be harnessed to the chaise, the 
horse and chaise together will be worth once and two sevenths 
the value of the other; but the other horse being hamessedt 
the horse and chaise tbgetber will be worth once and five 
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eighths the vahie of the first. Required the vakie of each 
horse. * • 

Equations toUh two Unknown Q^uantiHes. 

YIII. Many examples involve two or more unknown quan- 
tities. In fact, many of the examples already given involve 
several unknown quantities, but they were such, that they 
could all he derived from one. When it is necessary to use 
two unknown quantities in the solution, the question must al- 
ways contam two conditions, from which two equations may 
be derived. When this is not the case the question cannot 
he solved. 

1. A boy bought 2 apples and 3 oranges for 13 cents; he 
afterwards bought, at the same rate, 3 apples and 5 oranges 
for 21 cents. How much were the apples and oranges apiece.^ 

Let X = the pride of an orange, 

and y = the price of an apple. 

1. 3ar + 2y=«13, 

2. 5a? + 3y = 21. 

Multiply tlie first equation by 3, and the second by 2, 

3. 9 a? + 6 y = 39 

4. 10ar + 6y = 42. 

Subtract the first from the second, because the y's being alike 
in each, the difference between the numbers 39 and 42 must 
depend upon the j?'s. 

6. ar = 3 cents, the price of an orange. 

Putting this value of x into the first equation, 

6. 9 + 2y=13 

7. y = 2 cents, the price of an apple. 

Proof. 2 apples at 2 cents each come to 4 cents, and 3 
oranges at 3 cents come to 9 cents. 9 + 4 = 13. So 3 
apples and 6 oranges com'e to 21 cents. 

.^Tote. In this example I observed, that the coefficient of y 
in the first equation is 2, and in the second, the coefficient of 
y is 3. I multiplied the whole of the first equation by 3, and 
the whole of the second by 2; this formed two new equations 
in which the coefficients of y are alike. If the first equation 
had been multiplied by 5 and the second bjr 3, the coefficients 
of X would have been alike, and x instead of y would have been 
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made to disappear by subtraction, and the same result would 
have been finally obttuned.- It is evident, that thq coefficients 
of either of the unknown quantities may always be rendered alike 
in the two equations, by multiplying the first equation by the 
coefficient which the (juantity that you wish to make disappear 
has in the second equation; and the second equation by the co- 
efficient which the same quantity bas in the first equation. They 
may be rendered alike more easily, when they have a common 
midtiple less than their product. 

2. A person has two horses, and a saddle which of itself is 
worth £ 10; if the first horse be saddled, he will be worth f as 
much as the other, but if the second horse he saddled, he will 
be wordi f as much as the first. What is the value of oach 
horse? 

A question similar to this has abeady been solved with one 
unknown quantity, but it will.be more easily solved by using 
two of them. 

Let « = the value of the first horse, 

and j^ = the value of the second horse. 

6 1/ 
1. By the ccmditions, — i = a; -f- 10 



3. By transposition. 



Multiply the 3d by 7, and the 4th Irjr 6, to free them from 
denominators; 
6. — 7a: + 6y = 70 

6. 8 a? — 5 y = 50 

Multiply the 6th by 6 and the 6th by 6, in order to make the 
coefficients of y alike in the two; 

7. — 35 a; + 30 y = 350 

8. 48 a? — 30 y = 300 
Add together 7th and 8th, 

9. 48 a? — 35 a? + 30 y — 30 y = 350 + 300 

10. Uniting terms, 13 ar = 650 

11. a?= 50 



8x 
6 


= y+io 


6y. 

7 


— a; = 10 


8ar 
5 


— y= 10 
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Putting 50, the value of x^ into the 5th, 
12. 6y — 350= 70 

13 6 y — 420 

14. y= 70 

^ns. The first is worth £ 50, and the second £ 70. 
^ote. In this example the 30 y m the 7th equation had the 
sign -\- , and in the 8th die sign — before it, hence it was neces- 
sary to add the two equations together in order to make the y 
dis^pear, or as it is sometimes called, to eUminaU y. 

3. A market-woman sells to one person, 3 quinces and 4 
melons for 25 cents, and to another, 4 quinces and 2 melons, 
at the same rate, for 20 cents. How much are the qumces and 
melons apiece? 

4. In the market I find I can buy 5 bushels of barley and 6 
bushels of oats for 27s., and of the same grain 4 bushels of bar- 
ley and 3 bushels of oats for 18s. What is the price of each per 
bushel? 

5. My shoemaker sends me a bill of $ 12 for 1 pair of boots 
and 3 pair of shoes. Some months afterwards he sends me a 
bill of $ 20 for 3 pair of boots and 1 pair of shoes. What are 
the boots and shoes a pair? 

6. Three jrards of broadcloth and 4 yards of tafiTeta cost 57s. 
and at the same rate 5 yards of broadcloth and 2 yards of tafiTeta 
cost 81s. What is the price of a yard of each? 

7. A man employs 4 men and 8 boys to labor one day, and 
pays them 40s.; the next day he hires, at the same wages, 7 
men and 6 boys, and pays them 50s. What are the daily wages 
of each? 

8. A vintner sold at one time 20 dozen of port wine and 30 
doz. of sherry, and for the whole received £ 120; and at another 
time, sold 30 doz. of port and 25 doz. of sherry at the same 
prices as befiMre, and for the whole received £ 140. What was 
the price of a dozen of each sort of wine? 

9. A gentleman has two horses and one chaise. The first 
horse is worth $ 180. If the first horse be harnessed to the 
chaise, they will together be worth twice as much as the second 
horse, but if the second be harnessed, the horse and chaise will 
be worth twice and one half the value of the first. What is the 
value of the second horse, and of the chaise? 
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10. Two men, driving their sheep to nUu'k^t, A says to B, 
give me one of your sheep and I shall have as many as you; B 
says to A, give me one of your sheep and I shall have twice as 
many as you. How many had each? 

Let X = the number A had, 

And * 2/ = the number B had. 
If B gives A one, their numbers will be 

ic + 1 and y — 1 . 
If A gives B one, their numbers will be 

X — land^+1, &c. 

11. If A gives B $ 5 of his money, B will have twice as 
much as A has left; but if B gives A $5 of his money, A 
will have three times as much as B has left. How much has 
each.^ 

12. A man bought a quantity of rye and wheat for ^ 6, die 
rye at 4s. and the wheat at 5s. per bushel. He afterwards sold 
i of his rye and | of his wheat at the same rate for £2 17s. 
How many bushels were there of each.^ 

13. A man bought a cask .of wme, and another of 'gin for 
|J^210; the wine at $ 1.50 a gallon, and the gin at $0.^0 a 
^lon. He. afterwards sold § of his wine, and f of his gin for 
$ 150, which was $ 15 more than it cost him. How many gal- 
lons were there in each cask? 

14. A countryman, driving a flock of geese and turkeys to 
market, in order to distinguish his own from any he might meet 
with on the road, pulled three feathers out of the tail of each 
turkey, and one out of the tail of each goose, and found that the 
number of turkeys' feathers exceeded twice those of the geese by 
15. Having bought 10 geese and sold 15 turkeys by the way, 
he was surprised to find that the number of geese exceeded the 
number of turkeys in the proportion of 7 to 3. Required the 
number of each at first. 

Let X == the number of turkeys, 

and y s=s the number of geese. 

1 3a? = 2y+l5 

L iA 7a-— 105 
«• y + io= ^ 

3. Freeing the 2d from fractions, 3 y + 30 = 7 ar — 105 

Instead of the method employed above for eliminating one 
of the unknown quantities, we may find the value of one of 
them in one equation, as if the odier were known; and thou 
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this value may be substituted m the other, and an equation will 
be obtained, containing only one unknown quantity, which may 
be solved the usual -way. 

4. Divide the first by 3, j._ ^y+ 15 

5. Multiply the 4th by 7, 7x= ^^ ^ + ^^^ 

3 
Substitute this value of 7 a; in the Sd, 

6. 3y + 30=ill + i2^-105 

^ 3 

7. Multiply by 3, 9 y -j- 90 = 14 y + 105 — 316 

8. Transposing & uniting, 300 = 5 y 

y = 60. 
The value of x may be found by substituting 60 for y in the 
4tb, 

9. ^^120 + 15^,, 

3 

Ans, 45 turkeys, and 60 geese. 
Let the learner go back and solve, in this manner, the preced- 
bg examples in this Art. Sometimes one method is preferable 
and sometimes the other. 

15. A person expends $ 1 in apples and pears, buying his 
apples at 3 for a cent, and his pears at 2 cents apiece; after- 
wards he accommodates his neighbor with | of his apples 
and 4 of his pears for 30 cents. How many of each did be 
buy? 

Let a? = the number of apples. 

And y = the number of pears. 

X 

Then — = the price of the apples. 

3 

And 2 y = the price of the pears, JLC. 

16. A market-woman bought eggs, some at the rate of 2 for a 
cent, and some at the rate of 3 for two cents, to the amount of 
65 cents; she afterwards sold them all for 120 cents and thereby 
gained one half cent on each egg. How many of each kind did 
she buy? 

17. It Is required to find two numbers such, that if } of the 
first be added to the second, the sum will be 30, and if } of the 
second be added to the first, the sum will be 30« 

5 
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IBi It is required to find two numbers such, that f of the first 
and ? of the second added together will make 12, and if the first 
be divided by 2 and the second be multiplied "by 3, | of their sum 
will be 26. 

19. Two persons, A and B, talking of their ages, says A to 
B, 8 years ago I was three times as old as you were, and 4 years 
hence I shall be only twice as old as you. Required their pres- 
ent ages. 

20. There is a certain fishing rod, consisting of two parts, the 
upper of which is to the lower as 5 to 7 ; and 9 times the upper 
part, together with 1 3 times the lower part, is equal to 1 1 times 
the whole rod and 8 feet over^ Required the length of the two 
parts. 

21. A vintner has two kinds of wine, one at 6s. a gallon, and 
the other at 12s., of which he wishes to make a mixture of 20 
gallons, that shall be worth 8s. a gallon. How many gallons of 
each sort must he use? 

22. A vintner has 2 casks of wine, firom each of which he 
draws 8 gallons; and finds that the number of gallons remaining 
in the less, is to that in the greater as 2 td 5. He then puts 1 
gallon of water mto the less, and 5 gallons into the greater, and 
dien^e quantities are in the proportion of 5 to 13. What quan- 
tity did each contain at first? 

23. A farmer, aftet selling 13 sheep and 5 cows« found that 
die number of sheep he had remmning, was to that of his cows 
in the proportion of 4 to 3. After thi'ee years he found thatihe 
had 57 more sheep, and 10 more cows than he had at first; and 
diat the proportions were then as 3 to 1 . What number of each 
had he at first? 

24. When wheat was 8 shillings a bushel, and rye 5 shillings, 
a man wished to fill his sack with a mixture of wheat and rye, for 
liie money he had in his purse. If he bought 15 bushels of 
wheats and kid out the rest of his money in rye, he would want 
3 bushels to fill his sack; but if he bougnt 15 bushels of rye, and 
then filled his sack with wheat, he would have 15 shillings left. 
How much of •each must he purchase ib order to lay* out Ms 
mon€iy and fill his sack? 

25. A grocer had 2 casks of wide, the smaller ^t Tbi ft^ gal- 
Ion, the larger at 10s« The whole Was worA $ 11:2. . Wbm 
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jfae had drasvvi 18 gab. from each, be mixed the remainder to- 
gether aad added 3| gals, of wsvter, dod die mixture wae worth 
8s. per gal. How lamy goUoos <^ each soit were there at first? 
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rX . In the examples hitherto proposed a numerical result has 
always been obtained. The solution with numbers has been per^ 
formed at die same time with the reasoning; and \vhen the work 
was finished, no traces bf the operations remained in the result. 
But algebra has a more important purpose. Pure algebra never 
gives a numerical result, but is used to trace general principles 
and to form nuies. in order to preserve the work so that the 
operations may ^^pefu* in the result, it will be necessary to intro- 
duce a few mone signs. 

1 . It IS required to divide $ 500 between two men, so diat 
one of them may have three times as much as the other. 
Let X = the less part. 
The equation will be x -\-Sx = 500 

4ar=500 
X = 125 
3 a; = 375 
Jins, One part is $ 125, and the other $ 375. 
This quesdcm is to divide 500 into two such parts, that one 
part may be three times as much as the other. It is evident 
that the process will be the same for any other number, as for 
500. 

Let the number to be divided be represented by the letter a. 
This will stand for any number. 

Then the question will be, to divide any number, a, into 
two such parts, that one part may be three times as much as 
the other. 

The equation will be x -{-Sx ==^ a 

Ax = a 
a 

*~4 
3^ = - 
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The work is now preserved in the result, and it appears that 
one part will be i of the number to be divided; and the odier, | 
of it. This is a rule that will apply to any number. 

Suppose a = 500 as in the example. 

Then — = 126; and — == 375. 
4 4 

Jins. One part is $ 125, and the other $ 375; the same as 
above. 

Suppose it is required to divide $ 7532 in the same propor- 
tions. 

Then a = 7532; — = 1883; and ^ = 5649. 
4 4 

^ns. One part is $ 1883, and the other is $5649* 

2. A man sold some apples, some pears, and some oranges 
for a number a of cents, the apples at two cents apiece, the 
pears at three cents apiece, and the oranges at five cents 
apiece. There were twice as many pears as oranges, and 
three times as many apples as pears. How many were there 
of each? 

Let a; = the number of oranges. 

Then 2 ar = the number of pears. 

And 6 a: = the number of apples. 
By the conditions, l^x-^dx-^-bm^s^a 

23 or = a 

a? =5— = No. of oranges. 
23 

2ar=--= " of pears. 
23 ^ 

6 X =^^ = " of apples. 
23 

Suppose a = 184 cents, then ^ of 184 == 8 = the number 
of oranges; 2 X 8 == 16 = the number of pears; and 6X8 
= 48 = the number of apples^ This is easily proved. 8 oran- 
ges, at 5 cents apiece, come to 40 cents; 16 pears, at 3 cents 
apiece, come to 48 cents; and 48 apples, at 2 cents apiece, 
come to 96 cents; 

40 + 48 + 96 = 184. 

The learner may be curious to know, how it is possible to 
make the examples m such a manner, Hkt the answer may al- 



IK. ESquaHoMj OtmralizaHon. 48 

ways come out a whole number iiriien it is wished; for if the 
numbers were taken at random, there would irequentlj be frac- 
tions in the result. The method is to solve it first with a letter, 
as has been done in the two preceding examples. If any num- 
ber, which is divisible by 4, be put in the place of a, b the 
first example, the answer will be in whole numbers. And 
if any number, which is divisible by 23, be put in the place 
of a, in the second example, the answer will be in whole num- 
bers. 

Let the learner now generalize the examples in Art. I., hj 
substituting a letter instead of the number; and after the result is 
obtained, put in the numbers again, and see if the answers agree. 
Let him sJso tiy oth^r numbers. 

The examples in Art. IL may be generalized ia the same 
manner. 

3. A mail being asked his age, answered, that if its half i9Q|l 
Its third were added to it, the sum would be 88. Required his 
age. . 

.lo^te^. of 88 pMt.a, and let x = the number, requiri^d. 

r X . X 

X -{ = a 

11 a? _ 

6 * 
l\x = 6a 

= — 
11 

Any number that is dividble* by 11, being put in the place of 
a, will give an answer in whole numbers. Let a = 88, th^n j^ 
of it is 48, agreeing with the answer in Art. IL 

In the course of the solution it appears, that, a is eq\iaLto y 
of x; and the result shows, that x is equal to {j of a. Tliat is, 
the value of x is found by multiply uig, fi I)y ^e firaction V invert- 
ed. 

4. In ^n.prphard.of fruit-trees, | pf th^jga l>ear .apple?, | of 
them cherries, and the remainder, which is a, bear pea9lies« 
How many trees are there in the orchard? 

6* 



54 


jSlgtbra. 




IX. 


Let «s 


the whole number of trees. 






Thai 


12 12 ' 12 ^ 
5x 

12'- 
&x—12a 
12a 
*= 5 






Any i|U9)ber that is divisible by 5, may 
a. If a = 15, the answer is 36. 


be put in the 


place <^ 


Proof. 








6. The 8th example of Art. II. is solved as follows: 


. 


Instead of 100 put a, and let or = the whole number 


of geese. 


Then 


* + « + |+3J = « 






Multiplying by 2, 6«-|-6 = 2a 
By transposition, 5 ar = 2 a — 


■6 
-^or 






5 






2a 
5 


5 2a 

6 6 


-1 


Let 


a-wlOO. 






Tbm 


2 X 100 — 5 196 
5 6 ■ 


= 39; 





.«2XJ00_ 1^40-1=39. 
5 

Let a ssz 135, and find the answer m the same way. 

The answer will bo. 53. 

Proof. 53 + 53 + 26} + 2 J = 135. 

The learner may now generalise the examples m Art. IL 

The pteoedipg examples admit of bemg generafiwd still 
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more, but the process would be too difficult for the learner at 
present. The following question admits it more easily. 

6. (Art. III. Exam. 1.) Two men> A and B, hired a pastuM 
for $ 55, and A was to pay $ 13 more than B. How much did 
each pay? 

This question is, lo divide the number 55 into two. such parts, 
that one may exceed the other by 13. 

''^ Let us represent 55 by a, and 13 by ft. The question now 
is to divide the number a, into two such parts, that one may ex- 
ceed the other by the number b : a and b being any two num- 
bers, of which a is the larger.. 
Let w ssc tjie less part. 

Then « + 6 = the greater part. 

And a: -j- or -f- ft == a 

• 2a:-f6== a 
By t£aiispoahion, 2 or ==: a — ft 

Dividing by 2, x = — — — = 

^ ^ ' 2 2 2 

When a number, consisting of two or more parts, as a — fc, k 

to be divided, it is evident that all the terms must be divided, 

as — -^ — . But the fractions — and — , having a conmion da- 

2 2 2 2. 

nommator, one numerator may be subtracted from the other. 

Hence — :. is the same as . This is easily seen in 

2 2 2 ^ 

numbers » See below, where 55 and 13 are substituted for a 
and &« 

Hence it appears, that the less pari is found by svhtracHng half 
of the excess of the greater above the less from half the mimfter to 
be divided ; or by taking half the difference between the numftw* 
to fte divided and the excess. 

The greater part is equal to £ -|- ft ; hence if ft be added to 
n ft 
-J — it will give the greater part : 

* Whenever the learner finds an j difBenlty in oompvehendinslhe openlioni 
to the general MlutionBy lot him fitit lolTe tile qnefltions willi the munben. 
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^ 2^2 2 

nifi greater is^jfound by adding half the excess to, half the ^utn- 
ber to be divided.; or by taki,ng half the sum of the number to bp 
divided and.thB.exntess. 

In the above example, 

• A, ^ 55 , 13 65 + 13 ^^ 
A's part = — + — , or.—!. — ^ = 34. 
2 .2 g 

B'spart = ^-ii,or^^i? = 21. 
^ 2 2 2 

Let the learner generalize this question by making ««& the 
greater part. The sanxe.results will be obtained. 

This is a general rule, and will apply to all questions like it, 
and should be remembered, ^fi>r it k frequently useful. 

iLetithe learner find the answers to the 2d, 3d, wd IthjOt- 
amples of Art. III. by this rulel That is, by puttii^ the num- 
bers of those examples in the .place of a and b in the. formulas. 

Jt, is .easy .to. see the propriety, of the rule. For the formula 

a — b 55 — 13 42 , . . r .u a , o *u * a^ 

■ ■ M . u or ^-,_:t^.=., shows, that if the $ 13 that A pjEgis 

xnoiie than %he taken out, the. remainder is to be paid inieqsisl 

1. u A, \. r , a + * 55 + 13 69 

parts by them. Also the formula — ■ — or = —, 

2 2 2 

shows, < that. if iB were to pay $ 13 more,. he would pay as inucb 

'«s A, and the rent wouldrbe paid in equal parts by them. 

7. A father, who has three sons (Art. III. exam. 4), leaves 
them 16000 crowns. The will spedfies, that the eldest shall 
have 2000 crowns more than the second, and that the second 
shall have 1000 crowns more than the third. What iscthe share 
of each? 

iLet a pepresMut the whole ntumber of crowns, .b what the 
eldest son's ihare exceeds that of the second, and € what the 
share of the second son exceeds that of the third. 

This question may be expressed in general terms, thus : To 
divide a given number a, into three such part3, that the gmtp 
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est may exceed the mean by a given number 6, and the mean 
may exceed the least by a riven number c 
Let a; = the greatest. 

Then x — 6 s= the mean. 

And X — b — c s=s the least. 
By the conditions, 

x + x — 6 + a? — b — c =^a 
3« — 2 b — c=Ba 
By transposition, 3jr = a~|"26-f-e 

Dividing by 3, x=^ + — +-|-. 

Or because the fractions have a commcm deoommator, 

X ^ 

This is the formula for the greatest part. The mean is 9 -^ 

6, or b subtracted from — 4- -,— + —, thus ; 
' 3 3 3 

. a , 2b . € , 

3 ^ 3 ^3 ' 

. a , 2 ft , c 3 6 

or X — 6 = — + — +_- , 

3 ^3 ^3 3' 

^O r « b . c a — b + e 
or ^^x — 6 = — — ^-\-^ss= , ' — . 

3 3^3 3 

The least part is x — 6 -^ c, or c, subtracted from 

a b I c . 

¥ 3^"^"3' 

, a b . e 

X — b — c = ^ — -7r + ^ — <^j 
3 3 3 

. a 6 , e 3 c 

3 3 ' 3 3 

^^ ^ J ^__ o^ J>^ 2o a — ft — 2c 

3 8 3 3 



The greatest part is 
The mean do. 
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3 

b + c 



r 



3 
a — b — 2 c 



The least do. 

The eldest son's share, hy -die fkrst formula, is 

1«000 + 2 X 2000 +1000 ^^^^ 

i L = 7000 crowns. 

o 

The other shares may be found by the other two formulas. 

Let the learner sohne dais question by makiB^ x equal to the 
less part, and also by making it equal to the mean. 

Exam. 6th, Art. III. maybe solved by this formula. Let 
the learner generalize the questions in Art. IIL as far as to 
Sixam. I'dth. 

The examples in Art. I. may be generalized still farther. 

8. A man bought com at 4s. (a) per bushel, rye at 6s. (b) 
per bushel, and wheat at Bs. (c) per bushel : ^ere was an equal 
quantity of each sort, llie whole came to 90s. {d). How 
many bushels were there of each? 

It will readily be perceived that it is impossible actually .to 

Eerform the operations of addition, subtraction, &c. on letters ; 
ut it is easy to represent these operations. We however fre- 
quendy speak of adding, subtracting, multiplying, and dividing 
fu^ebraic quantities, by which we mean, representing these oper- 
ations. W« 'ha;ve seen that to 'express S times w or Sitkoes a we 
write 3 a;, 3 a, that is, x or a multiplied by ,3. In the same 
manner, if we wish to express a times a:, that is, x multiplied 
by a, we write a x ; and if we wish farther to express that a x 
(that is, a times a;) is to be multiplied by 6, we wiite ab x. 
• Let X =: the number of bushels of each. 

Then a a; = the price of the com. 
6 X =7 the price of the lye. 
And c a: = the price of the wheat. 

««.+ fca: + c a: = rf. 
Here x is taken a times, and b times, and c times, that is, 
(a + 6 + *) times. This may be expressed thus, (a + 6 + c) «, 

* Let the learner perfonn tfaiB example first by the numben. 
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enclosing the three coefficients connected by their signs in a pa* 
renthesis* 

This will be plam if we put it m numbers. 
4X'\'6x + Qxjsibe same as (4 + ^ + 8) *» *«t is, 18 «. 

(a + 6 + <^) a: = d 
If we had I8x = d 

we should divide by 18, x^^ — 

In the same manner divide by (a + 6 -f" ^)9 

d 



Particular Jlns. 5 bushels. 

This general formula is expressed in words as follows : Divide 

Ae price of the whole by me price of a bushel of each sort 

added together, and it will give the number of bushels of each 

sort. 

9. A &ther dying left $ 25000 (or a) to be divided between 
his wife, son, and daughter ; his son was to have 3 (or b) times 
as much as the daughter, and the wife 2 (or e) times as much as 
the son. What was the share of each? 
Let 9 =: the share of the daughter. 

Then 3 x or b x=^ihe share of the son. 
And 6 X or be x=s the share of the wife. 
x + Sx-\-6x = 26000 
X -}- b X -{- b c xsssa 
(1 + 3 + 6) a? = 10 a: = 26000 
(1 + A -f- i c) a? = « 

26000 ^^^ 

X =s--- sss 2600 

10 



1+b + be 
In this example observe that x is taken 1 time, and b times, 

and b e times. When a letter is written without a coefficient, it 

is always understood to have 1 for its coefficient ; thus a; is the 

same as 1 a;. 

Having found the share of the daughter, it is easy to find tote 

shares of the other two. 
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The son's share is 3 a; = 7600, or 5 « = , — , - , . — . 

1 + 6 + 6 c 

The wife's do. is 6 a:a=il5000, or6c«=3 



1 +b + bc 

The learner may now generalize some of the examples in Art. 
I. in this manner. 

10. A gentleman, distributing some money limKHig deoae beg- 
gars, found, that in order to give them 8 (or a) cents apiece, 
he should want 5 (or b) eema ; he thefefoire gave theW 7 (or e) 
cents, and he had 4 (or d) cents left. How many beggars were 
there .^ 

Let X ate the number of beggars. 

Then 8x— 5 :^7 x4r4 - 

or ax — ■ b -= c x -j- d 

8 a: —-.7 x=t 5 +4 = 9 
ax — c x= b -\- d 
(8 — 7) a:= 9 
(a — <5)a:i±fc 6^ -f rf 
xt=^ 9 

X SPBX I ■» ■ ■ ! . 

a — c . 

Pattkutar Ans. 9 beggani. 

General Jifte. -^^31 — . 
a — c 

11. There is asCistem wUch is supplied by two pipes ; the 
first will fill it alone in 7 {or a) hours^ the second will fiU it alone 
in 5 (or b) hours. In what taae wilt it be filled if both run 4o- 
gether.^ . 

Let a; = thd number of hours m which both together will fill 
it. 

The first w3I fill | 6r — of it in one hoiir, and the second will 
fill I or -^ of it in one hour ; both together will fill ) -f- | or 

— -|- •-> of it m one hour. In x hours they will fill x times as 

a b' 



much, that is, 



X , X X . X 

7 o a 
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But X hours is the whole time, therefore, the cistern being I, 

_. + -- = 1, or — + - = 1. 
7 5 a b 

Clearing of fractions, 

5a;-(-7a: = 36 6a? + aa? = a6 
Uniting coefficients, 12 a? = 35 (6 -f- a) a: = o 6 

a b 



a + b 
Particular An$- 2{) hours. 

Gtneral JbM. — —-— 
a + 6 

Suppose one pipe would fill the cistern m 8 j hours, and the 

other in 4 1 hours, and find the answer by the general formula. 

Ant. 3i{v hours. 

12. Suppose it were required to make a rule for Fellowship. 
First take a particular case. 

Three men,- commencing trade together, furnished money in 
the following proportions; A $ 8 as often as B $ 5, and as often 
as C $ 3. They gained $ 800. What is each man's share of 
the gain? 

It b evident that they must receive in the pn^rtion of the 
capital that they respectively furnished. 

jLet X SB A's share of the gain. 

Then — = B's share- 
8 

And — = C's share.* 
8 

^8^8 
8« + 5a? + 3a?==6400 
16 a; = 6400 

X = 400 = A's share. 

lf= 250= B's share. 

6 

— s: 150 ::?» C's share. 

8 

•See Artn.Ezttnp.M 
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Now, instead of 8, 5, and 3, suppose they furnished in the 
proportion of m, n, and p; and let the whole gain be a. 
Let X = A's share of the gain. 

Then — = B 's share. 





m 












And 


m 


= C's share. 








Then we 


have 














X 


+ 


nx px 
m m 


= 


a 






mx 


+ 


nx +!>« 


= 


ma 






(« 


+ 


n+p) X 

X 


= 


ma 
m a 






m + » + 


P 


P's sfiarA 


. nx 


Ckr 


fht> ^ nurt 


nf 


m a 





= A's share. 

— • vk wuw — u«u • w* — . . s^^s A s snare* 
lit m m + » +p 

Since a fraotion is divided by dividing its numerator, the 

— part of — J — , will be found by dividmg the numerator 

m ahj m. a multiplied by m is m a, therefore, in a divided by 

m is a. Hence the — part of r ; — is — ; j — , and 

m m + »+|> m-j-n-j-p 

the — part b n times as much, that is — ; ; — , which is B's 

m m+n +p 

share. 

C's share is ^ , or the ^ part of • ; — , which is 

» m w + n +P 

ni +n+p' 

A's share b — ; ; — ; B's do. — ; — —, — ; and C's do. 

m + n+p fn^n + p 

£-!_. 

m -^n+p 
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Hence to find the share of either, miUHply the iriiok 8um to 
be dividedj by the proportion of the stock which he furnished, 
and divide the product by the sum of their proportions. 

The propriety of this rule is easOy seen. For, putting in the 

g 
numbers mstead of the letters; A's share is — : : — or A of 

8 + 5 + 3 

5 
$800, B's share is or A of it, and C's share is 

8 + 6 + 3 

— -— - or ^ of it. That is, the sum of all their porpordons 

8 + 6 + 3 

is 16, and of these A furnished 8; B, 6; and C, 3. 

13. Let it be required to find what sum, put at interest at a 
given rate, will amount to a given sum in a given time; that is, 
to find a rule, by wliich the principal may be found, when the 
rate, time, and amount are given. 

First take a particular case. 

A man lent some money for 3 years, interest at 6 per cent, 
and received for interest and principal $472. What was the 
tum lent? 

Let 9 s=s the sum 1 



6x 
Then = the interest for I year. 

100 '' 

And — - = do. for 3 years. 

18^ 
-^d * + 777- = Ae amount for 3 years. 

100 ^ 

Hence we have x -I = 472 

^ 100 

100 ar+ 18 a: = 47200 

118 a? = 47200 

a? = $ 400 = The sum lent. 

It is a custom established among mathematicians to use the 

first letters of the alphabet for known quantities, and some of the 

last letters for unknown quantities. It is, however, fi*equently 

convenient to choose letters, that are the initials of the words 

for which they stand, whether the quantities be known or un^ 

known. 
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To gaieralize the above example, 

Let p s= the principal, or sum lent. 

r = the rate per annum, which in the above case 

and t = the time for whiph it was lent, 

and a = the amount. 

Then rp = the interest for one year, 
and trp= do* for ^ years, 
and j)-|-t r|> = the amount. 
Hence we have p -\-tr p =:a 
{l+tr)p = a 

a 

That is, muUiply the rate by Ae time^ add I to the producty 
aiu2 divide the amount by this^ and it mil give the prindpaL 

In the above ^example, the rate is .06, which, multiplied by .3 
fthe time), gives .18, and one added to this makes 1.18; 472 
oivided by 1.18 gives 400, as before. 

Apply this rule to the following example. 

A man owes ^ 275, due two years and three months hence, 
without interest, ^faat ou^t he to pay now, supposing moaey 
to be worth 4 1 per cent, per annum .^ 

N. B. 2 years and 3 months is 2 1 years. 

^ns. $249^ffd»- 

See Arithmetic, page 84. 

The learner may now make rules for the following purposes: 

14. The interest, time, and rate being given, to find the prin- 
cipal. 

15. The amount, time, acnl principal being giveri^ to find the 
rate. 

16. The amount, principal, aqd rate given, toUnd the time. 

17. A maa agreed to carry 20 (or a) earthen vessels to a 
certain place, on this condition; that for every one delivered safe 
he should receive 8 (or b) cents, and for every one he broke, he 
should forfeit 12 Tor c) cents; he received 100 (or d) cents. 
How many did he Weak? 
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Let a; ss the number unbroken. 
Then 20 — a: or a — a; = the number broken. 
For every one unbroken he was to receive 8 or 6 cents, these 
will amount to 8 x or ft a;; and for every one broken he was to 
pay back 12 or c cents, these will amount to 240 — 12 x cents, 
or a c — ex] this must be subtracted from the former. 
240 — 12 a?, subtracted from 8 ar, is 

8 a: — 240 + 12 ar, or 20 a: — 240. 
Also c a — ex subtracted from bx^ is bx — ea -}- ex; for the 
quantity ca — car is not so large as c a, by the quantity. car, 
therefore when we subtract c a from b ar, we subtract too much 
by c Xj and in order to obtain a correct result, it is necessary to 
add c X. 

The equation is 

20ar— 240= 100 or ia;-f ca? — ac^=d 

20x = 340 " fcx-f-ca: = d + ac 

(fc + c) ap = d-|-ac 

a? = 17 " a: = — -^ 

6+ € 
Particular Ans. 17 unbroken, and 3 broken. 

General ndns. Unbroken * --~^ . 

fc + c 

Putting numbers into the general answer, 

100+12X20 
= 17. 

8 + 12. 

The propriety of this answer may be shown as follows: If 
he had broken the whole 20 (or a) he must have paid 12 X 20 
= 240 (or a c) cents; but instead of payine this, he received 
100 (or d) cents. Now the difference to him between paying 
240 and receiving 100 is evidently 340, (or d + a c) cents. 
The difierence for each vessel between paying 12 and reeeMng 
8 is 20 (or 6 + c) cents; 340 divided by 20 gives 17, the an- 
swer. 

The above is a good illustration of positive and negative quan- 
tities, or quantities affected with the signs + and — . The 
sign + is placed before the quantities, which he is to receive, 
and the sign ^ — before his losses. We observed that the dif- 
ference between receiving 100 and losing 240 is 340, that it, 
the difference between + 100 and — 240 is 340, or their sum. 
Also the difference between + d and — aetBd^-^c. Sotbe 
6* 
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difference between + 8 and — 12 is 20, or betweai + 6 and 
— c is 6 + c. 

Hence it follows, thai to subtract a quantity wkUh has the sign 
— , we must gii?e it the opposite sign, that t9, U must be added. 

X. The learner, by this time, must have some idea of the use 
of letters, or general symbols, in algebraic reasoning. It has 
been already observed that, strictly speaking, we cannot actually 
perform the four fundamental operations on these quantities, as 
we do in arithmetic; yet in expressing these operations, it is fre- 
quently necessary to perform operations so analogous to them, 
diat they may with propriety be called by the same names. Most 
of these have already been explained; but in order to impress 
them mo^e firmly on the mind of the learner, they will be briefly 
recapitulated, and some others explained which could not be 
introduced before. 

JV^fe. Algebraic quantities, which consist of only one term, 
are called Wmp2e quantities^ as + 2 a, — 3 a 6, &c.; quantities 
which consist of two terms are called binomiatsy as a + 6, a — i, 
Sifr 4" ^ ^9 &c.; those which consist of three terms are called 
trinomiak; and in general those which consist of many terms are 
called polynomiab. 

Simple Quantities. 

The addition of simple quantities is performed by writing them 
after each other with the sign + between them. To express 
that a is added to A, we write a -|- 6. To express that a, 6, c, 
tf, and e are added together, we write a + fc + c-|-d + «* I^is 
evidently unimportant which term is written first, for 3 -|- 6 + 8 
is the same as6 + 3 + 8, orasS + S + S. Soa + ft + c 
bas the same value as 6 + a + c 

It has been remarked (Art. I.) that a: + * + ^ "^7 ^ ^^* 
ten 3 X. This is multiplication; and it arises, as was observed 
ID Arithmetic, Art. III., from the successive addition of the same 
quanti^. 3 a;, it appears, signifies 3 times the quantity op, that is, 
X multiplied by 3. Soft+6 + 6-|-* + * ^Miy ^ written 6 b. 
In the same manner, if x is to be repeated, any number of times^ 
for instance as many times as there are units in a, we write a Xj 
wUch signifies a times «, or x multiplied by a. 
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N. B. The learner should constandy bear m mind diat the 
letters, a, ft, c, &c. may be used to represent any known num- 
ber; or they may be used indefinitely, and any number may 
afterwards be substituted in their place. 

Agdn, ab -^ ab -{- ab may be written 3 a (, that is, 3 times 
the product ab', also c times the product a b may be written eab^ 

Irt may be remarked that a Mines 6 is the same as b times •; 
for a times 1 is a, and a times b must be b times as much, that 
iff, b times a. Hence the product of a and b may be written 
either ab or b a. In the same manner it may be shown that the 
product c a ^ is the same as a 6 c. Suppose a s= 3, b^=iby 
OTd c = 2, then a6c = 3X5X2, andca6=2 X3X5, 
In feet it has been shown, in Arith. Art. IV ., that when a product 
is^ to consist of several factors, it is not important in what order 
those factors are multiplied together. The product of a, 6, c, 
d, e, and /, is written u b c d e f. They may be. written in any 
other order, as a c d b e f^ or / fc e d c a, but it is generally 
more convenient to write them in the order they stand in the 
alphabet. 

Let it be required to multiply Sab by 2cd. The product 
13 6 abed; for d times Sab is Sabd^hut cd times 3 a 6 is 
e times as much^ or S abcd^ and 2 cd times Sab must be 
twice as much as the latter, that is, 6 abed. 

Hence, the product of any two or more simple quantities mud 
eemist of all the letters of each quantity^ and the product of the 
coefficients of the quantities. 

N. B. Though the product of literal quantities is expressed 
by writing them together without the sign of multiplication, the 
same cannot be done with figures, because their value depends 
upon the place in which they stand. Sab muhiplied by 2 c d, 
for instance, cannot be written S2abc d. If it is required to 
express the multiplication of the figures as well as of the letters, 
they must be written 3a62Jc, or3X2a6cd, or3.2afrc(l. 
That is, the figures must either be^separated by the letters or by 
the sign of multiplication. 

Examples of MuUipliccUion. 
K Multiply Sab by 4cdf. Ans. 12 abcdf. 

2i 5 bod hf a be. Am, 5^abbeed» 

8. 9egh by 8. 

4. 13 a c by Taacd'. 

6. 35a6c by ISabbd 
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6. Multiply 138 by 6 a erf. 

7. 25a? by II abx. 

8. 42oy.y by I2xxy. 

It frequently happens, as in some of the above examples, that 
a quantity is multiplied several times by itself, or enters several 
times as. a factor into a product; as Saaabbj into which a 
enters three times and b twice as a factor. In cases like this the 
expression may be very much abridged by writing it thus, 3 o^ 
l^. That is, by placing a figure a little above the letter, and a 
little to the right of it, to show how many times that letter is 
a factor in the product. The figure 3 over the a shows, that a 
enters three times as a factor; and the 2 over the 6, that b enters 
twice as a factor, ^and the expression is to be understood the 
same as Saaabb, The figure written over the letter in this 
manner is called the index or exponent of that letter. The 
exponent affects no letter except the one over which it is 
written. 

Care must be taken not to confound exponents with coeffi- 
cients. The quantities 3 a and a' have very different values. 
Suppose a = 4, then 3 a = 12; whereas a^ = 4x4X4 = 
64. In the product 3 a^ b^ suppose a = 4 and 6=6, then 
. 3a3 6^ = 3X4X4X4X5X5 = 4800. 
The expression a? is called the second power of a, aP is called 
the third power ^ a* the fourth power ^ &c. To preserve a uni- 
formity, a, without an exponent, is considered the same as aS 
which is called the first power of a.* 

Figures as well as letters may have exponents. 
The first power of 3 is written 

3» = 3 
the second power 3^ = 3 X 3 = 9 

the third power 3^ = 3x3X3 = 27 

the fourth power 3* ==3X3X3X3=: 81 

the fifth power 3* = 3X3X3X3X3 = 243. • 

The multiplication of qiiantities in which some of the factors 
are above the first power, is performed in the same manner as 
in other cases, by writing the letters of both quantities together, 

* In most treatises on algebra a' is called the squar§ of a, and a^ the cube of 
a. The terms square and ctdfe were borrowed from g;eometry, but as thej aie 
not only inappropriate, but canyey ideas very foreign to the present subjee^ it 
has been thought best to discard mem entirely. 



taking care to give tbem their proper exponents. 2am^X St^ 
* ^ is the same as2amni X Seedd^ which gives 
6ummcedd=i6am?i^^. 
a^ multiplied by a^ ^ves cfi a^; but a^ = aaa and cf sssaa^ 
hence a^(;^ = aaaaa=^€f. In all cases the product coo* 
sists of all the factors of the multiplicand and multiplier. In the 
last example a is three times a factor in the one quantity, and 
twice in the other; hence it will be five times a factor in the 
product. The exponents show how many times a letter is a 
&ctor in any quantity; htnct if any Utter is contained a$ a factor 
one or more times in both multiplier and multiplicand^ the expo- 
nents being added together vnU give the exponent of that letter in 
the product. 



Ans. a^b\ 



aX a = a^ X o« = a'+* = o«. 


«» X a« = , 


a^Xo» = o»+« = 


= o *, &c. 


9. Multiply a« 6* by 


a 6*. 


10. ab' e by 


(fib(^. 


11. ea/'ctP by 


abf>e». 


12. a^<^ by 


a'V^c. 


13. 7 a* ar» y by 


5a'bea*y*. 


14. 17 ft* <P e by 


4 b b e d e e. 


15. 23 a« je* by 


2 aabx 9' 


16. 18 a ay y by 


& t? yy X. 



It has already been remarked that the addition of two or more 
quantities is performed by writii^ the quantities aiter. each other 
with the sign -f~ between them. The sum of 3afr, 2acd, 
6a2 6, 4a6, andSa^ft, is3a6 + 2acd[ + 6fl^6-f•4a6 + 
3 a^ 6. But a reduction may be made in this expression, for 
3 a ft -|- 4 a 6 is the same as 7 a 6; wid 5a*6 + 3o2 6 is the 
same as 8 a^ 6; hence the expression becomes 
7a6 + 2acrf + 8a*6. 

Reductions of this kind may always be made when two or 
more of the terms are similar. When two or more terms are 
composed of the same- letters, the letters being severally of the 
same powers, they are said to be similar. The numerical co- 
efficients are not regarded. The quantities Aab and 3 a 6 are 
similar, and so are 5 a^ 6 and 3 a^ 6; but'4 a b and 5 a^ ft are not 
similar quantities, and cannot be united. 

The subtraction of algebraic, quantities is performed by 
writing those, which are to be subtracted^ after those firom 
which they are to be taken, with the sign — between them. 
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If b is to be subtracted from a it is written a — b. 5 a i' to be 
subtracted from 8 a 6^, is written 8 al^ — ^at^. This last 
expression may be reduced to 3ab^. In all cases when the 

Sintities are similar, the subtraction may be performed imme- 
tely upon the coefficients. 



Compound Quantities. 

XI. The addition and subtraction of simple quantities, produce 
quantities consisting of two or more terms which are called com' 
pound quantities. 2a-\' cd — 36 is a compound quantity. 

^dditi4)n of Compound Quantities. 

The addition of two or more compound quantities, when all 
the terms are affected with the sign + will evidently be the 
same, as if it were required to add togedier all the simple quanti- 
ties of which they are composed; that is, they must be written 
one after the other with the sign -f- before all the terms except 
the first. The sum of the quantities 3 a -{-2c and b '\- 2d is 
3a-|-2c + 6 + 2d[. 

If the quantities Sab -{' 5d and b — c be added, in which 
some of the terms have the sign — , the sum will he Sab -{- 5d 
+ 6 — c; for i — c is less Sian 6, therefore, if b be added the 
sum will be too large by the quantity c. Hence c must be sub- 
tracted from the result. 

This may be illustrated by figures. Add together 17 + 10 
and 20 — 6. Now 20 — 6 is 14 
and 17 -f 10 + 20 — 6 is equal to 17 + 10 + 14. 

From the above observations we derive the following rule for 
the addition of compound quantities. 

Write the quantities after each other loithout changing their 
signs, observing that term^ which have no sign before them are 
understood to have the sign +. 

A sign affects no term except the one immediately before 
which it is placed; hence it is unimportant in what order the 
terms are written, for 14 — 5+2 has the same value as 14 + 
2 — 5 or as — 5 + 2 + 14. Those which have the sign + 
are to be added together, and those which have the sign — are 
to be subtracted from their sum. If the first term has the sign 
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+, the siga may be omitted before this term, but the sign — 
must always be expressed. Great care is requisite in the use of 
the signs, for an error in the sign makes an error in the result of 
twice the quantity before which it is written. • 

Add together 3a + 2*c«— 3c* 

and 6a — 34c* + 2c* 

and 7a* + 46c«— 8c* 

and — a + 3 c* — 2 * c*. 

The sum is 

3a + 26c8— 3c* + 6a — 3*c« + 2c* + 7a6 
-I- 4 4 c» — 8 c* — a + 3 c* — 2 * c* . 
But this expression may be reduced* 

Sa-^- 5a — a = Sa — a = 7a, 

and 

26>_8fcc« + 46c* — 2fcc* = 6fcc«— 6fcc*=6c«, 

and 

— 3«* + 2c* — 8c* + 3c* = — llc* + 6c*= — 6 c*; 
hence the above quantity becomes 

7a + *c» + 7a6 — 6c*. 

To reduce an algebraic expression to the least number of 
terms, collect together aU the similar terms affected with the sign 
-{- and also those affected with the sign — , and add the co^ji' 
dents of each separately; take the differenu of the two sums 
and put it into the general result^ gioing it the sign of the larger 
quantity. 

Examples in MdUion. 

1. Add together the following quantities. 

5ab — 2a* m 
and ' 3a6 — 5afii -I- ^^fi^- 

2. Add together the foUowing quantities. 

13aii* — 6m + «*, 
and 76iii — 3«*— 8y, 

and 4aii*+ daa^ — 4y. 



ffl Jllgebra. XII. 

3. Add together the foUowiog quantities. 

7 mab — 16 — 43 my, 
and 19 acb — 13 ami + 37may + 48, 

and * 14my — 19 may -{- nb — nx^ 

and 4nx — 3bn -{'2Samy — nb. 

4. Add together the following quantities. 

xy — ax — ay -^ axyj ' 
and — 2xy — 2ay + 3aa:+ 16, 

and IS arx — 73 + ISaxy — am, 

and — 15axy — 13am + 43-|- 18 arx^ 

and arx — 18 + ay — 2aa:y + 3 am. 

5. Add together the following quantities. 

ISax — 2bx — 7, 
and 15bx — 17 6ary + 16, 

and 47 a c d — a:, 

and 37 — bx — 2a + 436ya;, 

and acrf + 6ya: — 13a. 

Subtraction of Compound QuanHHes. 

XII. The subtraction of simple quantities, as has already 
been observed, is performed by giving the sign — to the quanti- 
^ to be subtracted, and writing it before or after the quantity, 
from which it is to be taken. If it is required to subtract e + <{ 
fix)m a + 6 it is plain that the result will be a + 6 — e — cf, 
for the compound quantity c -|- d is made up of the simple quan- 
tities e and dy which being subtracted separately would give the 
above result. 

Prom 22 subtract 13 — 7. 

13 — 7 = 6. 

and 22 — 6 = 16. 

The result then must be 16. But to perform the operation 
on the numbers as they stand, first subtract 13, which ^ves 
22 — 13 =s 9. This is too small bv 7 because the number 13 
is larger by 7 than the number to be subtracted, therefore in 
order to obtain a correct resuh the 7 must be added; thus 39 — 
13 -f- 7 ass 16, as reqvirad. 
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From a subtract b — c. 

First subtract &, which gives a — b* 

This quantity is too small by r because b is larger than b'^e 
by the quantity c. Hence to obtain a correct result c must be 
added, thus a — i -f- c. 

lliis reasoning will apply to all cases, for the terms affected 
witli the siffn "— in the quantity to be subtracted diminish that 
quantity ; hence if all the terms affected with -}- ^ subtract- 
ed, the result will be too small by the quantities affected with 
— ^, these quantities must therefore be added. The reductions 
may be made in the result, in the same manner as in addition. 
Hence the general 

Rule. Change aU the signs in the number to be svbtracted, the 
si^ 4~ ^ — 9 ^^ ^ ^^§7^ — ^^ +> ^^ then proceed as in ad' 
dUum. 

Examples in Subtraction, 

1. From a^x + Sby — 6ac" — 16 
Subtract S(fx + by—2a(f—22 

Operation, 

a"ap + 3iy— 6ac»— 16 
^S(fx—by + 2ae' + 22 



— 2a"« + 2&y — 3ac» + 6 



S. From 


Sba^ — Tax' + lS 




Subtract 


ISbc — Sax^ — B. 






Ans. Sba^ — lSbe-' 


-4a«^+3I 


3. From 


17a»y + l3ay^— a — 3 




Subtract 


2a"y— & — lla + 5. 




4. From 


42axy — 4ax 




Subtract 


nax — 2axy — 6 




6. From 


143— 17y 


' 


Subtract 


33 + 4y — 16a6. 

7 
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6. From a + 3a&c — 1 
Subtract l+Saftc — a.' 

7. From 3a6ar + 2a5 — 1 z 
Subtract 2al — Iz — 2ahz. 

MultipUcaUan of Compound QuanMiei. 

XIII. Multiplication of compound quantities is sometimes 
expressed Vidthout being performed. To expres s that a +fc is 
to be multiplied by c — d, it maybe written a -|- 6 X^—d 
with a vincmum over each quantity, and the sign of multiplica'* 
tion between them 5 or they may be each enclosed in a paren- 
thesis and written together, with or without the sign of multi- 
plication 5 thus (a -f- 6) X {c — rf) or (a + 6J (c — d). In the 
expression a + b (c — a),% only is to be multiplied by c — d. 

Multiply a -f- 6 by c. 

It is evident that the whole product must consist of the pro- 
duct of each of the parts by c. 

a + ft 20+4 =24 

c 3 3 



ttc + he 60+12 = 72 

1. Multiply 3a6 + 2crfbyc/. 

Ans. 3abef+2cdef. 

2. Multiply 5ac + bc + Scdhj2e. 

Afu. 10ace+25ce + 6c<fe. 

3. Multiply 6 a* ft + 6V by 3a y. 

4. Multiply 6c*iP + 62a"&» + 13i»c*rf 

by 7a'6»c. 

6. Multiply 2ahd + ^aba^ + aba^^ 

by 2aba^. 

6. Mujtiply ax* + Saba^ by ISaVa^ 

When some of the terms of the multiplicand have the rign 
— they must retain the same sign in ihe product 
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7. 8. Multiply a — h by e, also 23 — 5 by 4. 

a — b 23—5 =18 

c 4 4 



ac — be. 92 — 20 = 72. 

Since the quantity a — & is smaller than a by the qiianti^ 
i, the product a c will be too large by the quantity b c. This 
quantity must therefore be subtracted from a c« 

9* Multiply 3a6' — c by 2d. 

10. " 2ad + bd—^c by 5«i. 

11. « 36crf — c/ — 2flc -by 6ac. 

12. « 2a'Je— So' + i* by 4a'J\ 

13. « I7acrf— l + So**— fli'a? 

by a* c d. 

When both multiplicand and multiplier consist of several 
tenns, each teim of the multiplicand must be multiplied by 
each term of the multiplier. 

14. Multiply 12 + 5 by 7 + 4. 

12 + 5 = 17 
7+4 = 11 

84+35 
+ 48 + 20 



84 + 35 + 48 + 20 = 187 

15. Multiply a + i by c + rf. 

a + b 
c + d 

aC'\'bc'\'ad'\'bd. 

It is evident that if a + & be taken c times and then d times, 
and the products added together, the result will be c + J times 
a + ft. 
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16. Multiply ax — 3ay + d?y hj Say + ad?. 

Ad?— *3ay4^a?y 

3a«ajy_9a«y* + 3oa?/ 

a*«» — 9a»y* + 3aa?y*+aa7»y. 

In adding these two products, the quantity 3 a'ory occurs 
twice, with different signs ; they therefore destroy each other 
and do not appear in the result. 

17. Multiply 5arf + 3acrf— 6a«c 

by 2a'c+2arf. 

18. Multiply 13a*ry— 2aiy' + 3cy» 

by 6cy' + 7a6y« + 3. 

19. Multiply llad» + 3a«c — 4a' 

by 2(^e + aif 

20. Multiply a*— 2 ac + i* by a+c 

21. u 3a*— 3i* by, 2a'+25* 
». « 3ft + 2c by 2a— 3i. 

3b+2e 
2a— Sb 



6ab 4-4ac 
_9i* — 66c 



6a& + 4ac — 9V — 66c. 

If 3 6 + 2 c be multiplied by 2 a only, the product will be 
too lar^e by 3 6 times 364- ^c; hence this quantity must 
be multiplieci by 3 6, and the product subtracted from 6 a 6 + 
4ac4 

This result may be proved by multiplying the multiplier 
by the multiplicand, for me product must be the same in both 
cases. 

23. Myltiyly 2ad + 9bc + 2 l^ 4a6 — 2c. 
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34. Mdtiply 6a'» + So»* 1^ itHf—V—l. 

25. « 19 — 5 . by 9—4. 

19—6 =sl4 

9 — 4 = 6 



171—45 70. 

—76+20 

171 — 46 — 76 + 20 = 191 — 121 =s 70. 
26. Multiply a — 6 by c— rf. 



a — 


-b 


c— 


-d 


ae 


— he 


— ad 


+ 6rf 



ac — he — ad-^bd. 

This operation is sufficientlv manifest in the figures. In the 
letters, I first multiply a — & by c, which gives ac — & c ; but 
the multiplier is not so larse as c by the quantity d^ therefore 
the productac — &eistoo larffe by of times a — ft; this then 
must be multiplied by d and the product subtracted, a — ft 
multiplied by d gives ad — ftdl; and this subtracted fitXD 
ac — he gives ac — he — ad-^-hd. Hence it appears that 
if two terms having the sign — be multijAed together, the pro- 
duct must have the sign -p. 

From the preceding examples and observations, we de-. 
rive the following general rule for multiplying ccMnpound qoan- 
tities. 

I. MuliMy oil the urnu of the nndHoUeand by each term cfihe 
multiplier^ observing the same rtdesfor me co^ffUents and Uttm m 
in simple gtumiities. 

94.: With levect to the signs observe^ 

1st, That ^ both the terms M>kkh are mdi^ptied t^^ieAer^ kam 
^^mgm '^^'i the mgnifOie product miuiib^+. 

2dy y one term be fleeted mA^.aid AeeCter 10M ~'t Af 
product msui have the sign — . 
?♦ 
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3d, Iffhoth term he affetCed with the sign— , the product must 
have the s^ +• 

Or in more general terms, J^ both terms have the same sfm^ 
wheth&r -^ or — ^the product must have the sign +, and jf they 
have different signs^ the product must have the sign — . 

27. Multiply 3a*6— 2rtc + 6 
by Tab — 2a c — 1. 



2la*b*—14a*6c +S5ab 
-^6a'6c + 4aV— lOac 
.^Scfb + 2ac — 5. 



Product 

21.a»6«— 14a*6c + 36a6 — 6a'5c+4aV— 8ac— 3a»A— 5. 



38. 


Multiply 


7j» + 6n by 4m — 3n. 


39. 


Ct 


«* + «» — »* by a—y. 


SO. 


a 


n* + nx + 3f by n — x. 


SI. 


M 


ff + ab + b* by if — ab + b\ 


S3. 


« 


2a^ — 2xy + 4y' 
by 6a? — 6a?y — 2/. 


S3. 


M 


8a«c— 6ac»+2d» 
by 2a'c— 4a*c» — 7ac*. 


84. 


M . 


2a* — a*a? + 2 by 3a — x — 3. 


86. 


« 


7a«64.2i» — 1 by 3a" — 2&"— 1. 



It is generally much easier to trace the effect produced by 
each of several quantities in forming the result, wnen the ope* 
rations are performed upon letters, man when performed upon 
figures. The following are remai4able instances of this. l%ey 
ought to be remembered by the learner, as frequent use is 
made of them in all analytical operations. 

Let a and b represent any two numben; a -f* i will be thar 
sum and a — 6 thnr diffinence. 
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Multiply a + h by a—- &•• 

a + b 
a—h 



if + ab 
— aft. 



a' — bK 

That isy if the sum and the difference cftwo numben be mnUHpli' 
ed together y the product will be the difference of the eecond pawen 
rfiheee two numbers. -w ^ r- 

Particular EMtrnpU. 

Let a = 12aiid6 = 7> 

a + 6 = 19, and a — 6 = 51 
a» = 144,i»=49. 
(a + 6)x(ii — 6) = 19X6 = 95, 
and o* — y = 144—49 = 96. 

Multiply a+b hy a + b. 
a+b 
a + b 



ii" +ab 

ab + V 

a* + 2ab+b\ 

That is, the product ofAe sum of two manbersj by itself or the 
second power of the swn of two nmnhers^ is e^jual to the sum of the 
second povjers of the two numbersy added to tunce the product of the 
two numbers. 

Multiply a — b by a — b. 

The answer is a* — 2ab + 6*, which is the same m the last, 
except the sign before 2 a &• 
Multiply cF+2ab -|-^bya+&, thatis^find the third 

power of a 4* &• 

Jbw. if + Zffb + ZaV + b^ 
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Thu is exprened in words thus : the third f&wer cf ^ Jirsif 
phis Area times the second power of the Jirst into the second^ plus 
three times thefirst into the secondpoufer of the second^ plus the third 
power oftne second. 

Multiply a* — 2a6-j-i* by a — b. 

Ms. a' — 3a«i + 3a6*— J». 

Which is the same as the last, except the signs before the se- 
cond and last terms. 

Instances of the use of the above formulas will firequently 
oecur in this treatise. 

Division of Algebraic Quantities. 

XIV. The division of algebraic quantities will be easily per 
formed, if we bear in mind that it is the reverse of multiplica- 
tion, :md that the divisor and quotient multiplied together must 
reproduce the dividend. 

The quotient of a & divided by a is b, for a and b multiplied 
together produce ab. So ab divided by b gives a for a quo- 
tient, for the same reason. 

If 6 a & e be divided by 2 a, the quotient is 3 ft c. 
If by 2 ft, the quotient is 3 a c. 

If by 2 c, the quotient is 3 a ft. 

If by 3 ft, the quotient is 2 a c. 

If by 3 a ft, the quotient is 2 c. 

If by 6 a the quotient is ft c. 

For in all these instances the quotient multiplied by the di- 
visor, produces the dividend 6 a ft e. 

Exang^. 

1. How many times is 2 a contained in 6 aft ef 
Ana* 3ietiiiieS)becauM^&€times2ais 6abc. 
2 [f 6 a ft c be divided into 2 a parts, what is one of the 
puis ^ 
An$.Shei beciMiseSatiiBeB3fteis6aftc 



3. 


Divide 


4. 


« 


5. 


« 


6. 


M 


7. 


M 


8. 


K 


9. 


W 



by 


4. 


by 


3 a. 


by 


lObe. 


by 


6 ad. 


by 


ah. 


by 


ad. 


by 


«*. 
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Hence we derive the following 

RuuB. Divide the coefficient yihe dimdend by the coefficient of 
the divisor y and ttrike out the ktten cf the divieor from the dnHh 
dend* 

16 a6c 

12 abc. 

20 abc 

IS abed 

23 a*6 c 

Had 

4a' 

Obsenre that 4 a' is the same as 4 a a a and a* is the same 
as a a ; 4 a aa divided by a a gives 4 a for the quotient. 

It was observed in multiplication, that when the same letter 
enters into both multiplier and multiplicand, the multiplication 
b performed by adding the exponents, thus a^ multiplied by a* 
is a*^ = ef. In similur cases, division is performed by subtract" 
ing the component of the divisor from that of the dividend, a* divid- 
ed by a*isa'""* = a*. 

10. Divide 

11. « 

12. •* 
IS. « 

14. « 

15. " 

16. " 

17. « 

18. « 

The division of some compound quantities is as easy as that 
of simple quantities. 
If a + 6 + c be multiplied by d the product is 
d{a + b + c) or ad + bd'^cd» 
Therefore ifad + bd + cdhe divided by df, the quotient is 



6o»6*c 


by 


3a «^. 
Jbu. 2abe. 


savd* 


by 


:a 


l«a*c* 


by 


18«»^ 


by 


6y». 


4B(^a^m 


by 


16 0*0! m. 


72af*m» 


by 


12 or». 


eoj,^/ 


by 


60. 


7Saf 


by 


af. 


I30ar*f 


by 


rf. 
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If a d + bd'{-edhe divided by a + & -|- e, the quotient is£ 
When a compoand quantity is to be divided, let Uie quan- 
tity, if pos8U>Ie, be so arranged that the divisor may appear as 
one of the factors, and then that factor being struck out^ the 
other factor will be the quotient. 

19. Divide 12a*i — 9ac bySa. 

l2cfb — 9ac = Sa{4ab — Sc) 

Am. 4ab — 3c. 

Observe that a is a factor of both terms, and also 3. Hence 
the quandty 12 a* b — 9 a c, can be resolved into factors ; thus 
3 (4 a* — 3 a c), or a (12 a 6 — 9 c), or 3 a (4 a 6 — 3 c). In 
the last form the divisor 3 a appears as one fitctor, and the other 
factor 4ab — 3cisthe quotient. 

Note. Any simple quantity, which is a factor of all the terms 
of any compound quantity, is a fitctor of the whole quantity ; 
and tlmt fiictor being taken out of all the terms, the terms as 
they then stand, taken together, will fonn the other factcnr. 

20 Divide 8 a»6'— 16a'6*c by 2aJ — 4tf*c. 
8a«i'— 16a'&*c = 4a6*(2a6— 4a*c.) 

Ans. 4ab' 
21. Divide 3abe—lbab*d + 9(fbf by Sab. 



^. Divide 


ISo'frc— 30«»c» + 26fl*crf 




by 5 a* c. 


93. Divide 


Seo-'Vc— 28c» JV + 40o»ftV 




by 9a»— 7tf*i*c+10a»6V. 


34. IXvide 


42o' — 84a"4»c by 1— 2a'A»c 




JlJgebraic FracHont. 



KY. When the dividend does not contain the same letters 
as the divisor, or but part of those of the divisor, the division 
cannot be performed in this way. It can then only be express- 
ed. The usual way of expressing division, as has already 
been explained, is by writing the divisor under the dividend in 

the form of a fraction. Thus a divided by b is expressed 5. 
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TbiA ffives rise to fifactioiis in the same manner as in anthme- 
tic. It was shown in arithmetic, that a fraction property ex- 

f>resses a quotient. Algebraic fractions are subject to precise- 
y the same rules «8 fractions in arithmetic. Many of tne ope- 
rations are more easily perfonned on algebraic fractions. 

In these, as in aritmnetic, it must be kept in mind, that the 
denominator shows into liow many parts a unit is divided ; and 
the numerator shows how many of those parts are used ; or the 
denominator shows intoliow many parts the numerator is di« 
vided. 

I shall here briefly recapitulate the rules for the operations 
on fracticms, referring llie learner to the Arithmetic m a more 
full developement of their principles. 

2ti«s2 = -l 
11 11 

2timeB? = ^. 

b 
c tunes. =: .^ 

} of 7 is V 9 ^^ i of 7 is }, and | is J times as ranch, f of 
a is ^^ ; for 4 of a is ^, and f is 2 times bs much. Hie 1 part 
of c is~- ; for j of c is |, and - is a times as much. 

Hence, to mukiply a fraction by a whole number^ or a whole 
number by afiti^ion^ muUifly the numerator of the fraction and the 
whole number together j ana aiviie by the ienomiguxtor. 

Ariih.Jk^iae»Xy. Sl XYI. 

Eaoan^flee. 

1. Multiply l±*by3. •*«. ll±£L 

c c 

3. Mohipilj Sa-f^ (^ ^^ 



«e 



Am. ^•><^4-8y<' 



ae 



JBgAfu* 



XVI 



8. Multiply ^-^ 



ba — 13 e 



4. Multiply 

5. Multiply 

6. Multiply 



2ah — be 

3a& 
5ac-— 2 m* 

ISoF"" 

I6aa^ — 36af 



by 
by 
by 



AV. 
nh'c—SaV 



ba—l^e 


6ac + 3c*. 


bah — 3n. 


2m — 3cr 



2a + 7a^ 



Dimiian of FracHom. 



XVI. 1. IM?ide 

It 

7 

3. DiTide 

afr 
e 



4a 

7 



If bf 8, or find i of 



Jbu,l5. 



3. Divide 



4. IXvide 



Oa*& 



e 






I 'y 



by < a, or find . of 



Ans. 



by 3 a, or find of 

3a 



Ans. 



2ab 
cd ' 



or find i of^. 



This cannot be done like the others, but it m^he done by 
multiplying the denominator as in Arith. Art. XVII. For die 
firaction f- donotesi that one is divided into as many equal parts 
as there are units in &, and that as many of these parts are used 
as there are units in a ; or that a is divided into as many equal 
parts as there are units in b ; hence if it be divided into twice 
as many p«rts, the parts will be only one half as large, and the 
fraction will have only (me half the value. 



Henee ~ divided by 3, is iL 
6 26 

So ^dindedbyiZ^jfl^ 

5. Dmde if* by 4 A ^m. If*. 

Hence* <o diwden Jraetim by a vihok mmber, (Kvitb the m»> 
meraior; orv^eathidcmmofUdimefmuU^lhedenomkiatorijf 
tkedimor. 



6. Divide 



8. Divide 

9. IHvide 
1^ Dmcfce 



13. Divide 
M. Divide 
16. INvide 



i 



7. Divide ii^ 



2g'c6 
3(/m 

5ac 

7ic 

a 



11. Divide ^ 

12. Divide "l£i 

-iii'iir 



13aft 

2 7»mr 

afir-26 
126 e 



16. Divide "^Tr^tt 

17. Dmte gJ^y^ , 

San — «iir 

8 



by 


3 a. 


by 


7 a*. 


by 


So^c 


by 


6*. 


bf 


S. 


by 


5. 


by 


aftw. 


by 


8«»A 


by 


8«P,<«, 


>i 


s«j. 


by 


8««k 


bf 


TM. 
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18. Divide 




19. Divide 


46 +3* y **-^'- 


20. Divide 


2« — <* by 7a4.4cd 1 


21. What is 


1 of 1 ? i of ^ is iL and 1 is twice asmucfa. 


that is, ||. 




22. What is 


the-partofj.' ^ of J is ^and £ i. a 


times as much, 


that is,?i. 



That is, 4 X -1 = ^. 
a bd 

lience, to multiply one fracHm by another ^ nn^iply Ote nume- 
rators together for a new numerator , and the denominators together 

for a new denominator. Arkh. JlrtTxYTL 

28. Multiply p by * . Ans. ii*. 

3c ■ 2m 6cm 

24. Multiply ?±^ by ifL2?, 

46c 5c*n 

26. Multiply J|fif by l^. 

26. Whatis ££2 of iLf? 

Serf 8«J* 

27. What is 1*!^ of "^^^ ? 

9acf 13n** 

28. Multiply ?° br 2ac— 6c 

29. Multiply 8a«' — 8«'m . bawf 

4«c + Sc 2am — 5c 
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30. Multiply ^,^^ + ^^ by ^^^ — ^ . 

^^ 64c— 2cP ^ bac — 2ad 

31. Multiply 2a-m + 3m' ^^ l^ac 

We have seen that a fraction may be divided by multiplying 
its denominator, because the parts are made smaller ; on the 
contrary, a fraction may be multiplied by dividing its denomi- 
nator, because the parts are made larger. Arith. Art. XVIII. 
If the denominator be divided by 2, the unit is divided into 
only one half as many parts ; consequently the parts must be 
twice as large as before. If the denominator be divided by 5, 
the unit is divided into only one fifth as many parts ; hence the 
parts must be five times as large as before, and if the same num- 
ber bf parts be used as at first, the value of the firaction will be 
five times as great, and so on. 

32. Multiply If! by 5. Am. ??. 

33. Multiply £l hj b. 

b e 

If we divide the denominator 'by &, the fiaction becomes 

JLj in which a is divided into -^ part as many parts ; hence 
c b 

the parts, and consequently the fraction is b times as large as 
before. 

34. Multiply J:± by 2 c. 

6 6. c 

35. Multiply JliL* by 8c»d. 

^^ 32c«rf ^ 

36. Multiply J^ by lanf. 

37. Multiply —24- by bmx. 

25 01 £p 

38. Multiply i. by 5. ' 

oa 



S8 


,aigAm. 


3». Multiply 


^ »>' •*• 


40. Multiply 


^*« hr \h 


4«X»_46c ' 


41. Multiply 


17 — 46c . K, a-» 
16o'-12«»6-4fl» *^ *'^" 


43. Muldply 


28 m— 1» 



xm 



by 7 m* c. 

43. Multiply | by 5. 

Dividing the denominator by 5 it becomes f » or 3* 

Multiply ^ by 6. 

Dividing the ctenominator by h it becomes iL^ or er. 

44. Multiply i|i by bhd. ^n».ilf-3a<i 

In fiict ^ multiplied by fr is — = 1, and £. being a times 

'as much as — > must give a fwoduot a times as large, or a 

times ly which is a. 

Hence, ^ a fraction he mMpKed hf^ denaminatary ike pro- 
duct unU he the numerator. 



45. Multiply 


lacm 


by 


5bd. 


46. Multipfy 


25 
she 


by 


3b c. 


47. Multiply 


IS or 
4hnf 


by 


4&m*. 


48. Multiply 


12f»Y 


by 


bdn*». 
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49. Multiply 13gft — w by Ho*. 

17 IT 

50. Multiply 15ac + 37ftc ^y lOaft— 2c 

51. Multiply 47am'-h3ft — c j, a«^ — 3(i«m+i. 

*^"^ aaj* — 3a*«i + 6 

Two WBjs have been shown to multiply fractions, and tw0 
ways to divide them. 

To multiply afractiony \ ^ 7. . / S^ke nvmerator 
To dimde afracHon, 5 ^^^P^V { the denominator. 
To divide afractiony > , . . , (the numerator. 
To muUiply afractiony ) ^ ^ Xthe denominator. 

Arith. Art. XYIII. 

Reducing Draetions to Lower Terms. 

XVII. f^boih numerator and denominator be muUiplied by ihe 
same number y the value of the fraction wUl not be ciUerea. 

Arith. Art. XIX. 

For multiplying the numerator multiplies the fraction, and 
multiplying the denominator divides it ; hence it will be multi- 
plied and the product divided by the multiplier, which repro- 
duces the multiplicands 

In other words, -^ signifies that a contains b a certain num- 
ber of times, if a is as large or larjger than 6 ; or a part of on- 
time, if b is larger than a. Now it is evident that 2 a will con- 
tain 2 b just as often, since both numbers are twice as large a« 
before. 

So dividing both numerator and denominator, both divides 
8nd multiplies by the same number. 

i^ gX3 _6 _ 7X3 _21_ 3X6 „36 
2X5 10 7X5 35 bxh bV 
a ^2a _^5a __ac ^ 2aed 
T 26~5ft'~6c""26cd 
6ab _ 3b X2a _2g 
STc 36x3c 3c* 
8* 
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Hence, if a fraction contun the «ame fiictor both in tbe nu- 
merator and denominator, it may be mected in both, tfiat is, 
both may be divided by it. This is called reducing fractions 
to lower terms. 

1. Reduce i^_ to its lowest terms. An$. i^. 

15ocm 90C 

2. Reduce l^fL^ to its lowest terms. Am. — ?-. 

16«*«» A ax 

3. Reduce ^^f to its lowest terms. Am. iL^. 

4. Reduce ^1^ to its lowest terms. 

16 6Vy* 

5. Reduce ^^ ^^* ^'4 to its lowest terms. 

& Reduce l^f/r^^^'L to its lowest terms 

t. Reduce 27iii'j — 54a^ ^ j^ 1^^^^^ ^^^^ 

108aa7* + 81ap — Wnfa? 

8. Divide 35 0*6 m^o?* by la^nm^x. 

Write the divisor under the dividend in the form of a frac- 
tion, and reduce it to its lowest terms. 



9. Divide 276*my* 

10. Divide 56&r*y 

11. Divide Mfli^fir'y 

12. Divide ISedmsf 

13. Divide U^rsy* 

14. Divide laSt^ersf 





an 


by 


7m. 


by 


•tVnft- 


by 


36 im/. 


by 


68 cm* r*». 


by 


16r«y. 


by 


4&a*m»'«'. 
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15; Divide Vfaeai 


by 13a«?**. 


16. Divide 28o*cy 


by 14«»y». 


17. Divide Wifmfp 


by 54 a*my'. 


18. Divide Iba^h^ 


by 35o»c»y»ar. 


19. Divide a + l 


by 2e— rf. 


aOu Divide 2<fe—7 


a»ftc+ 16 (i^crf 




by ISa'ctt. 


21. Divide 18 a* m*- 


-54a»m»+42a*m* 




by 30o*m'rf— ISa'cwf. 


22. Divide (a + ft) (IS 


ac + 6c) by (11^— e)(a + i). 


23. Divide 3 c* (a— 3 c 


()• by 26c'(a— 2c)». 


24. Divide 366V(2o 


+ <0*(76-«0' 


by l2b*(2a + d)'{Tb—d)*(a—i), 



Add&ion and Snbiraciion oj IVaeiiatm, 

XVIII. Add together 4- and -land -I- 
oaf 

This addition may be expressed by writing the fractions one 
after the otheif withUie sign of addition betwojen them 5 thns 

a _, f c 

T+7 + 7' 

N. B. When fractions are connected by the signs + and 
— 9 the sign should stand diioctly in a line with the line of the 

fiaotioii. 

It is frequently necessary to add the numerators together, in 
which case, the fracti(H)S) ifthey are not of the smue denomi- 
nation, must first be reduced to a common denominator, as in 
Arithmetic, Art. XIX. 

1. Add together-! and ^. A#. 1±1 = 4- 

i. Add together ^ and JL. Am. ^^-^^* 
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3. Add together ?4 and^. Ans. £!+?• = ^. 

cd cd cd cd 

4. Addtogether?iLand^. Ans. ^1±^ 

® Sed 3cd 2cd 

5. Add together | and |. 

These must be reduced to a common denominator. It faa« 
been shown above that if both numerator and denominator be 
multiplied by the same number, the value of the fraction will 
not be altered. If both Uie numerator and denominator of the 
first finction be multiplied by 7, and those of the second by 5, 
the fractions become || and ||. They are now both of the 
same denomination, and their numerators may be added. The 
answer is |^. 

6. Add together -^ and 4- 

6 d 

Multiply both terms of the first by d, and of the second by 

6, they become ^Jz and ~ The denominators are now alike 

d d 
and the numerators may be added. 

The answer is ?L^+Af. 
bd 

7. Add together ~ ^ -L, and M^ 

d f h 

In all cases the denominators vnO be alike V both terms of each 
fraction be multiplied by the denominators of aU the others. For 
then they will all consist of the same factors. 

Applying this rule to the above example, the firactions be- 
come ^^/* *^/* ^^g* Md ^^/g 
^""^ rJTT rdJT bdfK ^ bdfh' 

The answer is^^/* + ^^/* + ^/^*+^^/^ 

Tdfh 

8. AddtowtheriiLaiidlf. Am. lifLf[+l*^. 
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It was shown in Arithmetic, Art. XXXI, that a common de- 
nominator may frequently be foundmuch smaller than that pro- 
duced by the above rule. This is much more easily done in 
algebra than in arithmetic. 

9. Add together -fL-, ,^ and L. 

B(f be , eg 

Here the denominators will be alike, if each be multiplied 
by all the factors in the others not common to itself. If the 
first be multiplied by c g, the second by c*^, and the third by 
6ce, each becomes 6 c^ eg. Then each numerator mus4 be 
multiplied by the same quantity by which its denominator was 
multiplied, that the value of the fitictions may not be altered. 

The fractions then become ,^f g , ff«, and iLf^. 

or eg be* eg btreg 

The answer is geg+c'<fg+ ice/ 
beeg 

10. Add together ^andi^ 

11. Add together *£!?, If, and ^. 

12. Add together ^and^. 

13. Add together -^L- ^andi^l. 

14. Add together ?^±,and ^'"' 



n* »*^ 3mn'r 

16. Add together ^^ and 13 erf. 

/ 

17. Add together ^.^miftac—^b^ 

4a n 



94 JOgAm. XVQL 

18. Add together Hf^i!!^Z±^and 11 <te— 5n. 

19. Add together ii£j!i£=if*aiid^*. 

20. Add together ^^"■^7^, and J.^'.^t^' 

21. Subtract 1- from -J-. 

This subtraction may be expressed thus, 
3 a j__ 

But if they are reduced to a common denominator, the nume- 
rators may be subtracted. 

Am. 3ac-2e 



2ftc* 



82. Subtract ^ , , from ^ _ • 
3c"rf 2(^0? 

SS. Subtract ^?/^, from j-i^i-.. 

24. Subtract -44- *«» l^v 

25. Subtract /^ from ^.^. 

26. Subtract iHil from 11^ 

27. Subtract li?-!? from illi . 

7n*a? 3»*«^ 

Sufi 

28. From ISac + ftc subtract -^. 

2bm 

29. From ^^^"^^^ subtract i^ 

2irma? 14am 
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80. Prom -jyp subtract j^jrp 

Solution. 

27a<f _ 2a&<f — Sew* _ (27o<f)aft 

2he TW? (2ic*)2i 

2aftJ — 3c«*_ 64aft J 

4F? 4ir?~ 

_ 2ahd-'Zcm* _ M:ahd-~2abd-\-Zewf 
_ 82 o 6 <f + 8 c m* 

which is tlie answer. 

When the fraction ^JiUlZ^lHi was subtracted, the 

46*r 

sign — was changed to +. See Art VI examine 6th 

31. Erom bna?-^lOadx 

12 ad 

Subtract ISn^-Ss, 0^ + 17 

32. Prom J^^Lf^ subtract il^fLI!. 



XIX. JDimnon of u^Aofe numben by IVaeiion$j mid JVoc^Jont hy 

Fractions. 

How many times is | contained in 7 ? 
.4n«. I is contained in 7, S5 times, and } is ccHitained | as 
many times ; that is, V or ll| times. 

2. How many times is | contained in a ? 
•^715. I is contained in a, 8 a times, and f is contained | as 
many times ; that is, */. 
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3. Howmany timogift ^ coataiMdiia^c? 

An$. ... is contained b c times in c, and S^ is contained iL 
6 b a 

as many tknes : that is, — . 
a 

Anth* Art. XXm. 

4. vOfvwhatnumher is c the ,-2- part ? 

b 

An$. If c is the ^ fmFt «f Mme number, — will be -^ 
b a b 

part of the same number, and £ is .. part of ^. 

a b a 

Arith. Art. XXIV. 

Hence, to divide a whole number by afiracHon^ mubiply it by the 
denammttoriirf ^firwiio^^mddiiw mfradwiby m numfra- 
tor. 

How many times is { jcamtained in }• 

Solwtum. Reducing them to a common denominator, } is 
}^^ and } is |f . }^ is oontiuiied in |J^ as many times as 24 is 
contained in 35 ; that is, f f or H^* Jtm* m. 

6. How many tknes is ^ contained ia ^ ? 
'0 d 

Solution. Reducing them to a common denominator, fL 

is ~ and 4- is r4« n ii^pntained in ^ as many tmies as 

a rf is contained ini cs^ihaltia, JL Aw. — ,. 

ad ad 



t. Of what number is — the -£. part i 
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C CL ' \ C 

Solution. If --. is the --- part of some numbert — part of -r 
d b ad 

1 \ c c c \ 

IS -—- part of that number ; -r- part of -=- is — • and — - is -r- 
b a d ad ad 

pait of .^- . j9nf. — =. 

ad ad 

Hence, to dwide a fracHon by afractiony muUiply the ntifite- 
rator of the dividend by the denominator of the divisor y and the 
denominator of the div%dend by the numerator of the divisor. 

Or more generally, when the divisor is afractioUj muUiply the 
dividend {whether whole number or fraction) by the divisor 
inverted. Arith. Arts. XXIII. and XXIY. 

8. Divide Soft by |. 

9. Divide 13 a by 



b^ 

e 

2'e 



10. Divide 17 am by -r-. 

b 

11. Divide act by 

12. Divide Sax by 

13. Divide 2 a c — 6 c by 



2a 
2a^m 



Sxy 
3a 
6 c' 

14. Divide 17 ax* — 2bx4'Cx by -T" 

^ ^ 7 a« < 



15. Divide 11 a «» — 8 a: by - 



c 
2x 



lac X — 3 ae 



16. Divide -— by . 

d m 

17. Divide - — ; by - — J. 

3as» ^ baJ? 

to T\« -J 17 a^m , 3a*«* 

18. Divide - — r— 5 by ^ ^ , . 

9 
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19. Divide by • 

3563 my* ^ 2lb^m^y 

20. Divide — --i by -^ J — 

12 ax 9aarca? 

^^ T%- -J 2a — 3cd , 2am — bax 

21. Divide ^ ; by r-^ — t- 

2am + 5aap ^ 2a+3crf 

S2. Divide r-~ — -J- by ^ 



3my4'3tHd 5d — mo? 



Dn^inon of Compound QtwuUitieB. 

XX. Somedmes division may actually be performed when 
both divisor and dividend are compound quantities. Since di- 
vision is the reverse of multiplication, the proper method to dis- 
cover how to perform it, is to observe how a product is formed 
by multiplication. 

Multiply 2 4r» ft — 3 a*6« c + a 6» c« 
by 4a«6*4-2aftc. 

8a«ft* — 12a*ft*c+4a»ft«c« + 4a*ft2c— 6a»6*c*+2a?ft*c^. 

Observe that each term of the multiplier is multiplied separ- . 
ately into each term of the multiplicand. The product therefore 
must consist of a number of terms equal to the product of the 
number of terms in the multiplicand by the number of terms in 
the ftiultiplier. If the product be divided by the multiplicand, 
the multiplier must be reproduced, and if by the muhipfier, the 
multiplicand must be reproduced. 

The three terms 8 o^ 6* — 12 a* A* c + 4 o* ft* c* of the pro- 
duct V9ete produced by multiplying the three terms of the multi- 
plicand by the first term of the multiplier, 4 c? ft^. Therefore, 
if these three terms be divided by 4 a^ ft*, the quotient will be 
the multiplicand. 

Again, the three terras 

4 a* ft* c — 6 a» ft3 c« + 2 «* ft* c» 
of the product were formed by multiplying each term of the 
multiplicand by 2 a ft c. Therefore, if these three terms be di- 
vided by 2 a ft e, the quotient will be the multiplicand. 
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Heace we see that the whole division might be performed 
by any one term of the divisor, if all the terms of the dividend 
which depend on that term and the quotient could be ascer- 
tsdned. This cannot often be done by inspection ; for in 
many products, though at first there are as many terms as there 
are units in the product of the number of terms in the multir 
frficand by the number of terms in the multiplier, some of the 
terms are united together by addition or subtraction, and 
some disappear entirely. Even if all the terms did remain 
entire, they could not be easily distinguished. 

However, one term may always be distinguished, and from it 
one term of the quotient may be obtained. 

Divide 4 a* — 9 o2 42 + 6 a i' — ** 

by 2 o* — 3 a 6 + 6». 

First, it is evident that the highest power of either letter in the 
dividend, must have been produced by multiplying the highest 
power of that letter in the divisor by the highest power of the 
same letter in the quotient ; for in order to produce the dividend, 
each term of the divisor must be multiplied by every term of the 
quotient. Therefore, if 4 a^ be divided by 2 a^ it must give a 
term of the quotient. Or, if — i* be divided by i» it must give 
a term of the quotient. Let the quantities be arranged accord- 
bg to the powers of the letter a. 

Dividend. Diviior. 

4a*_9a«62 + 6afc» — 6V2«*— 3a6-fP 



4tf* — 6a?4 + 2o*6* V2a*+3aA — 6« qiiotiant. 

6a»6 — llo2 62 +6aA» — 6^ 
6€fib — 9^l^ +3a6» 

_2a2 i* +3aft» — 6* 



I divide 4 a* by 2 a^, which gives 2 a^ for the first term of the 
quotient. Now m forming the dividend, every term of the cfi- 
visor was multiplied by this term of the quotient, thorrfore I 
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multiply the divisor by this term, by which means I find all the 
terms of the dividend, which depend on this term. They are 

Here is a term Q a^h which is not in the dividend, this must have 
disappeared in the product. The term 2 a^ 6^ is not found 
alone^ but it is like 9 a^i^ and must have disappeared by uniting 
with some other term to form that. I subtract these three terms 
from the dividend, and there remains 

6aH — 11 a^l^+eab^ — b^. 

which does not depend at all on the term 2 a^ of the quotient, 
but which was formed by multiplying each remaining term of the 
quotient by all the terms of the divisor. This then is a new di- 
vidend^ and to find the next term of the quotient we must pro- 
ceed exactly as before ; that is, divide the term of the dividend 
containing the highest power of a, which is 6 a* ft, by 2 o* of the 
divisor, because this must have been formed by multiplying > 
2 a' by the hghest remaining power of a. in the quotient. This 
gives for the quotient + 3 a A. I multiply each term of the di- 
visor by this, and subtract the product as before, and for the same 
reason. The remainder is 

— 2a26'+ 3a6« — 6*, 

which depends only on the remaining part of the quotient. The 
highest power of a, viz. 2 a^ 6^, must have been produced by 
multiplying some term of the quotient by 2 a^ of the divisor ; 
therefore I divide by this again, and obtain — l^ for the quotient. 
I multiply by this and subtract as before, and there is no remain^ 
der, which shows that the division is completed. 

By the above process I have been enabled to discover all the 
terms of the dividend produced by multiplying the first term 
of the divisor by each term of the quotient. If both be arranged 
according to the powers of the letter 6, and the same course 
pursued, the same quotient will be obtained, but in a reversed 
order. 

In the division the term — 2 a^ 6^ has the sign — . Here we 
must observe that the divisor and quotient multiplied together 
must reproduce the dividend. 

If -f- a ft be divided by + a, the quotient must be -j- 6, be- 
cause -f- a X + * gi^^s -{- ab. 
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If — a^b be diTided by + a, the quotient must be — 6, be- 
cause + a X — b gives — a b. 

If + « ^ be divided by — a, the quotient must be — 6, be- 
cause — a X — b gives + ^ b. 

If — a fc be divided by — a, the quotient must be + *> be- 
cause — a X + ft gives — ab. 

The rule for signs therefore is the same as in muhiplication. 

When the signs are aUkey that is^ both -{- or both — , the iign 
of the quotient must be -j-; but when the signs are unlike^ that if, 
one -|- and the other — , the sign of the quotient must be — . 

By the reasonmg above we derive the following rule for division 
of compound numbers. 

Arrange the dividend and divisor according to the powers of 
some letter. Divide the first term of the dividend by the first term 
of the divisor^ and write the resuU in the quotient. MvMiply aU 
the terms of the divisor by the term of the quotient thusfoundy and 
subtract the product from the dividend. The remaindir will bs 
a new dividend^ and in order to find the next term of the quoHeniy 
proceed exactly as before; and so on until there is no remaind^. 

Sometimes, however, there will be a remabder;, such that the 
first term of the divisor, will not divide either term of it; in which 
case the division can be continued no farther, and the remainder 
must be written over the divisor in the form of a firection, and 
mmexed to the qucHient as in arithmetic. 

Divide^o*— 11 aH + lla'i' + 13a' ** by 3a — 6. 

' 2a — b 

a*— 6a»i + 3a»A* + 8ay 
2a> — g^fc +46* + ; 

— 10a** + 11 a«i* + 13a* *• 

— 10a*ft + 6a»*» 

6a»**+13a*ft* 
6a»6*— 3a»6» 



16a»6» 
16a*fc» — 8a** 

8a6* 
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In this example, the division may be continued until the re- 
mainder is 4 6^, which cannot be divided by a, therefore it must 
be written over the divisor 2 a — fr as a fraction and added to 
the quotient. 



Examples. 

i. Divide x^ -{- 2 a x -{- a^ by a -j- a;.* 

2. Divide a» — 6' by a + b. 

3. Divide b^ + 2b^x + x^ by b^ + x. 

4. Divide a:' — y^ by a?" + « y + y*. 

5. Divide x^ — y' by a; + y. 

6. Divide 15a' + 2a6 — 86' by 3a— 2ft. 

7. Divide «' — 2a?2/'+j^ by x — y. 

8. Divide a» — 9a» + 27 by 9 — 6a + a*. 

9. Divide 4a* — 3 — 9 a* + 6a 

by 3a? — 1+2 a*. 

10. Divide a* — x^ by a* — a* a? -f- a as* — a?*. 

11. Divide 6 a?* — 96 by 3af — 6. 

12. Divide 4 a' — aft by 2 a — 6. 

13. Divide 6a*+9a»— 15a by 3a* — 3a. 



XXI. Equations. 

The above rules are sufficient to solve all equations of the first 
degree. 

1. Find the value of x in the equation 

ab*x — 2c 2ac . b*x 

_ ^ = abx — - . 

5 a 3a — ft 3 

Fh9t, clear it of fractions by multiplying by the denomiDa 



*Ut tiM iMTMrpiofe his ranihf by rnidtiplimttoii. 
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Expressing the multiplication, we have 

{ab^x — 2c) (3a— b) (3) — (2ac) (6a) (3) 
= (abx) (5a) (3a — 6) (3) — (b*x) (6a) (3« — 6). 

Performing the multiplication it becomes 

.9o'6»a?— 18 ac — 3a 6»« + 66c — 30a«c 
= 46a»6a?— I5a*fc»ar— 15 a»6«« + 6 a6»aj. 

Transposing all the terms which contain x into the first mem- 
ber, and those which do not contain it into the second member, 
it becomes 

9a*i»a: — 3 a ft» a: — 45 a»i a: + 16 a* 6»ar + 16 a" 6»« — 
6a ft»a:= 18 ac — 660 + 300*0. 
Uniting the terms which are alike 
39 a»y« — 8a6» ar — 46 o'*a?==18ac — 66c+30<^<. 

Separating the first member into factors 
(39 0* 6* — 8 a 6^ — 46 a* 6) a? = 18 a c — 6 6 c + 30 <^ «. 

, . . . 18ac — 6fcc + 30a*c 

which gives 0^ = 3^ ^,^,_g^^,_^^^,^ . 

2. Find the value of x in the following equation; 

•■^ bx _ , , 

13 « — "- = 2 c a? + d. 
2c 

-3. What IS the value of x in the following equation? 

2a ' . , , a ab* — 2a — 4Ve 

-{- 4 c = a 0. JSlns. x = 



b — 3ar ' 3ai — 12ic 

4. What is the value of x m the following equation? ' 

7x ,„. b*c — d 

13 6 c 3=' 



6aj — 2a 26 — 1 

6. What is the value of x in the following equation? 

7 abx , - . a — 3a 

-J- 26 = 



36c — 2aap 1— 5i 
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XXII. JtRseellaneow Examples producing Simple Equations. 

1. A merchant sent a venture to sea and lost one fourth of it 
by shipwi:eck; he then added $2250 to what remained, and sent 
again. This time he lost one third of what he sent. He then 
added $ 1000 to what remained, and sent a third time, and gained 
a sum equal to twice the third venture; his whole return was equal 
to three times his first venture. What was the value of the first 
venture.^ 

2. A man let out a certaib sum of money at 6 per cent, sim- 
ple interest, which interest in 10 years wanted but £ 12 to be 
equal to the principal. What was the principal? 

3. A man let out £ 98 in two difiTerent parcels, one at 5, and 
the other at 6 per cent, simple bterest; and the interest of the 
whole, in 15 years, amounted to £81. What were the two 
parcels? 

4. A shepherd driving a flock of sheep in time of war, met a 
company of soldiers, who plundered him of one half the sheep 
he had and half a sheep over; the same treatment he received 
fit>m a second, a third, and a fourth company, each succeeding 
company plundering him of one half the sheep he had left and 
one half a sheep over. At last he had only 7 sheep left. How 
many had he at first? 

5. A man being asked how many teeth he had remaining, 
answered, three times as many as he had lost; and being asked 
how many he had lost, answered, as many as, being multiplied 
into { part of the number he had left, would give the numb^ he 
had at first. How many had he remaming, and how many had 
be lost? 

After this question is put bto equation every term may be 
divided by a?. . " 

6. There is a rectangular field whose length is to its breadth 
as 3 to 2, and the nionber of square rods in the field is equal to 
6 times the number of rods round it. Required the length and 
breadth of the field. 

7. What two numbers are those, whose difilerence, sum, and 
I>roduct, are to each other, as the numbers 2, 3, and 5 reflec- 
tively? 
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8. Generalize the above by putting a, 6, and c instead of 2, 
3, and 6 respectively. 

Let x = the greater 
and y = the less. 
Then 



1. 


^ — y = j{^+y) 


2. 


,_y = |a:y 


3. by the first 


bx-ax_b-a 


^ b + a b + a 


4. by the 2d 


C X 

ax -}- c 


5. By 3d and 4th 


ex b — a 


ax -{' c ft -j- a 


6. dividing by x 


c b — a 


ax -^ c ' 6 -f- a 



7. clearing of fractions 6c + ac = o6a: — a'a: + 6c — ac 

8. by transposition abx — a* x =s2ac 

9. from the 8th (6 — a) a: = 2 c 

2c 



10. 

11. putting 10th mto 3d y = ■ 



— a 

b — o 2c 2c 

-j-a* b — a 6 + a] 

Solve the 7th Ex. by these formulas ; also try other num- 
bers. 

9. When a company at a tavern came to pay their reckoning, 
they found that if there had been three persons more, they would 
have had a shilling apiece less to pay; and if there had been two 
less, they would have had to pay a shilling apiece more. How 
many persons were there, and how much had each to pay? 
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10. A sum of money is to be divided equally amosg a certain 
number of persons. Now if there were three claimants less, 
each would receive 160 dollars more; and if there were 6 more, 




> 



added, its value will be } , but if 1 be adde^ to its denominator 
its value will be | . ^.Jl . • G'^^ .-^ J / / ^^y<^ 

12. What fraction is that, ticHiie numerator of which if a oe 
added, its value will be — , but if a be added to its denominator 

its value will be ~ ? 
9 

dSfia. Numerator -£i — i— i 
mq — np 

Denominator WTh) ^ 

mq — np 

Solve the 11th example by these formulas. 

13. What fraction is that, from the numerator of which if a 

be subtracted, its value will be — , but H ahe subtracted from 

n 

its denommator, its value will be ^? 

9 

N. B. The answers to the 12th and 13th differ only in the 
signs of the denominators. The learner will find by endeavoring 
to solve particular examples fr(5m these formulas, that he will not 
always succeed. If in making examples for the 12th, he selects 
his numbers, so that n|i is greater than m 9, the formula will fail; 
but if he takes the same numbers, and applies them according to 
the conditions of the 13th, they will answer those conditions. 
When m^f is greater than np the numbers will not suit the con- 
ditions of the 13th, but they will answer to those of the 12th. 
The numbers in example 1 1th will not form an example accord- 
ing to the 13th. The following numbers- will form an example 
for the 13th but not for the 12th. 



14. What fraction is that, from the numerator of which if 3 
be subtracted, its value will be f 9 but if 3 be subtracted from its 
denominator, its value will be /j? I. V^^ ^ / ^ • 

The reason why numbers choseflAnfliscrinunately will not 
satisfy- the conditions of the above formulas will be explained 
hereafter. 

'EqyuaHwM wHk several Unknown Q;uantUut. 

XXIII. Questions invoking more than two unknown Qiiofi- 

titles. 

Sometimes it is necessary to ^nploy, in the solution of a 
question, more than two unknown quantities. In this case, the 
question must furnish conditions enough to form as many distinct 
equations as there are unknown quantities. 

1 . A market woman sold to one man, 7 apples, 10 pears, and 
12 peaches, for 63 cents; and to another, 13 apples, 6 pears, 
and 2 peaches, for 31 cents; and to a third, 11 apples, 14. pears, 
and 8 peaches for 63 cents. She sold them each time at the 
same rate. What was the price of each? 

Let a; s= the price of an apple, 
y= " a pear, 
z = " a peach. 
Then we shall have 

1. 7ir+10y+ 12z = 63 

2. 13a:+ 6y+ 2jr=:31 
8. lla: + 14y+ 8;r=s63. 

The second being multiplied by 6, the ;r will have the same 
coefficient as in the first. 

4, 78a? + 36y+ 12z=186 

1. 7a:+ lOy + 12;r= 63 

6. nir+26y ^ »123. 

If the second be multiplied by 4, the z will have the same 
coefficient as the 3d. 



loe 

6. 
3. 
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7. 

We have 
and 


41ar+10y * = 61 
now the two equations ' 71ar + 26y=123 
41af+10tf= 61 



which contain only two unknown quantities. These may now 
be reduced in the same manner as others with two unknown 
quantities. 

Multiplying the 5th by 5, and the 7th by 13, the coefficient of 
y will be Uie same in both. 

8. 355 a; + 130 y = 616 

9. 533 X -f 130 y = 793 

10. 178 a: * =178 

We have now found an equation containing only one unknown 
quantity i. 

178 X = 178 

«= 1. 

Putting the value of x into the 7th, it becomes 

41 + 10y = 61 - .! 

10y = 20 

y= 2. 

Putting the values of x and y into the 2d, it becomes 

13+12 + 2;r = 31 
2z=6 
z= 2. 
Jlns. The apples 1, the pears 2, and the peaches 3 cents 
each. 

In the same manner, questions, involving four unknown quan- 
tities, may be solved. First combine them two by two tiU one 
of the unknown quantities is eliminated from the whole, and 
there will be three equations with three unknown quantities. 
Then combine these three two by two, until one m the un-. 
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known quantities is elinunated, and then there will be two equa- 
tions with two unknown quantities, and so on. 

Either of tlie methods of elimination may be used as is most 
convenient. 

It is not necessary that all the unknown quantities should enter 
into every equation. 

2. A market woman sold at one time 7 eggs, 12 apples, and 
a pie for 26 cents; at another time 12 eggs, 18 pears, and 3 
pies, for 69 cents; at a third time 20 pears, 10 apples, and 17 
e^ for 6$ cents; and at a fourth time, 7 pies, 18 apples, and 
10 pears for 66 cents. Each article was sold, at every sale, at 
the same price as at ^st. What was the price of each ar- 
ticle? 

Let II :=: the price of an egg, 
x= " an apple, 

y= " a pie, 

z=ss " a pear. 

1. 7f*+ 12a?+ . y = 26 

2. 12u+lSz+ 3^ = 69 

3. I7f* + 20r + 10« = 69 

4. 10«r + 18a:-f 7y«=66 
6. In the Ist, y = 26 — 7 n — 12 x. 

Putting this value of y into the 2d ood 4tfa, they become 

6. 12w+18;r+ 78 — 21 ti — 36ar = 69 

7. 10 ;r + 18 ar + 182 — 49 i» — 84 « = 66. 

Uniting and transposing terms 

8. 18ir— 9t* — 36af = — 9 

9. 10 z — 49 w — 66 ar = — 116 
3. 20z+ I7u+ 10ar= 69 

If the 9th be multiplied by 2, the coefficient of z will be the 
same as in the 3d; 

10. 20;r — 98ti— 182ar=s — ! 

10 
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Subtracting 10th from 3d 
.3. 20z+ 17t*+ 10ar==69 

10. 20 2 — 98 w — 132 a: = — 232 



11.* * 115 ti+ 142 or = 301 

If the 8th be multiplied by 5, and the 9th by 9, the coefficients 
of z will be alike. 

12. 90 z— 45u— 180ar = — 45 

13. 90 z — 441 1* — 594 a: = — 1044. 
Subtracting 13th from 12th 

14. 396 w + 414 ar = 999. 

Deducing the value of x from 1 1th, and also from 14th. 
301 — 115 w 



15. 
16. 



142 
999 _ 396 u 



414 

Making these values of x equal, we have an equation containing 
only one unknown quantity. 

999 -^ 396 u _ 301 — 115 u 
414 ~ 142 

This equation solved in the usual way gives 

u = 2 
Putting this value of ti into the 15th or 16th^ we shall find 

1 
a? = 
2 

Puttinj; these values of x and u into the 1st, 2d, or 4th, and 
we shal|,£ad 

W* y = 6. 

Putting the values of ar and u into the 3d, and we shall find 

z=lj. 

^ns. Eggs, 2 cents each, apples, } cent, pears, 1 i cent, and 
pies, 6 cents. 

* If the learner is at a loss how to subtract — 23d from 69 let him transpose 
both into the first member^ or some terms iirom the first to the second 
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In this example, three different methods of elimination were 
employed. This was not necessary; either method might have 
been used for .the whole. It is sometimes convenient to use 
one, and sometimes the other. 

3. There are three persons, A, B, and C, whose ages arejea 
follows; if B's age be subtracted from A's, the difference will 
be C's age; if five times B's age and twice C's age be added 
together, and from their sum A's age be subtracted, the remain- 
der will be 147; the sum of all then* ages is 96. What are their 

5? ... 



4. Three men, A, B, C, driving their sheep to market, 
says A to B and C, if each of you will give me 5 of your sheep, 
I shall have just half as many as both of you will have left. 
Says B to A and C, if each of you will give me 5 of yours, I 
shall have just as many as both oi you will have left. Says ^C 
to A and B, if each of you will give me 5 of yours, I shall have 

Est twice as many as both of you will have left. How many 
d each? / v - , , 

5. It is required to divide the number 72 into four such parts, 
tbat if the first part be increased by 5, the second part dimin- 
ished by 5, the third part multiplied by 5, and the fourth part 
divided by 5, the sum, difference, product, and quotient, shall 
all be equal. / .: • 

/ '» •* • ^ , 

6. A grocer had four kinds of wine, marked A, B, C, and D. 

He mixed together 7 gallons of A, 5 gallons of B, and 8 gallons 
of C, and sold the mixture at $ 1 .21 per gallon. He also mixed 
together 3 gallons of A, 10 of C, and 5 of D, and sold the mix- 
ture at $ 1.50 per gallon. At another time he mixed 8 gallons 
of A, 10 of B, 10 of C, and 7 of D, and sold the whole for 
$48. At another time' he mixed together 18 gallons of A, and 
15 of D, and sold the mixture for $ 48. What was the value 
of each kind of wine? 

^ 7. Find the values of ii, Xj y, and z, in the following equa- 
tions. 

X — 2y '\-3z=zbu 
3x — 15 — t* = 4 y — 23 
2u + 2f — j^ = 27 
y + 12 — 3 a? + 1 1 « = 91. 



lis Jilgebra. XXIY. 

8. Three persons, A, B, and C, talking of their money, says 
A to B and. C; give me half of your money and I shall have a 
sum d; says B to' A and C, give me one third. of your money 
and I shall have d; says C to A and B, give me one fourth of 
your money, and I shall have d. How much had each? 
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It sometimes happens in the course of a calculation,, through 
some misconception of the conditions of the question, that a 
quantity is added which ought to have been subtracted, or a 
quantity subtracted which ought to have been added. In this 
case, dgebra will detect the error, and show how to correct it. 

The length of a certain field is a, and its breadth 6; hOW 
much must be added to its length, that its content may be e f 

Let X = the quantity to be added to the length. 
Then a -^ x = ihe length after adding x. 
ab -\' bx =ss c 

bx = c — ab 

c 

b 

Suppose the length to be 8 rods, and the breadth 5; how 
much must be added to the length, that the field may contain 
60 square rods? 

Here « ass 8, A = 6, and c = 60 

a? = — — 8 = 4 
6 

•Sfis. 4 rods, laid the whole I^gth will be 12 rods 

Suppose the length 8 rods, and the breadth 5; how much inudt 
be added to the length, that the field may contain 30 square rods^ 

30 
5 
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The answer is — 2 rods. What shall we understand by this 
negative sign? 

Let us return to the original equation. 
8 X 6 + 6 X = 30 
or 40 + 5 a: = 30. 

Here appears an absurdity in supposing something to be 
added to 40 to make 30. The result shows that we must 
add — 2 rods, that is, subtract 2 rods, which is in &ct the 
case; for 

40 — 6 X 2 == 30. 

Let the question be proposed as follows. There is a field 8 
rods long and 5 wide; how much must be subtracted firom the 
length, that the field may contain 30 square rods? 
40 — 5 a; = 30 
«= 2. 
The value of x is now positive, which shows that the question 
i» c<»rectly expressed. 

There is a field 8 rods long and 5 rods wide, how much must 
be subtracted from the lengdi, that the field may contain 50 
square rods? 

40 — 6 ar = 50 

Here again the value of x is negative, which shows some m- 
consistency in the question. 

The inconsistency consists in supposing that something must 
be subtracted from 40 to make 50. In order to correct it, sup- 
pose something added. That is, put into the equation -f" ^ * 
mstead of — 5ar. 

Hitherto we have treated of negative quantities only in con- 
nexion with positive. They arise fi-om the necessity of exjwess- 
ing subtraction by a sign, because it can^not actually be performed 
on dissimilar quantities. They are only positive quantities sub- 
tracted, and in their nature they differ in nothing fi-om positive 
quantities. In that connexion we discovered rules for operating 
upon thp quantities affected with the sign — . 

It may sometinries happen as we have just seen, that by some 
wrong supposition in the conditions of the question, the quan- 
tities to be subtracted may become greater than those firom 
10* 
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triticb tbejr are to be subtracted, m which case the whole expres- 
sion taken together, or which is the same thing, the result after 
subtraction, will be negative. This is what is properly called a 
negaHve quantity. 

A negative quantity cannot in reality be a quantity less than 
nothing, but it implies some contradiction. It answers to a 
figure of speech frequently used. If it is asked, how much a 
mzti is worth who owes five thousand ddiars more thm he can 
pay, W6 sometimes say he is tvorth five thousand dollars less 
than nothmg, instead of changing the form of expression and 
saying, he owes five thousand dollars more Uian he can pay. 

\i toy thing is added to a number, properly speaking it must 
ificreaii^e the number; if we add nothing, it is not altered. It is 
impossible to add less than nothing; but by a figure of speech 
we may use the expression, add a quantity less than nothingy to 
signify subtraction. 

As these negative quantities may firequently occur, it is neces- 
sary to find rules for usmg them. 

In the first place, let us observe, that all negative quantities 
^tifb derived fiota endeavoring to subtract a larger quantiQr fix>m a 
^tealter iohe. The largest number that can actually be subtracted 
from any number, is the number itself. Thus the largest number 
that can be subtracted from 5 is 5; the largest number that can 
be subtracted bom a is a itself. If it be required to subtract 8 
from 5, it becomes 6 — 6 — 3 = — 3; the 6 only can be 
subtracted, the 3 remains with the sign — , which shows that it 
could not be subtracted. If 5 be subtracted from 8, the remain- 
der is 3, the same as in the. other case except the sign. 

In the «ame manner, if it be required to subtract b from a, b 
being the larger the remainder will have the sign — , that is, 
a — b will be a negative quantitp^. 

Suppose h — ai=:m; then a — 6 = — m. That is, whether 
-a be subtracted from 6 or & from a, the numerical value of the 
vemainder is the same, differing only with respect to the sign. 

It is required to add the quantity a -^^ 6 to c. 

The answer is evidently c -}- a — 6. 

Now if a is greater than 6, the quantity c + a — 6, is greater 
than c, by the difference between a and b; but if ft is greater 
thttd a, the quantity is smaller than e, by the difierence between 
« and ft. mt is, if 
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b — a^^^m, 

then a — 6 i= — m 

and c -{- a — b = c — m. 

Hence, adding a negative quantity, is equivalent to subtracting 
an equal positive quantity. 

In the ahove example of die field, in which the length was 8 
rods and breadth 6, it was asked, how much must be added to 
the length, that it might contain 30 square rods. The answer 
was — 2; which was equivalent to saying, you must subtract 2 
rods. 

It is required to subtract a — ^ b from c. 

The answer is evidently c — a + *• 

Naw if a IS greater than 6, the quantity c — a + 6 is less than 
t by the difference between a and fr, but if 6 is greater than a, 
the quantity is larger than c, by the same quantity. 

Let a — 6 =: -*- w which gives — u -{-b^^m 

then c — a+6==<^ + w. 

Hence, subtracting a negative quamity, is equivalent to adding 
an equal positive quantity. 

In the example- of the £eld, in which the length was 8 xoda 
and the breadth 5, it was asked, how much must be subtracted 
from the length, that the field might contam 50 square rods. 

The answer was — 2 rods, which was equivalent to sajring 
that 2 rods must be added to the length. 

A is worth a number a of dollars, B is not worth so much as 
A by a number h of dollars, and C is worth c times as much as 
B. How much is C worth i 

B 's properly ^=: a — fc. 

<3'spPopOTty ^a=z\ac — *^, 

Jfcwif ais greater than 6, the quantity ae-^be will be pos- 
itive; but if b is greater ^bsa (t, then a — 6 is negative, and also 
ae — i c is negative. 

Let b — a = m. 

'»then be — la c = c m. 

«nd ac— ica« — em, 

or e (a-^6) :ss&-^ eiRi 
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That is, if B is in debt, C is c times as much in debt. Hence 
if a negative quantity be multiplied by a positive, the product is 
negative. 

A gentleman owned a number a of farms, ahd each farm was 
worth a number c of dollars, which was his whole property. He 
hired money and fitted out a number b of vessels, and each ves- 
sel was worth as much as one of his farms. All the vessels were 
lost at sea. How much was he then worth .^ 

He was worth a — b times c dollars. That is, a c — be 
dollars. 

Now if the number of farms exceeded the number of vessels, 
he still had some property, but if tlie number of vessels exceeded 
the number of farms, (that is, if b is larger than a,) the quantity 
ac — 6 c is negative, and he owed more than he could pay. 

Hence if a positive quantity be multiplied by a negative the 
product will be negative. 

Multiply a — b by e — d. 

a — b 
c — d 



Product ac — 6c — ad -{- b d. 

This product may be put in this form. 

(a^b) e+ (b — a) d. 

Let it be remembered that a — -b has the same numerical value 
as 6 — a, they differ only in the sign. 

Suppose a — fc = — m 

by changing all the signs b — a = -{- m. 

Hence (a — 6)c+(6— ^a)d = — cm + dw = m(il — c) 

Now if d is greater than c, (which is the case when c — d is 
negative,) the quantity m (d — c) is positive. 

Hence if a negative quantity be multiplied by a negative, the 
product will be positive. 

Another demonstration. Suppose botl^ a — b and c — dto 
be negative, as before; then b — a and d — e will both be pos- 
itive, and their product will be positive. 
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b — a 
d—c 



bd — be — ad-^-ac. 

This product is precisely the same as that produced by multi- 
plying a — 6 by c — d. Therefore if two negadve quantities 
be multiplied together, the product will be the same as that of 
two positive quantities of the same numerical value, and will have 
the positive sign. 

It is required to find the second power of a — 6, and also of 
b — a. 

The second power of each is a' + 6* — 2ab. 

Now if a — fc is positive, then b — a is negative; or if a— 6 
is negative, then b — a is positive. 

Suppose a — b = m 

then i -— a = — m 

we have (o — by = (fc — a)* = m*. 

That is, the secwid power of any quantity, whether positive 
or negative, is necessarily positive. 

The rules for division will necessarily fidlow from those of 
multiplication. 

Hence the rules which apply to terms aflfected with the sign 
-^ in compound quantities, extend to isolated nega:dve quanti- 
ties. 

We might also derive the same rules in the following manner. 
It has been shown that a negative quantity b derived from some 
contradiction in the conditions of question, by which that quan- 
tity entered into the equation with the wrong sign. Now, in 
order to make it right, the sign of that quantity must be changed 
in all places where it is used. That is, if it was before added, it 
must now be subtracted; and if it was subtracted befiMre, it must 
now be added, and that whether multipGed by another quantity or 
not. 

Suppose we have the equation 

ax — 2aJ* — 2abxss: e — d. 

Now suppose that we have a? = — m. 
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This shows that x was used in all cases with the wrong sign, 
therefore to insert — m in place of x we must change the sign in 
each term where x is found. 

Take the quantity first without x^ thus, 

a — 2 — 2ab. 
First insert — m in the second term and it becomes 

a + 2m — 2ab 
Now msert — m into all the terms, and it becomes 
— am — 2m^-\-2abm = c — d. 

If — m be inserted by the rules found above, the same result 
will be produced. 

When a negative value has been found for the unknown 
quantity, we have observed it shows that there was some in- 
consistency in the question. If then the unknown quantity be 
put again into the same equation, with the contrary sign, as we 
mtroduced — m above, that is, if the unknown quantity be 
taken with the negative sign, and introduced by the above rules 
into all the terms where it was found before, a new equation 
will be produced, differing from the former only in some of the 
signs. Then if the conditions of the question be altered so as 
to correspond with the new equation, it will be consistent, and 
a positive value will be obtained for the unknown quantity. The 
new value of the unknown quantity however will be the same 
as the former, with the exception of the sign. Therefore, 
when once we are accustomed to interpret this kind of results, 
it will be unnecessary to go through the calculation a second 
time. 

The following examples are mtended to exercise the learner 
in interpreting these results. 

1. A father is 55 years old, and his son is 16. In how many 
years will the son be one fourth as old as the father.^ 
Let X =s the number of years. 

4 
64 + 4a: = 65 + a: 

3a: = 55 — 64 = — 9 
X — — 9. 
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Here x has a negative value, consequently it entered iiito the 
equation witii the wrong sign. Putting now — x ifcstead of x 
mto the equation, it becomes 

-^ 55 — X. 
16 — a = 

4 

This shows that something must be subtracted fronrthe pres- 
ent age; that is, the son was a fourth part as "old as the Uither 
some jears before. 

This equation gives 

Therefore he was one fourth part as old 3 years before, vrbea 
the father was 52, and the son 13. 

2. A man when he was married was 45 years old, and his wife 
20. How many years before, was he twice as old as she.^ 

45— a? 



20 — X. 



x = — 5. 



There is a wrong supposition m this question. Putting — x 
into the equation it becomes 



20 



+ x = «+f 



a;== 5. 



This shows that she was not half as old as he when they were 
married, but that it was to happen 5 years afterward, wnen the 
man was 50, and the wife 25. 

3. A laborer wrought for a man 1 5 days, and had his wife and 
son with him the 6rst 9 days, and received $ 14.25. He after- 
wards wrought 12 days, having his wife and son with him 5 davs, 
and received $ 13.50. How much did he receive per day lum- 
self, and how much for his wife and son^ 

4. A laborer wrought for a man 11 days, and had his wife 
with him 4 days at an expense, and received $17.82. He 
afterwards wrought 23 days, having his wife with him 13 days, 
and received $38.78. How much did he receive per day for 
himself, and how much did he pay per day for his wife ? 
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6. A labors wroi^ £br « gendeman 7 dajrs, having bis wife 
with hon 4'days, aod his son 3 days, and received $ 7.89« At 
another time he wrought 10 days, having his wife with him 7 
days, and his son 5 days, aod received $11.65. At a third 
time he wrought 8 days^ having bis wife with him 5 days, and 
his son 8 days, and received ^7.54. How much did he re- 
ceive pej; day himself, and how nmqh for his wife and son seve- 
rally? 

6. What number is that, whose fourth part exeeeds its third 
part by 16? 

T = ¥ + ^« 

x^= —192. 

The question as it was proposed iovoives sonie contradiction 
Putting in — a: it becomes 

X X 

Changing all the signs 

4 3 
X = 492. 

This slows that the question should have been as follows; 
What number is that, whose third part exceeds its fourth part 
by 16? ^ 

7. What number is that, Ji of which exceeds | of it by 18? 

8. What fraction is that^ to the numerator of which if 1 be 
added, its value will be g , but tf 1 be added to its denominator, 
its value will be f ? 

9. What fraction is that, from the numerator of which, if 2 
be subtracted, its value will be||, but if 2 be subtracted from its 
denominator, its value will be ,t? ^ ^ 

10. It is required to divide the number 20 into two such 
parts, that if the larger be multiplied by 3, and the smaller by 5, 
the sum of the products will be 125. 
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11. It is required to find two numbers whose sum is 25, 
and such that if the larger be multiplied by 1, and the smaller 
by 5, the sum of their products shall be 215. 

XXY. ExpUmation of Negative Exponents, 

It was observed above, that when the dividend and the divisor 
were different powers of the same letter, division is performed by 
subtracting the exponent of the divisor from that of the dividend: 
thus 

a* 

Now — =; 1 . By the above principle — = o*"^ aac a°; there- 
a a 

forea^=l. 

Also ?? = a" =i»° = 1; A ;^ i«-i — b^=,i; 
a' . b 

= (o + by = 1*. 

That is, any quantity having zero for its exponent, 13 equal to 1. 

. . a 1 a . . • , 

a* a o* 

^^_a _a- ^^ 

Hence it appears that (f^ has the same value as — , and <r^ 

1 

as — — • 
a* 

The quantities o', a*, a*, a®, a~*, a~*, ar-*, &c. have the same 

value as a®, a', aS 1, — , — , --, &c. 
a a . (T 

* Exponents may be lued for compoimd ^lanf^lJMf 9fi wU.** ^ mfftP^ i u«i 
multiplication and division may be performed on tbote wliieh are rimiliry by 
adding and -subtracting the exponents. 

11 
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On this principle the denominator of a fraction, or any &ctor 
of the denombator may be written in the numerator by giving its 
exponent the sign — . This mode of notation is often very 
convenient; I shall therefore ^ve a few examples of its applica- 
tion. 

he e . 

1. Multiply |f by i»c. 

By the common rule -— - x 6 c = . . =i . 

or be e 

By the principle explained above, 

3. Multiply 3 oc-»«f-» by St^e^d*. 
8. Multiply 5 or-* c"* by 2 a e*. 

4. Multiply iiji by 3 «•«:». 

. S. Multipty2a(*+d)-» by 3a{b + i): 
6. Multiply ^^^//_^^^), by 8c'(2a-6d)' 

?• Divide — - by c*. 

By the common method !^ c* = — . 

By the above method 3acr-» -?- c* = 3acr-«-* 

Or thus, to divide Sac^ by e% is the same as to multiply it 
by — or cr*, which gives the same result. 
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9. Multiply^ by -. 

10. Dmda - by ^^^. 

2ae-^rf-*-^3itf-*(r^*-* 

~ 3 ~ 3 36 ' 

In tfab example tbe exponents to be subtracted bad the sipi 
— , which in subtracting was changed to +• 

^^ 3e{b—2ey ^ 12a*6» 

13. Divide '^-'(^^-^y by IL^li^fZI^-. 

T 16 6'c» ^ 24i'c? 

,^ r. M a»(17i + 3dy . 5a»(l7i4-3rfV 

14. Dmde — ^ T^.. ^ by j- \ ' . 

(a — fc)* 4 (a — I)* 

XXYI. Escamtnotion of GtfiytTcX Jbrnwlot. 

When a question has been resolved generally, that is, by rep- 
resentmg the known quantities by letters, we sometimes propose 
to determine what values the unknown quantities will Uike, for 
particuhr suppositions madp upon the known quantities. 
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The two foDowiDi questions ofier nearty all the circumstaiices 
that can ever occur in equations of the first de^ee. 

A C B 



Two couriers set out at the same time from the points A and B, 
distant from each other a number m of miles, and travel towards 
each other until they meet. The courier who sets out from the 
point A, travels at me rate of a miles per hour; the other travels 
at the rate of h miles per hour. At what distance from the points 
A and B WiH they meet? 

Suppose C to be the point, and 
Let x = ihe distance A C 
and y = the distance B C 
For the first equation we have 

a?4'y = AB=am 
Since the first courier travels x mSes, at the rate of a miles 

p4sr hour, he will be — hours upon the rt>ad* The second ^wu 

rier will be -^ hours upon the road. But they travel equal times; 
therefore. 





• 


X 

a 


y. 




Pnttmg diis 


vdue of X mto the first equation, 


% 
y it becoines 




'i+y- 


•m 










^bm 
b m 

a + b 


* 




. = ">« 


« i« 


-=±= - 


abm 


am 



» * a + ft *(«+*) a + 6 

Since neither of the quantities in these values of x and y has 
the sign — , it is impossible for either value to become nega- 
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tive. Therefore whatever numbers may be put in- place of a, fr, 
and m, they will give an answer according to the conditions of 
the question. In fact, since they travel towards each otheri 
whatever be the distance of the places, and at whatever rate diey 
travel, they must necessarily meet. 

Suppose now that the two couriers setting out from the points 
A and B situated as before, both travel in the same direction 
towards D, at the same rates as before. At what distances from 
the points A and B will the place of their meeting, C, be? 

A B C D 



Let « = the distance from A to C, 
andy=: , " B to C, 

or — y=:A'C — BC = AB=m. 

The second equation expressing only the equality of tibe 
will not be altered. 

a b 
Solving the two ^nations; as before, 

ay 




a 

* — -J Xy — -^. ,^z^ — i,^a—b)~a—b 

Here the values of or and y will not be positive unl ws • u 
greater thui 6; that is, unless the courier, that sets out from At 
travels faster than the other. 

Suppose a sa 8 and 6 as 4. 

11 • 
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Then x = = — - == 2 m 




^^ Q il il 



In this case the point C, where they come together, is distant 
from A twice the distance A B. 

Suppose a smaller than 6, for example 

a = 4 and fc = 8. 

Then x = = — m. 

4 — 8 

ISere the values of ar and y are hoth negative; hence there 
is some absurdity in the enunciation of the question for these 
numbers. In fact, it is impossible that the courier setting out 
from A, and travelling slower than the odier should overtake 
Um. 

Let us put X and y negative in the two equations, that is, 
change their signs. 

Thejr become — » -[- y := m 

^^tSSi — L 

a b 

or y— ^jtssm 

' a fc , 

Tlie second equation is not aflbcted by changing the sign, 
and it ought not to be so, since it expresses only the equality of 
the times. 

Ifhe first equaticMi becomes )/- — x^=:mj Instead of * — j/ 
s=s m, which shows diat the jpoint where thev are together n 
nearer to A than to B, by the distance from A to B. It most 
therefore be on the other side of A, i» st E. 

E A B C D 
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The enoficiation of the questioD maj be changed in iwo wkjtb 
so as to answer the conditions of this equation. 

Firdt, we may suppose, that the counefs, setting out from A 
and B, instead of going towards D, go in the opposite direction, 
the one from A at 4 miles per hour, and the otner from B at 8 
miles per hour; at what distance from the points A and B is the 
point E, where they come together? 

Or we may suppose that two couriers setting out from the 
same place £, one travelling at the rate of 4 miles, and the other 
8 per hour, have arrived 9t the same time at the pwits A and B, 
which are m miles asunder. What distance are me points A and 
B from E ? 



Suppose - 


a = 6 


Then 


am am am 
a — b a — a^~ 




bm bm am 




a — ba — a 



How is this resuh to be interpreted? 

Observe that in this case a and b being equal, the two couriers 
travel eqatify &st, it is therefore impossible that one should ever 
overtake the other, however far they may travel b either direc- 
tion, and no change in the conditions can make it possible. Zero 
being divisor, then, is a sign of impossibUUy. 

We may. observe that when there is any^difierence, however 
small, between a and 6, the values of x and y will be real, and 
the couriers will come togeth^ in one direction or the other; 
and the smaller the difference, the greater will be the distance 
titivelled before they come together; that is, the greater will be 
the values of x and y. 

Suppose a its 5 and ft sss 4, a — ft ^s 1, 

. 6 m ^ 4m ^ 

then X = — = 5 m v = = 4 m. 

1 ^1 

Again, Suppose a = 5, and ft = 4 • 6, a — ft =a-6, 
then « = — = 10m ytss: — --^:ss9iffi. 
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AgUB, •Suppose a = 5, and 6 = 4 ■ 98, a — b^-02, 

f\ «M A. • Oft Ilk 

then X s= — = 260 m, and y = ----- = 249 m 
•02 ^ 02 

• Again, Suppose a = 5 and i = 4 • 998, a — 6 =-002, 
then a? ==A!1= 2600111. 




and « = ;-^^rjr = 2499 m. 



Here observe, that as the difference between a and b becomes 
very small, the values of x and y become very large, and the 
difference between them is always m. Hence, since the smaller 
the divisor the lai^er the quotient, we may conclude, that when 
the divisor is actually zero, the quotient must be infinite. From 

this consideration, mathematicians have called the expresssion— ', 

that is, a quantity divided by zero, a symbol of infinity. They 
therefore say, that, both couriers travelling e(|ually &st, the dis- 
tance, travelled before they come together, is infinite. But as 
infinity is an impossible quantity, I prefer the term impossibjej as 
being a term more easily comprehended. I shall therefore call 

— a symbol of imposaibility. . 

If a quantity be divided by an infinite or impossible quantity, 
the quotient will be zero. If 6 be divided by — , it becomes — . 

Multiply both numerator .and denominator by 0, it becomes 

= 0. In feet, sbce the larger the divisor, the smaDer 

a 

the quotient, the dividend remaining the same, it follows that 
if the divisor surpasses any assignable quantity, the quotient 
must be smaller than an assignable quanti^, or nothing. 

One case more deserves our notice. It is when ass 6 and 
m MB 0; in which case we have 
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_ am g X £ 

*~a — i~ ~ 

_ bm _ b X _ 
^~ a — b~ ~ ' 
If we return to the equations themselves, they become 
ar — y = 

a a * 
From the first we have 

Substituting this value in the second 

a a 

This last equation has both its members alike, and is sometiniea 
called an identical equation. The values of the unknown quanti- 
ties camiot be determined from it. In fact, since m is zero, both 
couriers set out from the same point. And since the^ both travel 
at the same rate, they are always together. Tfaeremre there is 
no point where they can be said to come together. The expres- 
sion — is here an expression of an indeterminate quantity. 

There are some cases where an expression of this kind is not 
a sign of an indeterminate quantity, but in these cases it arises 
from a factor being common to the numerator and denominator, 
which by some suppositions becomes zero, and renders the frac- 
tion of the form of — ; but being freed from that&ctor, it has a 
determinate value. 
The following expression is an example of it. 
a (a« _ y) 
b(a—b) " 

THien a = ft, this expression becomes •-- . But both numera- 
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tor and denomiiiator contain the factor a — by which becomes 
zero when a and b are equal. 

Dividing by a — 6, the expression becomes 

g (g + &) . 

which is equal to 2 a when a = b. 

It ia necessary then, when we find an expression of the form 

— , before pronouncing it an indeterminate quantity, to see if 

there is not a factor, common to the numerator and denominator, 
which, becoming zero, renders the expression of thb form. 

The example of the couriers furnishes some other curious 
cases, for which we must refer the learner to Lacroix's or Bour- 
don's Algebra. 

Let the learner examine the foDowmg examples m a sinoilar 
manner 

In Art. IX. examples 15 and 16, the following formulas, relat- 
11^ to interest, were obtained. How are r and t to be interpreted, 
T^en p is greater than a; and how when a and p are equal ^ 

a — p ^ a — p 



Up rp 

In Art. XXII. examples 12th and 13th, the following formulas 
were obtained. In what cases will the results become negative, 
and how are the negative results to be mterpreted? 

12th. Numerator °P^'" + ") 
m q — np 

Denominator ■ \ 

mq — np) 

ISth. Numerator '^^(H^+JO 
np-r-mq 

Denominator — vPn^y; ^ 
np — mq 
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It is required to divide a given Dumber a into two such parts, 
that if r times one part be added to e times the other part, the 
sum will be a given number b. 

Jin$. The part to be multiplied by r is — ^^^^ — , 

n T — h 

and the part to be multiplied by 8 is . 

In what cases will one or both of these results be negative? 
Can both be negative at the same time? How are the negative 
results to be interpreted? In what cases wiU either of them be- 
come zero? Can both become zero at the same time? What is 
to be understood when one or both become zero? In what cases, 
will one or both become infinite or impossible? Can either of 

them ever be of the form —? 


XXYII. Equations of the Second Degru. 

1. A boy bemg a^ed how many cUckens be had, answered, 
that if the number were multiplied by four times itself, die pro- 
duct would be 256. How many had he? 

Let dP sss the number, 

then 4 X = four times the number. 

4arXa?==:4«» 

By the conditions . 4 «* =» 25Q 
«» = 64 

That is a7ar = 64. 

This equation is essentially different from wj which we have 
hitherto seen. 

It is called an equation of the second degree^ because it con- 
tains x% or the second power of the unknown quantity. In order 
to^find the value of a?, it is necessary to find what number, multi- 
plied by itself, will produce 64. We know immediately by the 
table of Pythagoras that 8X8 = 64. Therefore 

:p s=s 8. Jins. 8 chickeos. 

JV*ote. The results of these equations may be proved like those 
of the first degree. 



2. A boy being asked his age, answered, that if it were multi- 
plied by itself, and from the product 37 were subtracted, and the 
remamder, multiplied by his age, the product would be 12 times 
his age. What was bis age.^ 

X X a! = x' (a^'-'a7)«5w«» — 87*. 
By the conditions 

X* d7 XZBS 12 9* 

Dividing by x, 

arf — . 37 = 12 
ar' = 49 
0? sa= 7 Jine. 7 years. 

^ 3. There are two numbers in the proportion of 5 to 4, and 
the difference of whose second powers is 9. What are the num- 
bets? 

Let 9 = the larger number; 

4x 
then —^ OK the smaller. 

6 ^ 

The second power of — - is -— - . 
5 35 

16 «* 
By the conditions «• = 9. ^ 

^ 25 

4. There are two numbers whose sum is to the less in the 
proportion of 15 to 4, and whose sum multiplied by the less pro- 
duces 135. What are the numbers? 

Let :p as the less, and y = the greater. 

Then * + ,«i|f 

and « (sr 4~ y) ^ 135. 

The second gives y as* HI — . 

Putting this value of y into the first, it becomes 
, 135 — «» 15a? ^ 
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Hence it appears, that when an example involves the second 
power of the unknown quantity, the value of the second power 
must first be found in the same manner as the unknown quantity 
is found in simple equations; and from the value of the second 
power, the value of the first power is derived. 

It is easy to find the second power of any quantity, when 4he 
first power is known, because it is done by miutiplication; but it 
is not so easy to find the first power from the second. It cannot 
be done by division, because there is no divisor given. When 
the number is the second power of a small number, the first pow- 
er is easily found by trial, as in the above examples. When the 
number is large, it is still found by trial; but a rule may be very 
easily found, by which the number of trials wiU be reduced to 
very few. The first power is called the root of the second pow- 
er, and when it is required to find the first power from the second, 
the process is called extracting the root. 

It has been shown. Art. XXIY. that the second power of 
every quantity, whether positive or negative, is necessarily posi- 
tive; thus 3 X 3 = + 9, and also — 3X^-3 = + 9- So 
a X a = a^y and also — a X — a=^a^. Hence every second 
power, properly speaking, has two roots, the one positive and 
&e other negative. The conditions of the question will gene- 
rally show which is the true answer. 

XXVIII. Extraction of the Second Root. 

In order to find a rule for extracting the root, or finding the 
first power from the second, it wiU be necessary, first, to observe 
how the second power is formed firom the first. 

Let a = 20 and b ==± 7; then a + 6 = 27. 
TJie second power of a + ^ is 

{a + b) (a + 6) = a» + 2a6 + 6« ^ 

a' = 20 X 20 = 400 

a 6 = 20 X 7 = 140 

a6==20X 7 = 140 

6»= 7 X 7== 49 

a* + 2ak+6»»729. 

12 
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The product is formed in precisely the same manner in the 
usual mode of multiplication, as may be seen, if the products are 
nrrttten down as thqr are formed, without carrying, 

27 
27 

49 
140 
140 
400 



729 



Here we observe, 7 times 7 is 49, 7 times 20 is 140, 20 
times 7 is 140, and lastly 20 times 20 is 400. These added 
tbgetber make 729, which is the second power of 27. 

We observe, 

1st. When the root or first power consists of two figures, the 
sec6nd power consists of the second power of the tens, plus the 
product of twice the tens by the units, plus the second power of 
the units. 

2d. The second power of 9, the largest number consisting of 
one figure, is 81 ; and the second power of 10, the smallest num- 
ber consisting of two places, is 100; and the second power of 
lOOj the smallest number consisting of three plates, is 10000. 
Hencie, when the root consists of one figure, the second power 
camiot exceed two figures; and when the root consists of two 
figures, the second power consists of not less than three figures, 
nor more than four figures* 

Prom these remarks it appears, that we must first endeavor to 
find the second power of the tens, and that it will be found among 
the hundreds a&d thousands. 

Let it be required to find the root of 729. This number con- 
tains hundreds, therefore the root will contain tens. The se- 
cond power of the tens is contained in the 700. 20 X 20 is 
400, and 30 X 30 is 900. 400 is the greatest second power 
of tens contained in 700. The root of 400 is 20. Subtract 
400 from 729, and the remainder is 329. This must contain 
2 a 6 + 6*, that is, the product of twice the tens . by the units, 
phis the second power of the units. If it contained exactly the 
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product 2 a 6 of twice the tens by the units, the units of the root 
would be found by dividing 329 b^ twice 20, or 40; for 2 a i 
divided by 2 a gives 6. As it Is, if we divide by twice 20 or 
40, we shall obtain a quotient either exact, or too large by 1 or 
2. 40 is contained in 329, 8 times. Write 8 in the root and 
raise the whole to the second power. 28 X 28 = 784, which 
is larger than 729. Next try 7 in the place of 8. 27 X 27 = 
729. Therefore 7 is right, and 27 is the root requiced. 

The operation may stand as follows. 

729 (20 + 7 = 27 root, 
400 

329 (40 divisor. 
27 X 27 = 729. 
What is the root of 1849.^ 

18,49 (40 + 3 = 43 root. 
16,00 



249 (80 divisor. 
43 X 43 = 1849. 

In this example, the second power of the tens wiH be found in 
the 1800, 30 X 30 = 900; 40 X 40 = 1600; 50 X 60 = 
2500. The greatest second power in 1800 b 1600, the root of 
which is 40. Write 40 in the place of a quotient. Subtract 
1600 from 1829. The remainder is 249, which divided by 
twice 40, or 80, gives 3. Add 3 to the root, and raise the 
whole to the second power. 43 X 43 = 1849. Therefore 
43 is the root required. 

It is evident that the result will not be affected, if instead of 
writing 40 in the root at first, we omit the zero, and then sub- 
tract the second power of 4, viz. 16 froni the 18, omitting the 
two zeros which come under the other period. Th6n to form 
the divisor, the 4 may be doubled, and the divisor will be 8 in- 
stead of 80, and the dividend must be 24, the right hand figure 
being rejected. 



\86 Mgehra. XXYUI. 

Operation, 

18,49 (43 root. 
16 



Dividend = 24,9 (8 divisor. 
43 X43= 18 49. 

Examples. 

1. What is the root of 1444? Am. 38. 

2. What is the root of 7396? 

3. What is the root of 361? 

4. What is the root of 3249? 
6. What is the root of 7921 ? 
6. What is the root of 8281 ? 

The second power of a + 6 + c, or (a + i + c) («+ * + 

;srf-f2a6 + 6» + 2ac + 26c + c»= 

a* + 2a6 + *' + 2 (a + 6) c + c». 
To find the second power of 726 
Let a = 700, 6 = 20, and c = 6. 

a' = 700 X 700 = 490000 

2a6=2X700X20 = 28000 

i«= 20X20 = 400 

2(a + 6)c = 2 X (700 + 20) X6 = 8640 

c«= 6X6 = 36 



527076 



726 
726 

4356 
1452 
5082 

527076 
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The fifst three tenns of the formula, viz: 

a* + 2ab + b\ 

are the second power of a -{* 6 or of the hModreds and tens, tix. 
720. The second power of 720 can have no significant figure 
below hundreds, and the significant figures of the second power 
of 720 and of 72 are the saqae; the former is 518400, the latter 
5184. If firom the whole number 527076 the two right hand 
figures be rejected, the number is 5270. This contains the 
second power of 72 and something more, viz. a part of the 
product 2 X (700 + 20) X 6 = 2 {a+ 6^ c. 

The method of procedure then, is to find tlie largest root con- 
tained in 5270. The first three terms of the above formula, viz. 
A* ^2ab + *% show, that this is to be found by the me^od 
given above for finding a root consisting of two figures. 

52,70 (72 
49 



37,0 (14 
72 X 72 =r 51,84 



l%e root is 72, and the remainder is 86. Annex to this the 
two figures rejected above, and it becomes 8676. This contaiof 
Q^fyt + 6) ^ 4- c*; that is, 

2 X 720 X c + c'. 

If 8676 be divided by 2 X 720 = 1440, the quotient will-be 
either c or a number larger by 1 or 2. The zero on the right 
of 1440, and the right band figure in the dividend may be omitted 
Itvithout afiecting the quotient. The quotient is 6. Put 6 iaio 
the rpot^and raise the whole to the second power. 

726 X 726 = 527076 

12* 
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Operation. 



62,70,76 (726 = root. 
49 



l8t dividend 37,0 (14 = 1st divisor. 

72X72 = 61,84 

2d dividend = 867,6 (144 = 2d divisor. 
726 X 726 = 627,076. 

There is, however, a method, which will save considerable 
kbor in multiplying. 

.. In the last example, for instance, having found the second 
figure of the root 2, instead of raising the whole 72 to the second 
power, we may abridge it very much by observing, that the 
second power of the 70, answering to a', in the formula, has 
already been found and subtracted; therefore it only remains to 
find 2 a 6 4~ ^S and*subtract it also. But the 140 b 2 a^ and 
the figure 2 found for the root answers to h; therefore if we add 
2 to 140, it becomes 142 = 2 a -}- &• If this be now multi- 
plied by 2 or &, it becomes 

2 X 142 = 284 = 2 a 6 + 6*. 

This completes the second power of 72, which, subtracted firom 
870, leaves 86 as before. 

Prepare as before, and find the third figure of the root. Ob- 
aerve Uiat the 2d power of 720 or a* + 2 a 6 + 6* has already 
been found and subtracted; it only remains to find the other parts, 
viz. 2 (a-j- &) c-\-c^. The divisor 1440 answers to 2 (a+ *)• 
Add 6, the figure of the root just found, to this, add it becomes 
1446, answering to 2 (a + 6) + c. If this be multiplied by 6, 
it becomes 1446 X 6 = 8676 =s 2 (a + 6) c + c^ This com- 
pletes the second power of 726, which, subtracted firom 867O9 
the number remaining in the work, leaves nothing. 
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Operation. 





62,70,76, 
49 


(726 


root. 


1st dividend 


370 
284' 


14 
142 


1st divisor. 
Ist multiplicand. 


2d dividend 


8676 
8676 


144 
1446 


2d divisor 

2d multiplicand. 



00 

The same principle will apply when the root consists of any 
number of figures whatever. 

What is the root of 533837732164? 

In the first place I observe that the second power of the tens 
can have no significant figure below hundreds, therefore the two 
right hand figures may be rejected for the present. Also the 
second power of the hundreds can have no significant figure 
below tens of thousands, therefore the next two may be rejected. 
For a similar reason the next two may be rejected. In this 
manner they may all be rejected two by two until only one or 
two remain. Begin by findmg the root of these, and proceed as 
above. 

Operation, 

63,38,37,73,21,64 (730642 
49 



43,8 (143 
42 9 



93,7 (1460 

9377,3 (14606 

8763 6 

61372,1 (146124 
684 49 6 



29 22 664 (146138S 
29 22 664. 



^440 .^igebf^a. 3^xym. 

After separating the figures two by two, as explained above, I 
find the greatest second power in me left hand division. It is 
49, the root of which. is 7. ;I si4>tract 49 from 53, and bring 
down the next two figures, which makes 438. Now considering 
the 7 as tens, I proceed as if I were finding the root of 5338; 
that is, I double tne :7, which makes 14 for a. divisor, and see 
how many times it is contained in '43, rejecting the 8 on the 
right. I find 3 times. I write 3 in the root at the right of 
7, and also at the right of 14. I multiply 143 by 3, and subtract 
the product firom 438. I then bring down the next two figures, 
which make 937. I double 73, or, whidh is the same thing, I 
doq]ble the 3 in 143; for the 7 was doubled to find 14. This 
ogives 146 for a divisor. J seek how many tijpes 146 is con- 
tained in 93, rejecting the 7 on the right, as before. I find it; is 
not contained at all. I write zero in the root, and also at the 
t;j!i^t of :1,46. J then bri^g down the next two figures. I seek 
I how many tic^es 1460 is contained in 9377, rejecting the 3 on 
:the right. I find 6 l;imes. J write 6 in the root, and at the right 
of 1460, and multiply 14606 by 6, and subtract the product fit>m 
,93773. I then bring down the next two figures, and double the 
bright hand figure of the last multiplicand, and proceed as before; 
(And :SO'On, till all the figures are brought down. The doubling 
-iOf) the: right hand figure of the last multiplicand, is always equiv- 
alent to doubling the root as far as it is found. 

From the above examples, we derive the following rule for 
extracting the second root. 

1st. Beginnif^ at the rights separate the number into parts of 
two figures each. The left hand part may consist of one or ttoo 
figures. 

2d. Find the greatest second power in the left hand party and 
unite its root as a quotient in division. Subtract the second pou>' 
er from the left hand part. 

3d. Bring down the two next figures ai the right of the re- 
mainder. JJouble the root already found for a divisorr See 
how many timss the divisor is contained in the dividend rejecting 
the right hand figure. Write the result in the rooty at the right 
of the figure previouilyfoundy and also at the right of the duneor. 

4th. Multiply the divisor, thus augmentedy by the last figure 
ef the rqoty and §iil^ffn^\thei product from the whole dimdend. 
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5tfa. Bring down tJie next tv>o figures as^ before, to form a new 
diioidend, and double the root already found, for a dioUorj and 
proceed as before. The root vnll be doubled, if the right hand 
figure of the last divisor be doubled. 

If k happens that the divisor is not contained in the dividend 
when the right hand figure is rejected, a zero must he written 
in the root, and also at the right of the divisor; and the next 
figures must be brought down, and then a new trial made. 

If it happens that the figcure annexed to the root is too small, 
it may be discovered as follows. 

The second power of a + I is a' + 2 a + I- 

That is, if we have the second power of any number, the 
second power of a number larger by 1 , is found by multiplying 
the first number by 2, increasing the product by 1, and adding it 
to the power. For example, the second power of 10 is 100; 
the second power of II is 100 + 2 X 10 -|- 1 = 121. The 
second power of 12 is 121 + 2 X H + 1 = 144, &c. 

If then the remainder, after subtraction, is equal to twice the 
root already found plus 1, or greater, the last figure of the root 
must be increased by 1. 

In the last example, the first dividend was 43,8 and the divi- 
sor 14; the figure put in the root was 3, and the remainder was 
9. If 2 mstead of 3 had been put in the root, the remainder 
would have been 154, which is considerably larger than twice 
72, and would have shown, that the figure should be 3 instead of 
2. 

There are many numbers, of which the root cannot be exactly 
assigned in whole or mixed numbers. Thus 2, 3, 5, 6, 7, have 
no assignable roots. That is, no numbef can be found, which, 
multiplied into itself, shall produce either of these numbers. 
This is the case with all whole numbers, which have not an ex- 
act root in whole numbers. 

This may be proved, but the demonstration is so difficult, that 
few leisuners wodd comprehend it at this stage of their progress. 
The proof may be found in Lacroix's Algebra. The learner, 
however, may easily satisfy himself by trial. We shall soon 
find a method of approximating the roots of these numbers, suffi- 
ciently near for all purposes. 
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XXIX. Extraction of the second Root of FVaciions. 

Fractions are multiplied together by multiplying their nume- 
rators together, -and their denominators together. Hence the 
second power of a fraction is found by multiplying the nume- 
rator into itself, and the denominator into itself; liius the second 

power of I is I X f == A- The second power of -— is ~ X -r- 

b 

a' 
= 75 . Hence the root of a fraction is found by extracting the 

root of the numerator, and of the denominator; thus the raot of 
« is I. 

If either the numerator or denominator has no exact root, the 
root of the fraction cannot be found exactly^ Thus the root of 
jf is between | and { or 1. It is nearest to | . 
' The denominator of a fraction may always be rendered a per- 
fect second power, so that its root may be found; and for the 
numerator, me number which is nearest to the root must be 
taken. Suppose it is required to find the root of f . If both 
terms of the fraction be multiplied by 5, the value of the fraction 
will not be altered, and the denominator wiU be a perfect second 
power, 

! = »• 

The root is nearest j. This is exact, within less than {. 

If it is necessary to have the root more exactly; after the frac- 
tion has been prepared by multiplying both its terms by the 
denominator, we may again multiply both its terms by some 
number that is a perfect second power. The larger this number, 
the more exact the result will generally be. 

3 1. 15 

J jy 

If both terms be multiplied by 144, which is the second power 
of 12, it becomes |JJg, the root of which is nearest tofj. This 
IS' the true root within less than ^V 

We may approximate in this way the roots of whole numbers, 
whose roots cannot be exaqtly assigned. 

If it is required to find the root of 2, we may change it to a 
fraction, whose denominator is a perfect secpad power. 

2 = H|. 
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The root of ffj fe nearest to {| = I ^ . This differs from the 
true root by a quantity less than ^ . If greater exactness is re- 
quired, a number larger than 144 may be used. 

1. What is the root of ^? Jin9. A« 

2. What is the root of ilt? 

3. What is the root of 13 Jg = ^? 

4. What IS the root of 28 gj? 

5. What is the approximate root of t? 

6. What is the approximate root of i|? 

7. What is the approximate root of 3f? 

8. What is the approximate root pf 17 A? 

9. What is die approximate root of 3? 

10. What is the approximate root of 7? 

11. What is the approximate root of 417? 

The most convenient numbers to multiply by, m order to 
approximate the root more nearly, are the second powers of 10, 
100, 1000, &c., which are 100, 10000, 1000000, &c. By this 
means, the results will be in decimals. 

To find the root of 2 for instance, first reduce it to hun- 
dredth£(. 

2 = fgg, the approximate root of which is U = 1.4. 

Again 2 = fgg^ , the approximate root of which is \^ == 1.41. 

Again, 2 = fggggg , the approximate root of which is i^ = 
1.414. 

In this way we may approximate the root with sufficient ac- 
curacy for every purpose. But we may observe, that at every 
approximation, two more zeros are annexed to the number. In 
fiict, if one zero is annexed to the root, there must be two an- 
nexed to its power; for the second power of 10 is 100, that of 
100 is 10000, &c. 

This enables us to approximate the root- by decimals, and 
we may annex the zeros as we proceed in the. work, always 
annexing two zeros for each new figure to be found in the root, 
m the same manner as two figures are brought down in whole 
numbers. 



144 Algebra. XXIX 

The root of 2 then may be found as follows. 

2 (1.41421, &c. root. 
1 



10,0 (24 
96 



40,0 (281 
28 I 



11 90,0 (2824 
1129 6 



- I 

60 40,0 (28282 j 

56 66 4 



3 83 60,0 (282841 

2 82 84 1 



1 00 75 9 

12. What is the approximate root of 28? 

13. What is the approximate root of 243? 

14. What is the approximate root of 27068? 
15.* What is the approximate root of 243 {? 
245 i = 243 A% = 'i^li^ = ^igJSggo , &c. 

The approximate root of which is ^^ = 15.6, &c. 

But it is plain' that this may be performed in the same manner 
as the above. For if the number 243375000 be prepared in the 
usual way, it stands thus; 2,43,37,50,00. Now 

»S«^ = 243.376000. 

If we take this number and begin at the units and point towards 
the left, and then towards the right in the same manner, the num- 
ber will be separated into the same parts, viz. 2,43.37,50,00. 
The root of this number may be extracted in the usual way, and 
contmued to any number of decimal places by annexing zeros. 
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N. B. The decimal point must be placed in the nx^ be- 
fore the first two decimals are used. Or the root must con* 
tain one half as many decimal places as the power, counting 
the zeros which axe annexed. 

16. What is the approximate root of 213.53 ? 

17. What is the approximate root of 726f ? 

18. What is the approximate root of 17y*y ? 

19. What is the approximate root of 3|i ? 

20. What is the approximate root of | .'* 

21. What is the approximate root of | f 

22. What is the approximate root of j|ny f 

23. What is the approximate root of tttt ' 

XXX. Questions producing pure Equations of the Second 

JJegree. 

1. A mercer bought a piece of silk for £16. 48. ; and the 
number of shillings which he paid per yard, was to the number 
of yards, as 4 to 9. How many --yards did he buy, and what 
was the price of a yard ? 

Let 0? = the numoer of shillings be paid per yard. 

9 X 
Then — = the number of yardsi 

<n* 

The price of the whole will be = 324 shillings. 

a?» =1 144 
« = 12 

££ = 27. 
4 

Ans. 27 yards, at 12s. per yard. 

2. A detachment of an army was marching in regular co- 
lumn, with 5 men more in depth than in front ; but upon the 
enemy coming in sight, the front was increased by 845 men ; 
and by this movement the detachment was drawn up in 5 lines. 
Required the number of men. 

13 
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Let « = the nmbber in fr<«it ; 

then a? + 6 = the number in depth ; 

a;« _|- 5 a? = the whole number of men. 

Again a? + 845 = the number in front after the movement ; 

And bx + 4226 = the whole number. - 

ar' + 5a?=:.5af + 4225 
a?» =4225 
X = 65 

The number of men = 5 a? -|- 4225 = 4550. 

3. A piece of land containing 160 square rods, is called an 
acre of land. If it were square, what would be the length of 
one of its sides } 

Let X = one side. 

a?* = 160 

X =: 12.649 + 

Arts. The side is 12.649 -)- rods. It cannot be found exactly, 
because 16Q is not an exact 2d power* 

This is exact within less than y^Vir ^^ & v^* ^^ might be 
carried to a greater degree of exactness if necessary. 

4. What is the side of a square field, containing 17 acres? 

5. There is a field 144 rods long and 81 rods wide ; what 
would be the side of a square field, whose content is the same f 

6. A man wishes to make a cistern that shall contain 100 
gallons, or 23100 cubic inches, the bottoin of which shall be 
square, and the height 3 feet. What must be the length of 
one side of the bottom ? 

7. A certjun sum of money was divided every week among 
the resident members of a corporation. It happened one week 
that the number resident was the root of the number of dollars 
to be divided. Two men however cominff into residence the 
week afler, diminished the dividend of eacnof the former indi- 
viduals 1 ^ dollars. What was the sum to be divided f 

Let ^ = the number of dollars to be divided ; 



I 
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then x^ = the number of men resident, and also the sum 
each received. 

The root of x is properly expressed by the fractional index 
i* For it has been observed, that when the same letter is 
found in two quantities wfaick are to be multiplied together, 
the multiplication is performed, as respects that letter, by 
adding the exponents. Thus aXfl = a' + *=:a*; ot^Xjc* 
= a?* + * = a:*, &c. Applying the same rule ; if x* represents 
a root or first power, the second poiwer or a?* X ap* = a?* * * 
= X* or X. 

The second power of a letter is formed firom the first by 
multiplying its exponent by 2, because that is the same as 
adding the exponent to itself. Thus a* x a' = a' + ' == a* x ' 
= a". This fiumishes us with a simple rule to find the root:Of 
a literal quantity ; which is, to divide its exponent by 2. 

Thus the root of a* isa^ = a* ; the root of a^ =z a^ = c?- the 
root of a* is a' = a^j Slc. By the same rule, the root of a^ is 
a* ; the root of a' is a * j the root of a* is a" ; the root of a 
is a>, Ac. 

In the above example 
d? = the number of doUais to be divided ; 

and x^ = the number erf* men resident; 

- * i i 
« — X X -- aja =3 the number of dollars each received, 
and X JL 

x^ x^ 

a?^ -{- 2 = the number of men the succeeding week ; 

= the number of dollars each received the latter week ; 



Hence by the conditions 



**-± 



t* + 2 
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J 4 4 jc* , ^ 4 8 
»■ a?" — ^l-T 4- 2 op^ — — = a? 
3 • 3 

« — —I- + 2 0?^ — — =s a? 
3 3 

3 3 

3^.3 



— 4 aj* + 6aj* = 8 






2«* = 8 






.4=4 






ct4x;c* = a?* + *=cr = 4x 4 = 


16. 






Ans. 


$16. 


Instead of making a? = the number of dollars, we might 
make, 


a?* = the number of dollars ; 






then a? = the number of men resident, <&o. 






Then we have 






^_4^ a^ 
3 a? + 2 







3 ^ 3 

^_L^+2.-^=l 
3 3 



2a?= 8 
a? = 4 
ir» = 16. 

Ans. $1:6, as befori- 
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8. Two men, ^and B, lay out some money on speculation. 
A disposes of liis bar^in for £1 1,. and gains as much per cent) 
as B lays out ; B's gam is ^36, and it appears that A gains 
four times as much per cent, as B. Required the capital of 
each. 4vr- • ' "^ ' 

9. There is a rectangular field'containing 360 square rods, 
and whose-: length is, to its breadth as 8 to 5. Required the 
length mid breadth. ' , fj .- , v , _ 

10. There are two square fields, the larger of which contains 
13941 square rods more than the smaller, and the proportion 
of their sides is as 15 to 8. ^I^quired the|^des. 

] 1. There is a rectangul^ rciW^tne ram of whose length 
and breadth is to their difference as 8 to 1 ; if the room were 
a square whose side is equal to the length, it would contffin 
128 square feet more than it would, if it were only equal to the 
breadth. Required the length and breadth of the room. 

12. There is a rectangular field, whose length is to its 
breadth in the proportion of 6 to 5. A pyt of this, equal' to i 
of the whole, being planted, there remam for plou^hiiig 625 
square yards. What are the dimensions of the field r 

13. A charitable person distributed a certain sum amongst 
some poor men and women, the number of whom were in Sie 
proportion of 4 to 5. Each man received one third as many 
shillings as there were persons relieved ; and each woman re- 
ceived twice as many shillings as there were women more than 
men. The men received all together 18s. more than the wo- 
men. Pow many were there of each ? 

14. A^man purchased a field whose length was to the 
breadth as 8 to 5. The number of dollars paid per acre was 
equal to the number of rods in the length of the field ; and the 
number of dollars given for the whole, was equal to 13 times 
the number of rods round the field* Required the length and 
breadth of the field. 

15. There is a stack of hay whose length is' to its breadth as 
5 to 4, and whose height is to its breadth as 7 to 8. It is worth 
as many cents per cubic foot as it is feet in breadth ; and the 
whole is worth, at that rate, 224 times as many cents as there 
are square feet on the bottom. Required the dimensions of 
the stack. 

13« 
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16. There is a field containing 108 square rods, and the 
sum of the length and breadth is equ^l to twice the difference. 
Required the length and breadth. .- / ^-^ 

17. There are two numbers whose product is 144, and the 
quotient of the greater by the less is 16. What are the nun»- 

XXXI. Qaestions producing Pure Equations of the Third 
Degree. 

1. A number of boys set out to rob an orchard, each carry- 
ing as many bags as there were boys in all, and each bag ca- 
pwle of containing 8 times as many apples as there were dovs. 
They filled ^eir bags, and found the whole number of i^ples 
was 1000. How many boys were there ? 

Let a? = the number of boys ; 
then oj X a? = a?* = the number of bags ; _ 
and 8a? X a?* z= 8 a?' = the number of apples. 
By the conditions 

8aj'=:1000 
.x»= 125 
or XXX z=- 125. 

In this equation, the unknown quantity is raised to the third 
power ; and on this account is called an equation of the third 
degree. 

In order to find the value of a? in this equation, it is necessa- 
ry to find what number multiplied twice by itself will make 125. 
By a few trials we find that 5 is the number ; for 

5 X 5 X 5 = 125 

therefore a'=:5. ,Ans. 5 boys. 

2. Some gentlemen made an excursion ; and every one took 
the same sum of money. Each gentleman had as many ser- 
vants attending hun as there were gentlemen ; and the num- 
ber of dollars which each had, was double the number of all 
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the servants ; and the whole sum of money tal^en out was 
$1458. How many gentlemen were there ? 

Am. 9 gentlemen. 

3. A poulterer bought a certain number of fowls. The first 
year each fowl had a number of chickens equal to the original 
number of fowls. He then sold the old ones. The next yeaf 
each of the young ones had a number of chickens equal to 
once and one half the number which he first bought. The 
whole number of chickens the second year was 768. What 
was the number of fowls purchased at first ? (^ ^ . 

It appears that in equations of the third degree, as in thoee 
of the second degree, the power of the unknown quantity must 
first be separated fi-om tlie known quantities, and made to stand 
alone in one member of the equation, by the same rules as the 
unknown quantity itself is separated in simple equations. 
When this is done, the first power or the root must be found, 
and the work is finished. 

Extraction of ihe Third Root 

The third power of a quantity i<« easily found by multiplica- 
tion, but to return from thti power to the root, is not so easy. 
It must be done by trial, in a manner analogous to that em- 
ployed for the root of the second power. 

We shall hereafter h?ive occasion to speak of the root of the 
fourth power, of the fifth power, &c. In order to distinguish 
tticm the more readily, we shall call the root of the second 
power, the second root of the quantity ; that of the third power, 
the third root, that of the fourth power, the/owr^A root, &c. To 
preserve the analogy, we shall sometimes call the root of the 
first power, the Jirsi root. 

N. B. The -first power, and the first root, ore the same 
thing, and the same as the quantity itself. 

It always has been, and is still the practice of mathemati- 
cians, to call the second root the square root, and the third 
root the ctihe root, and sometimes, though not so universally, 
the fourth root the bt-qtiadrate root. But as these terms are 
unappropriate, they will not be used in this treatise. 

When the root consists of but one figure, it must be found 
by trial. When the root consists of more than one place^ it 
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must still be found by trial, but rules may be made, which will 
reduce the number of trials to very few, as has been done 
above for the sec<»id root. 

In order to find the rules for extractin'g the third root, it will 
be necessary to observe how the third power is formed from the 
first, when &e first consists of several figures. 

Let a = 30 and b=z5; then a + 6 = 35. 

(a + by = a* + 2 (fb + 3m V + b\ Art. XIII. 

a* = 30 X 30 X 30 = 27000 

3a*6 = 3 X 30 X 30 X 5 = 13600 

3a J* = 3X30X 5x5 = 2250 

6« ;?= 5X5X5= 125 



42875 



Hence it appears, that the third power of a number consist- 
ing of units and tens, contains the third power of tlie^ tens, 
plus three times the second power of the tens multiplied by the 
units, plus three times the tens multiplied by the second power 
of the units, plus the third power of the units. 

Farther, the third power of 10, which is the smallest number 
with two places^ is 1000, which condsts of four places ; and 
the third power of 100, is 1000000, which consists of seven 
places. Hence the third power of tens will never be lass than 
1000, nor so much as 1000000. 

If, therefore, there are tens in the root, their power will not 
be found below the fourth place ; and if the root consists of 
tens without units, there will be no significant figure below 
1000; 

To trace back again the number 42875, the root of the tens 
will be found in the 42000, and this must be foulid by trial. 

30 X 30 X 30 = 27000, and 40 X 40 X 40 = 64000. 

The largest third power in 42000 is 27000, the root of which 
is 30. Now 1 subtract 27000 from 42875, and the remainder 
is 15875, which contains the product of three times the second 
power of the tens by the units, plus, &c. If it contained ex- 
actly three times the second power of the tens multiplied by 
the units, the uaits of the root w6uld be found inmiediately by 
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dividing this remainder by three times the second power of the 
tens ; for 3 a* i divided by 3 a* gives 6. As the other pctfts 
however will always be small in comparison with this, if we 
divide the remainder by three times the second power of the 
tens, we shall be able to judge very nearly what is the root, 
and the number of trials will be limited to very few. 

30 X 30 = 900, and 900 X 3 = 2700 and 15876 divided by 
2700 gives 6. I now add tlie 6 to the root and it becomes 36. 
To see if this is right, I raise 35 to the third power. 36 X 36 
X 35 = 42875, therefore 35 is the true root. 

4. What is the third root of 79507 ? 

OpercUion. 

79,507 (40 + 3 = 43 root. 
64,000 



16,607 (40 X 40 X 3 = 4800 divisor. 
43 X 43 X 43 = 79,507. 

As the number consists of five places, the power of the tens 
must be sought in the 79000. 

The greatest thiid power in 79000 is 64000, the root of which 
is 40. I subtract 64000 from 79507 and there remains 15507, 
which I divide by three times the second power of 40, viz. 
4800, and obtain a quotient 3,* which I add to 40^ I raise 43 
to the third power, and find that it gives 79507. If it produced 
a number larger or smaller, I should put a smaller or larger 
number in place of 3 and tiy it again. 

6. What is the third root of 357911 ? 

6. What is the third root of 5832 f 

7. What is the third root of 941192 ? 

8. What is the third root of 34966783 f 

It was observed above, that the third power of 10 is 1000 , 
the third power of 100 is 1000000 ; that of 1000 is 1000000000, 
&c. That is, the third power of a number consisting of one 
figure cannot exceed three places ; that of a number consist- 
ing of two places cannot contain less than 4 places nor more 
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than 6 ; dial «f S places eaimot contain les9 than 7 nor more 
than 9 plaees, &o. 

Hence we may know immediately of how many places the 
third root of any given number will consist, by beginning at 
the right and separating the number into parts oi 3 places 
each. The left hand part will not always contain 3 places. 

In the present instance, the number 34,965,783, thus divided 
consists of three parts, therefore the root will contain 3 places 
or figures. 

In the formula (a -f i)' = a' + 3a*J +3aJ* ^-6^ if we 
consider a as representing the hundreds of the root, and h the 
tens and units, we observe that the third power consists of the 
third power of the hundreds, plus 3 times the second power of 
the hundreds, multiplied by the units and tens, &c. 

Hence we shall find the hundreds of the root by finding the 
highest third power contained in the 34,000,000, and taking its 
root. 

The largest third power is 27,000,000, the root of which is 
300. Siibtracting 27,000,000 fi-em the whole sum, the remain- 
der is 7,965,783. If this contained exactly 3 a* 6, that is, 3 
times the second power of the hundreds by the tens and units, 
the other two figures of the root might be found immediately 
by division. As it is, it is evident, that it will enable us to 
judge very nearly what the next figure, or tens, of the root 
must be, and \\b correctness must be prqved by trial. 

300 X 300 X 3 = 270000. 

7,966,783 divided by 270000 gives for the first figure of the 
quotient 2, which being the tens is 20. This added to the root 
fdready fomdmakes 320. 

If in the above formula^ we consider a as representing the 
hundreds and tens instead of the hundreds ; and h as repre- 
senting the units ; it shows us that the power contains the third 
power of the hundreds and tens, plus 3 times the second power 
of the hundreds and tens multiplied by the units, &c. in the 
present instance a = ^0. If now we subtract the third power 
of 320 firom the whole sum, viz. 34,965,783, and divide the re- 
mainder by 3 times the second power of 320, we shall find the 
<^her figure, or units, of the root. When we have raised ^O 
to the^ird power, we can ascertain whether the second figure, 
2 is right 
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S20 X 320 X 320 = 32768000. 

This subtracted from 34965783 leaves 2197783. 

320 X 320 X 3 = 307200. 

2197783 being divided by 307200 gives a quotient 7. This 
added to 320 gives 327 for the root. 

327 X 327 X 327 = 34,965,783. 

Therefore the result is correct. 

If the root consists of four or more places, the sams mode 
of reasoning may be pursued by making a first equal to the 
highest figure in the root, and b equal to all below, until the 
second figure of the root is obtained, and then making a equal 
to the two figures already obtained, and b equal to the rest, 
and so on. 

The work may be considerably abridged by omitting the 
zeros in the won:, and also the numbers under which they fall. 

The work of the above example will stand thus. 

Root 
84,966,783 (300 + 20 + 7 = 327. 
- —27,000,000 3d power of 300 

1st divid. 7,966,783 (270,000 J Jfo'^x'^ x"^ 

— 32,768,000 3d power of 320 
2d divid. 2,197,7a^ (307,200 [ ^q X^O x's 

34,966,783 = 3d power of 327. 
The same without the zeros. 

34,966,783 (327 
3d power of 3 27 

1st dividend 7,9 (27 Ist diyisor ss SP X 3 

3d power of 32 32 768 

2d dividend 2 197,7 (3072 {^fS^fJS^ 

34,966,783. ( - (32) X 3 
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As the third power of hundreds can have no significant 
figure below 1000000, and as the third power of 300 and 3 
have the same significant figures, I raise 3 to the- 3d power 
and subtract it from 34, as if it stood alone. Then, to form 
the divisor, hundreds are multiplied by hundreds, therefore 
there can be no significant figure below 10000. And it being 
the tens of the root that are to be found, it is sufiicient to 
bring down one figure of the next period to form the dividend. 

Having found the second figure of the root, I raise 32 to the 
third power, and subtract it from 34,965, omitting the last pe- 
riod, because the third power of the tens can have no signifi- 
cant figure below 1000. 

" To form the second divisor I multiply the second power of 
32 by 3. For the dividend, it is sufiicient to bring down one 
figure of the last period to the right of the remainder, because 
the divisor, being tens, multiplied by tens, can have no signifi- 
cant figure below 100. 

JVote. The second power of the 32 was found in finding its 
third power. 

If it happens that the divisor is not contained in the dividend, 
a zero must be put in the root, and then the next figure must 
be brought down to form the dividend. 

Hence we obtain the following rule for finding the third 
loot. 

Prepare the number by beginning at the right and separating it 
tnto parts or periods of three figures each^ putting a comnia or 
point between. The lefi hand period may consist of one, two, or 
three figures. 

Find the greatest third power in the left hand period, and write 
the root in the place of a quotient.^ Subtract the power from the 
period. To the remainder bring down the first figure of the next 
period for a dividend. Multiply the second power of the root 
already found by three, to foj-m a divisor, ^ee how many tijnes 
the divisor is contained in tJtc dividend, and write the result in the 
root. Raise the root, thus augmented, to the ihird power. If this 
is greater than the first two periods, diminish the quotient by one or 
more, until you obtain a third power, which may be snbtra^fbd from 
the first two periods. Perform the subtraction, and to the right of 
the remainder bring doum the first figure of the next period to 
form a dividend and divide it by three times the second power of 
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the two figures •f Ae rooU ^Kfki tm$e the ^[uotimt in the rooU 
7%e» rowe ik^ vmh root w founds to the thtrd pomr; 4md jf it 
is not too large^ subtract it from the first three periods ; i^ it is too 
large J dimmtsh the root aso^ore. To the remainder bring doum 
the first Jjgure of Ae fourth feriodf and perform the same series 
of operations as b^ore. 

jf at any time tt should happen that the dividend^ prepared as 
above, does not eontain the dimsor^ a zero must be placed in the 
root^ and the next figure brought doum to form the mvidend* 

We explained ^ method in the extraction of the second root, 
more expeditious than to raise the root to the second power 
every time a new figure is obtained in the root* A similar 
method may bq found fof the third root, though it is rather dif- 
ficult to be remembered. 

Let a = 30 and J = 7 ; then ' 
{a + by=z{S7y = a» + 3a*6 + 3a6« + 6' = 50653 

To find the third root of 50653, find the first figure of the 
root aa explained above. Then form the divisor as above, and 
find the second figure of the root. Then instead of raising the 
whole to ihe third power, it may be completed fixmi the work 
already done. The third power of the fiMt fgure being found 
and subtracted, the remaining part is 

3a'i + 3a6* + 6* = i(3a* + 3ai+S«). 

But the 3 a' has already been found for the divisor. 

We must now find Sab and b* ; add all together^ ai^d multi- 
ply the sum by 6, and the third power will be completed. 

Operatum. 

3a*= 3X30X30 = 2700 50,6 53 ^W + t = 37. 
3a6 = 30X 7X 3= 630 27 

fi«= 7X 7 =49 23 6,53 (2700 = 3 «?, 

7X3379 ^28 6,5$ 

9. What is the thini moot of 34,065,783^ 
14 
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We have seen above, that when the root is to consist of seve- 
ral fiffures, ^ same course is tobepursoedaswhenit c«iristi 
of <Huy two. 

Operation. 

3 o* = 270000 34,965,783 (300 + 20 + 7 = 327. 

3ab= 18000 27 

6» = 400 



288400 57 68 

SO = 6 



79,65 (2700 Isttiivisor. 



5768000 21977 83 



21977,83 (307200 2d divisor. 



3(o' + 2fl6 + ft*) = 
S<^+2XSa( + S&* 

3a» = 270000 

2x3a&sr 36000 

S&*= 1200 



3d divisor 307200 = 3 X 320 X SSO 

3<^s307200 
Sahss 6730 
,ft»= 49 



81S909 
B 7 

sistres 



10. What is the tUid root of 18519S * 

11. What is the third root of 83M4an f 

12. What is the tlnrd toot of 77306776 f 
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13. What is the thiid foot of 1990865512 ? 

14. What is ihe third root of 513,345,176,343 ? 

15 What is the third root of 217,125,148,004,864 ? 

XXXII. The third power of a fraction is found by raising 
both numerator and denominator to the third power. Thus 
the third power of|isjXiX|= //?• 

Hence the third root of a fraction is found by findinjg the 
third root of both numerator and denominator. The thmi of 



1. What is the thurd root of |H f 

2. What is the third root of rf It ^ 

3. What is the thkd root of SffJ = ViV ? 

4. What is the third root of 30^111 ^ 

5. What is Uie third root of V f 

It was remarked with regard to the second root Uiat, when 
a whole number has not an exact root in whole numbers, its 
root cannot be exactly found, for no fractional quantity multi- 
plied by itself can produce a whole number. Tlie same is true 
with regard to all roots, and for the same reason. 

Hence the third root of V cannot be found exactly because 
the numerator has no exact third root. The root of the deno- 
minator is 2, that of the numerator is between 2 and 3, nearest 
to 3. The approximate root is | or 1^. 

6. What is the third root of ^ ? 

In this, neither the numerator nor Uie denominator is a per- 
fect third power ; but the denominator may be rendered a per- 
fect third power, without altering the value of Uie fraction, by 
multiplying both terms of the frcu^tion by 49, the second power 
of Uie denominator. 

3X49 _ 211 
7X49 343* 
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The root of this is betvreenl and 4^, BMiest ta the former- 
It is evident that the denominator of any jfraction may be 
rendered a perfect third power, h^ multiplying both its terms 
by the second power of the denominator. The third root of 
a whole number which is not a perfect third power, may be 
approximated by converting the number into a fraction^ whose 
denominator is a perfect third power. 

What is the third root of 6 .'^ 

Wq may find this root exact within less thaii ^3 of a imit, 
by converting it into a firaction, whose denominator is the third 
power of 12. 

(12)» = 1728 6 = ff H- 

The root of f fff is between f | and f | ; nearest the latter. 

The most convenient numbers to multiply by, are the third 
powers of 10, 100, 1000, &g. in which case, the firactional part 
of the root will be expressed in decimals, in the same manner 
as was shown for the second root. The multiplication may be 
^ performed at each step of the woik. For each decimal to be 
obtained in the root, three zeros must be annexed to the num- 
ber, because the third power of 10 is 1000, that of 100, 
lOOOOOO, &c. 

7. The third root of 5 will be found by this method as fel^ 

lows. 

5.000^000,000 (1.709 + 
3d power of 1 1 

1st dividend a= 40 .(3 Ut divisor. 

3d power of 1.7 4.913 

2d dividend = 870 (S67 2d do. =s 8 X (17)» 

3d do. S700 (867 3d do. 

3d power 1 .709 ae 4.M1,443,829 

remainder .008 5S6 If 1. 

The 3d root of 5 is 1.709, within less than rirVir of a unit. 
We might approximate much nearer if necessary* The other 
method explained in the lafid article may be usecl if preferred. 
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8. What ifl the third root of 17|f 

The ftacti^nal part of this number muBt first be changed to 
a decimal. 

17| = 17.76 = VVA* = 17.76a 

Hence it appears, that to prepare a number fontaining deci* 
mals, it is necessary that for every decimal place in the root, 
there should be three decimal places in the power. Therefinre 
we must begin at the place of units, and separate the number 
both to the right and left into periods of three figiues each. If 
these do not come out even in the decimals, they must be sup- 
phed by annexing zeros to the right. 

9. What is the approximate third root of 26732.76 ? 
10.. What is the approximate third root of 23.1762 f 

11. What is the approximate third root of 12| f 

12. What is the approximate tiiird root of m f 

13. What is the approximate third root of ff ? 

14. What is the approximate third root of /j i 

XXXIII. ^uesiiom producing Pure Equations qfihe T%ird 

Degree, 

, 1. A man wishes to make a cellar, that shall contain 31104 
cubic feet ; and in such a form, that the breadth shall be twice 
the depth, and the length li the breadth. What must be the 
length, breadth, and depth i 

Let the depth = x, 

the breadth = 2x, 

Tlw winde c<«tait will be 
3' 

i®!!* =81104 
3 

14* 



ifs ji^onh xxxni. 

«»aR 6832 
« = 18 = depth 
»x = 36 = breadth 

^ = 48 ="length. 

2. There are two men whose ages are to each o^her as 5 to 
4, aiid the sum of the third powers of their ages is 137781* 
What are their ages ? 

Let ^ ?= the age of the elder 

A. «i 

then = the age of the younger. 

5 

o' + ^if.'zz: 137,781 
^ 126 ' 

a?» = 91,125 

« =45 

if. = 36. 
5 

An$. Elder 45 years, and younger 36. 

3. A man wishes to make a cubical cistern that shall con- 
tain 100 gallons. What must be the length of one of its 
rides? 

4. A bushel is 2i50f cubic inches. Wiiat must be the size 
of a cubical box to hold 1 bushel ? 

5. What must be the rize of a cubici^l box to^ hold 2 
bushels f 

6. Whatmustbe the sizirof a enbicalbox^holdS bushels? 

7. Find two numbers, such that. the second power of the 
greater multiplted by the Jessi mi^ be equal to 448 ; and the 
second power of the less multiphed by the greater, may be 
392? 
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8. A UMiii wiBbeB to make a cvtetn wUck ihaU hold 600 
gallons, in such a fonn that the length shall be 1o die bmdlb 
as 6 ta 4, and the depth to the iei^th as 2 to 6. HecjpBred 
the4ength) breadth, wd depth. 

Nete. The wine galloii is 331 cable inebHu 

9. A man mshes to make a box which shall hold 40 bushels, 
in such fonn that the length shall be to the breadth as 4 to 3, 
and the depth to the breuith as 2 to 3. Required the length, 
breadth, and depth ? 

10* A man bought a piece of land for house lots, the breadth 
of which was to its length as 3 to 28 ; and he save as many 
dollars per square rod, as there were rods in the length of the 
piece. The whole price was $63,504. Required me length 
and breadth. 

1 1 . A man agreed to sell a stack of hay for 10 times as many 
dolfers as there were feet in Ihe length of one of the longer 
sides. On measuring it, the length was to the breadth as 6 ta 
5, and the breadth and height were equal. Moreover it was 
found that it came to as many cents per cubic foot as there 
were feet in the breadth. Required the dimensions of the 
stack. 

XXXIV. Affected Equatiam of the Second Degree. 



When an equation of the second dc^^ree consists OQly of 
terms which contain the second power of the unknown quanti- 
ty, and of terms entirely known, they may be solved as above. 
But an equaticm of the second power, in order ta be complete, 
must contain both the first and second powers of the unknown 
quantity, and also one term consisting entirely of known quan- 
tities. These are sometimes called affected equations. 

i. There is a field in the form of a rectangular parallelo- 
gram, whose length exceeds its breadth by 16 3rard8, and it 
contains 960 square yards. Required the lei^th and. breadth. 

Let a; = the breadth ; 

then X -H 16 = the length ; 

and 0?* + 16 07 = the number of square yards. 

Hence a^+l6x=z 960. 
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In order to solve this equation, it is necessary to make the 
first member a perfect second power. 

Observe that the second power of the binomial « + ^ ^ ^9 
-^^ax + cfy which consists of three terms. 

Now if we compare this with the first member ^ + 16 cr, we 
find 

a?» = a^ 

2ax:=ziQx 

which gives 2 a =::i 16 

aiKl a = 8 

a* = 64 

(a? + 8) (a? + 8) = a^ + 16 a? + 64. 

Hence, if to a:* + ^^ ^ ^^ ^^'^ ^9 which is the second power 
of one half of 16, the first member will be a perfect second 
power, but it will be necessary to add the same quantity to the 
second member, in order to preserve the equality. The equa- 
tion then becomes 

-r* + 16 a? + 64 == 960 + 64 =1024. 

Taking the root of both members 

a? + 8 = ± (1024)*z=-32. 
By transposition a? z= — 8 db 32. 

It has been already remarked that the 2d root of every 
positive quantity, may be either positive or negative, because 
— ox — « = + «* as well as -|-ax+« = + ^« The 
double sign ± is read plus or minus^. 

In the preceding examples, the conditions of the question 
have always determined which was to be used. But, in the 
present instance, the work not being completed when the root 
is taken, we must give it both si^s,^nd when the values of x 
are found for bpth signs, the conditions will finally show which 
is to be used. 

a?+8 = d=a2. 
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If we use the sign +, we have 

and. a? + 16 =40. 

This gives the lei^th 40 yards and. the breadth 34. Ttese 
numbers answer the conditions of the question. 

If we use the sign — ^ we have 

x= — 40 

a?+16 = — 34. 

These numbers will not satis^ the conditions of the question, 
but they will answer the conditions of the equation, as will be 
seen by putting them into the first equation. 

_40 X —40+16 X —40 = 960. 

2. A certain company at a tavern had a reckoning of 143 
shillings to pay ; but 4 of the company being so unsenerous as 
to slip away without paying, the rest were obliged to pay 1 
shilling apiece more than mey would have done, if all had paid. 
What was the whole number of persons ? 

Xict 0? = the number of persons at first ; 

then X — 4 =: the number after 4 have departed ; 

143 

— = the number of shillings each should have paid } 

and 2 = ^^ number of shillings aetoafly paid by 

each. 
By the conditions 

« ^ »— 4 

Clearing of fiucti(»i8 

143 tr + 0!*^ 672 ~ 4 c = 143 • 
By tnnspodtioii 

«*— 4« = 57S. 
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This equation is similar to the last, except in this, the se- 
cond tenn of the first member has the sign — . 

Here we must observe that the second power of the binomial 
X — a, is ^ — 2ax '\- cfyihQ same as that of « + a with the 
exception of the sign of the second term. 

In this equation, as before, we find two tenns of the second 
power of a binomial ; if we can find the other tenn we can 
easily solve the question. 

It may be found as follows, 

a?» = aj^ 

2ad? = — 4« 

2a = — 4 

which gives a = — 2 

and a' = 4 

Adding 4 to both members of Ae equation it becomes 

a?» — 4a? + 4= 572 + 4= 676. 

Since — 2 in this corresponds to a, the root of the first mem- 
ber is « — 2. In fiwt, (ar— 2)* = a*— 4a? + 4. The root of 
576 is 24. 

Hence 

X — 2i=:db24 
a? = 2d=24. 

The two values of cr are 26 and — 22. The former only an 
swers the conditions of the question. 

Proof. If the whole number, 26, had paid their shares, each 
would have paid y^' = 5^ shillings. But 22 only paid, con- 
sequently each paid V/ = 6 J shillings. 

3. There are two numbers, whose difference is 9, and whose 
sum multiplied by the greater produces 266. What are those 
numbers i 

Let a? = the greater \ 

tiien d? — 9 = the less, 

3«— -9 = their sum. 
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By the eonditions 

«(2a — 9) = 266 
2if — 9«=si 









2 




If we 


UN 


the 


general fonnula as belbre, 

a^ = «» 


we have 



16 
Completing the second power, the equation becomes 

2 ^ 16 ^16 16 

Taking the root dTbjDth membeiB 





-?.=.£ 




-='.« 


whiCu givea 


.:»^=^14 


and 


.=_»._H 




«— »ss* 


•ta> 


>— »a— Mi 
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Both values will answer the conditions of tte qpwrtkm ; €>r 

14 + 5 =3 19 
and 19 X 14 3S 266 

also _ 9J + (— 18J) = — 28 

and — 28 x — 9J = 266. 

In all the above examples, after the question was put mto equa- 
tion, the first thing done, was to reduce all the terms contain- 
ing 0?* to one term, and those containing x into another, and 
to place them in one member of the equation, and to collect all 
the terms consisting entirely of known quantities into the other. 
This must alwavs be done. Moreover a^ must have the sign 
+ and its coefficient must be 1. The equation will then be in 
the following form. 

a?* -f-|r« = f. 

p and q being any known quantities and either positive or 
negative. 

Every equation, however complicated, consisting of terms 
which contain ^^ and ^ and known quaotitie9 may w reduced 
\o this form. 

Let the equatitm be 

- 3a? _ 15 — 0?* 



V * " <«» 



6 ^" 4^:ir^ 

Clearing of firactionB it beeonns 

140a?— 12aj» — 70 -f- 6a? = 76 — 6 «*• 
Transposing and uniting |»rms 

146af— 7i^c=145 
Changing all the signs in both members 
7«? — M6jp=— M* 
Dividing by 7 (the coefficient of a:*) 
J, _ 146 g _ _ 145 
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'Wecpnsiddf af and |i x'vii two terms of the 'second power 
of thS binomial x + ain which 




2a« 


=j>« 


2a 


=P 


< 


~P 

2 . 


a» 


4 



Hence the binomial a? + a is equal to ;r +•&, and the thiid 
tenn of the second power is JL. In fact 

Therefore! the ^rst member, of the above equation tnajp be 
ren jejred a c(Hnplete Second power, of wliicli x tf^d? is the 

root, by adding to it^« The same quantity musliie added to 
tife second mbnber, to preserve the equality.^ 
The equation then becomes 

4.4 

Tdung the root of both mendiera 

1ft 



170 Jllg^ra. XXXIV. 

From the above observations we derive the following general 
rule for the solution of equations which contain the first and 
second powersfpf the unknown quantity. 

Ist. Prepare ike equaimiy hy collect i^fg all the terms contain- 
ing thejirst and atcond powtr^ of ike nnlcjiown quantity into the 
first member 4JinS all ih^^ t&rrm consisting entirely of hnown quan^ 
tUies into the ^Sther member. Z'^nite all (he i^m$ containing the 
second pdioer into one tf^nn^ and aU containing the first power 
into another. If the sign . before the term containing the second 
poioer -of the unknown quantity be not "positive^ make ii so b^' 
changing all the signs of both members. If the coeffi4dent cj 
this term is not 1, make it so by dividing aU the terms by its co^^ 
ficient, 

2d. Make the first member a complete second power. Tim is 
done by adding to both members the second power of half the coeffi' 
cieni of x (or of the first power of the unknoum quantity.) 

3d. Take the root of both members. 

The root of the first member vnU be a btnomxaly the first term of 
which wiU be the unknown quantity^ and the second wM he half mt 
coeffieien{ of x as found above. The root of the second member 
must hade th^idovble sign ±. 

4dt« Transpose the term consisting of known quantities from the 
first io the„^ond member ^ and the value of x unU be found. 

4.^ Aapd* B spldJSO elb of silk (of which 40\lls ii^erer A'g 
anif 90 Bte)jFor 4i2 crowns. Now A sold for a crown one«duFd 
of an ell more than B did. How many ells did each sell for^a 

crown.'* •* ' /* . , 

%^ . 

Let 0? = jthe nwnber of ells B sold for a eVown ; then x •)- 
i = the number^ 80^ for a crown ; 

?2 = the price of 90 ells : 

.0? 

i2- = the price of 40 elli. 



V 
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40^7 










cc+i 
90a?+ 30 + 40a? =423^4- 14' 
116^ — 42a?»= — 30 « 
Changing signs 42 a?* — J 1 6 jc ^ 30 

Dividing by 42 ^— lllf =^ 

Reducing fractions a?* — £2-5 = — , 
^ 21 7 

To complete the second power of the iirHEt member, take one 
half of — If, which is — |f, an4 add ii;^ second power^fe> 
both members. - ,_^ -^ ^% 

^_58^ , _841_6 , J41 _ J^ , 841 L 1155 

.21 "*" 21)' 7 ^ 21)' 21)' ^ 21? ^W 

Taking the root of both members, 

, 29 _ . 34 

ap — — = db — • 

21 21 

21 21 

Which give x= — =z3 
21 

and a? = — 

21 

The first value only will answer the conditions. 

Ans. B sold 3 ells for a crown, and- A S^. 

The learner may observe, that in raising |f to the gecond 
power, I multiplied the nimibrator into^tself, but expressed the 
power of the denominator by an exponent. This saved some 
work in this example. It may always be done when the num- 
ber in the right hand member can. be reduced to a fraction 
with the same denominator as the number aBded. In this case 
4 could be reduced to 2lths. The f was reduced thus : 
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.■•**%X 3 _ 15 X 21 1. 315 
i- jif' 7X3 ~ 21X21 2iy 

. AVhen the second member is a whole number, it can be re- 
duced to a fraction wiUi any denominator ; conse(](uentIy this 

tbrm may be used. • 

*^- A man bought a cert&in number of sheep for JBO dollars ; 
if he had bought 4 more for the same money, they wOuld have 
,9omc to liim 1 dollar apiece cheaper. What was the number 

6* A merchant sold a quantity ofbrandy for i£39 and gained 
as mucli per cent- as the brandy cost him. How much did it 

cost hirn ? 

Let >r = the cost. .' 

then -^— ^ the rate per cent. 
100 . ^ 

and -f._ = the gain. 
100 ^ 

also 39 — 0? = the gain. 

/ 7. Two persons, A and B, talking of their moneys says A to 
B, if I had as many dollars as I have shillings, I should have as 
much money as you ; but if I had as many shillings as their 
number multiplied by itself, I should have three times as much 
money as you, and 63 shillings over. How much money had 
each ? 

6. A colonel has a battalion of 1200 men, which he would 

draw np in a solid bodv of an oblong form, so that each rank 

may exceed each "file by 59 men. What numbers must he 

place in rank an4 file? * > i^" ^.. ■■- 

^ -% . -." .■,; , " .. • -■ 1 I O* '^-y — 

9. A grazier bought as many sheep as cost hun ^60 ; out of 
which he resefVed 15, and sold the remainder for £54, gaining 
2 shillj^gs a head by them.. Howomany sheep did he buy, and 
what was the price of ^ch ? 

10. A person bought two piqpes of cloth of different sorts ; 
of which the finer ijost 4s. a yard more than the other. For 
the finer he paid J5 18 ; but for the coarser, which exceeded 
the finer in length by 2 yards, he paid only £16. How many 
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lat was the price of 

^ ^ . jj^tJ^Urer '^g two'^eiu^hi^s, prife oF^fth was 16 yards 
longe^|fe|rthebth9li^foV*$7>.60; «an(i.tl)$^^ of each 

costiSESR^^ffitoES^QIb^ard, as thdre«were yards in length. 
What ^IbBhI length cf^ach? ^ ' 

•f' -^* * 

•^12*. ^Tner^ are two square buildings, that are paved, with 

sfoToes oach a foot square. Tjie side of one building exceeds 
that of the- jQlther by 12 feet, and both their pavements taken 
fogethei;. contain 2120 stones. What are the lengths of them 
sep|rateiy. ^ 

-^13. A ma« bought two sorts of linen for $13^. A yard •of 
the finer cost as many shillings as there were yards of the £ner. 
Also 30 yards of the coarser, (which was the whole quantity,) 
were^t such a price, that 7 yards cost as much as a yard of tbe 
finer! How many yards were there of the finer, and what was 
the value of each piece ? 

14. Two partners A and B gained £18 by trade. A's mo- 
ney was in trade 12 months, and he received for his principal 
and gain £26. Also B's money, which was £30, was in trade 
16 months. What money did A put into trade f 

I 15. The plate of a looking glass is 18 inches by 12, and is 
to be frajped with a frame, all parts of which are of equal width, 
and the-ar'ea of the fi-ame is to be equal to that of the glass. 
Required the width of the frame. 

16. A and B set out from two towns, which were distant 247 
miles, and travelled the direct road till they met. A went 9 
miles a day ; and the number x>f days, at the end of which they 
met, was greater by 3 than the number of miles which B went 
in^ day. Ho^ many miles did each go f 

17. A set out from C towards D, and travelled 7 miles per 
day. . After he had gone 32 miles,. B set out from D towards C, 
and went every day yV of the whole journey ; and after he bad 
travelled as many days as he w^nt miles in one day, he met A. 
What is the distance between the places C^d I) ^,^ 

In this case both values will answer the conditions of tfa« 
question. 

16* 





>«^nkr for em ^ , , 
'flraiidr{:)r^ad];5) ^^^^hat 
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18. A man h^d 
breadth^y 5 nbds 
which amouj&t^ 
What ^as tW 
fencing It f 

19. From two places !it a distance ol^Sp miles,' tv _ 
A and B,^ set out at the same time to meet each ofhef ^ 
veiled 8 miles a* day more than B, and the numbep-/of 

, which'thev met was equal to half the number of miles B weliti_ 
a ddy. Brow fnany miles did each travel, and how far^per day i' 

20. A man has a field 15 rods long and 12 rods wide^ which; 
he wishes to enlarge so that it may contain just twice as mu^)(; 
anc^that the length and breadth may be in the same propof-* 
tiqn. How much must each be' increased ? : '; 

In this example, the root can be obtained onl^r by^approxi* 
mation. "' " . / 

/ 21. A square court yard has a rectangular gravel walk 
' round it. The side, of the court wants 2 yards of being 6 

times the breadth of the gravel walk ; and the number of 

square yards in the walk exceeds the number of yards in. the. 

periphery of the court by 164. Required the area of ^the 

court ? 

All equations of the second degree may be reduced to one 
of the following forms. ... 

1. a^ +px^:: q ' • 

2. • a^ — pxzuq 

3. a?*+l>a? = -^5[ -^ 

4. ' a* — px=- — g. 

After the equation has been brought to one of these formsy 
it may be solved by one of the following formulas, which ^ are 
numbered to correspond to the equations from which they are 
derived. » 



•*-f=fc(?:<-f)* 
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2 ^4 ^'' 
4. ' - a.= +|±(f-j)*. 

: The first equation and the first formula are sufficient for the 
whole, if ^ and q are supposed to be positive or n^ative qoan- 

titiesc ,'*. 

22. There are two numbers whose difference is ll|, and 
whose product is equal to 4 times the larger minus '9. What 
are the numbers ? 

Let a? ::= the larger ; 

then X — - ri I -= the smaller. 

of — 11|j? = 4j? — 9 

a^ — 'i' =-^9. 
This equation is in the form ofa^ — px :^ — q^'m which 

p = -., -c = — , -c = ana a =: 9. 

^ 5 2 10 4 100 : ^ 

* = «=b'(ViFV— 9)*= H i f'lW)* = 7.8 ds 7^. 
Or we may use the first formula, then 

^ 6 2 10 4 100 ■ ^ 

X K?ri: ( VVV — 9)*' = il'dz t VaV)* = 7.8 ± 7 2. 

Both values of ^, being positive, will answerfhe conditions 
of the question. . 

^m. By* the first value the larger number is 15 and the 
smaller 3f . By the second vaLtie of d?,. the larger is {, and the 
smaller — 11. ' . \ . 

Let the learner solve sgsne of the preceding questions by the 
formula. - ^* 

XXXV. We shall now demonstrate that every eauation of 
the second d&gree, necessarily a^bnitrof tv^o values ror the un* 
known quantity, and i^nly two. 
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Let us take the general equation. 



This, we have seen, may represent any equation wHatever of 
the second degree, p and q being any known Quantities and 
either positive or negative. Kp = the** equation becomes 



(x? = q, 

which is. a pure equation or an equatic^ with two tenfis: 

If we make the first member of the equation a? '\-p x = q^ 
a complete second power, by the above rules, it becomes - 





«» + px + |! = ? + -f 


OT 


(« + f)'=s + f 


Make 


nf^q + t 


then 


«=*(? + ^)* 



Then we have (a? +-^) = m* . . 
transpofidng rr? {x +--£-) — m' = 0. 

The first member of this equation is the diflfereho^^Of ^two 
second powers, whichj Ait. XITI, is the same as the prd<iucjt.of 
the sum and difference of the tiumbers. . 

The sum is x -t-^-£ + m, and the .difference ii^-j- ^ ^ m, 
and their product is 

(^ + |._m) {x^L^Lm)=0. 

In this equations, die first^member consists of two fitctors, 
and the second is zero. INow the first nieniber of the above 
equation will be equal to zero, if either of its factors is equal 



Jtkkv^ <* ^ 4ffMfl!qmtwns- ill 

to 3|ero. FofTTaJiy number be multiplied by zero, J&|^educt 



i« zero. VvH* * " 

Making the first factor equal to zero.*^^ ♦ • . «' . 

,« + |_ — m^O ' _> v- -^ 

Making a:;f£.+m = "^^ > ^* 

- a A 

snvea x ^l — E. — m. 

... ~ ' 2- - 

Either of these, values of x must answer the conditions of the 
equation. /f^ ^ 

N. B. Though either vaTue answers the conditions se"^u;|te- 
they cannot be introdui 
leir product cannot be a?*. 

Instead of fn put its value, and the values of dP become 



ly, they cannot be introduced together, for being diTCteht, 
th( " " ' ^ 



'=-!+(?+')* 



—t-it. 



'=-i.-(r+')* 



whiph are the values we had obtaili^d above. (This delifon 
stration is essentially that of M. Bourdon.) 



Discussion. 
Let us take again the |[eneral equation. 

Since tbe %9^eSsion.^6r^ains a radicd ^q]j^tii79C4hat is, a 
quantity qf which thel'oot is tb'b^^fdbno, inor^t^ to .l>e able 
to find the value of it, we must^l^e able to'findnfie/ root either 
exactly or by approximation. Now there is one case in which 




ible to find the root. It ii when q is negative |uid 
gre{itA\haii. ^. In which case the expression 5 + ^ is ne- 

^tive ; and^it has been shown above j that it is impossible fo 
raid^e roAijofa negative quantity* In all othet cases .the 
valtfeW 4|ta|M||^ion m3.yb6 found. 

In all eBk'^if^qTk po^mv^, th«^ first Y^lne will be^ j>pmiye, 
and aajK^QT directly to t^^^ditions of the questi^^ogosed. 

For tfie^TaJiieal (a +;£-!* is aecessarily greater than S^he- 
\ '4/ ^ • ^ - %^ ^ 

cause the root of ^ alone is Z- ; therefore the expression 

4 '.r 2 "■ // . 

-^ ^ =^vj[5' + — I ^ necessarily of the same: sign as. the 

radical.^ ' • 

XVl^ second value is for the same reason essentially negative^ 

for.:both ^imd I j + — I ^® negative. This value^ though 

it fiilfilirilre^eonditions of the equation, does" not^ ansvver the 
corijIfcMisofthe question, from which the equation was derived) 
buffflPelon^fo an analogous question, in which their must be 
pub^Mii^ith tnelbign*— instead 6( -f ; thus a?* — p a? = 7, which 

glues' a? '= ^ ± ly + Z-1% a value, which differs from the 

«^*/ ■ - -' -' " - 

first T)nl)r.liy the sign before Z.. 

If 9 is actually negatite, the equation becomes 
and the values are 



= =r,L*/i_^i 



'=n-^{i-^^ 



In ordei^atlttoayjbe possible 'tp^^ must be 

less than ^^ 'Wheftthis isth^ case, the tv^o values are real. 
4 * 
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Since 1^ — 91' is smaller than £^ it follows that both 

values are negative if p is positive, in the equation ; that is, if 
^ +P * = — ?> which gives 



•=-i^(f-0*' 



and both positive if|7 is negative in the equation, that is, «*— * 
p 0? = — 5, which gives 



. = Z±(^_,)i 



When^bbth values are negative, neither of them answers di- 




ques- 

tion ; and the same values will be found for x as before, with 
the exception of the signs. 

If in this equation a is greater than £I, the quantity 

4 

/£- — qy becomes negative, and the extraction of the root 

cabnot be performed. The values are then said to be imagir 
nary. 

1. It is required to find two numbers whose sum is P9 and 
whose product is j. 

Let X = one of the numbers, 

ihenp — a? = the other.- 

x{p — x) = q 

pa?— 0^ = 5-; 

Changing signs a^ — jp a? = -^9* 



This example presents tiie case abipive menttonod, in whieh 
1^ and f are boih negative. 
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The value is 



Suppose /> = ] 5 Euul q= 54.' 

.^15 ^ /225 ^..U^15^/ 225-216 U 



_ 16 ^ 

2 2' . 

The v&lucs are 9 and 6, both positive, and both answer the 
conditions of the question. And these are the two num- 
bers required, for 9 + 6 = 15, 9 X 6 = 64. This ought to be 
so, for X in the equation represents either of the numbers iu- 
difierently. Indeed whichsoever x be put for, p — x will re- 
present tne other ; and px — x* will be their product 

Again letp = 16 and y = 72. 

Here (^ — 8)' is an imaginary quantity, therefore both values 
are imagmary. 

• In order to discover why we obtain this imaginary result, let tui 
first find into what two parts a number^must he divided, that the 
product of the two part&may be the greatest possible quantity. 
In the above example, |i represents the sum of the two num- 
bers or parts, let d represent their difference, then 

£.+ 4- = ^« greater, and^ — i. = the less. Art. IX. 
2^2 ® 2 2 

Their product is 

(JL + £\ (JL—±\ = £—£ Artxm. 

\2 ^2/ Va 2/ 4 4 

The ezpre^on £ — —is evidently leap than £^ so long as 
4 4' * .4 

c/isgieaterthaDxeio; botwhencIasOjdieexpiMrioiibecoiiief 



I 
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£. which is the second power of ^. Therefore the greatest 
possible product is when the two parts are equal. 

In the above example ^ = 8, and £ = 64. This is the 
2 4 

greatest possible product that can be formed of two numbers 
whose sum is 16. It was therefore absurd to require the pro- 
duct to be 72 ; and the imaginary values of x arise from that 
absurdity. 

2. It is required to find a number such, that if to its second 
power, 9 times itself be added, the sum will be equal to three 
times the number less 5. 

a?* + 9 a? = 3 a? — 5. 

a^ '\- 6x =1 — 5. 

This equation is in the form of a?* + p a? = — j, which 
gives 



Putting in the values of p and q 



The values are — 1 and — 5, both negative. Consequcntlj 
neither value will answer the conditions of the question.^ Tlfci 
shows also that those conditions cannot be answered. 

But if we change the sign of x in the equation, that is, put 
in — a? instead of y, it, becomes 

a?* — 9x=: — 3a? — 6. 

Changing all the signs 

9a? — a?'=i:3a? + 6. 

This shows that the question should be expressed thus : 

It is required to find a number, such, that if from 9 times 
itself, its second power be subtracted, the remainder will be 
equal to 3 times the number plus 5. 
16 
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The values will both be positive in this, and both answer the 
conditions. 

0^ — 9a? = — 3a? — 5 

ic» — 6a? = — 6 

a? = 3db(9 — 5)*=3zb2. 

The values are 5 and 1 as before, but now both are positive, 
and both answer the conditions of the question. 

3. There are two numbers whose sum is a, and the sum of 
whose second powers is h. It is required. to find the numbers. 

Examine the various cases which arise from giving different 
values to a and J. Also how the negative value is to be inter- 
preted. Do the same with the following examples. 

4. There are two numbers whose difference is a, and the 
sum of whose second powers is 6. Required the numbers. 

5/ There are two numbers whose difference is a, and the 
difference of whose third powers is J. Required the numbers. 

6. A man bought a number of sheep for a number a of dol- 
lars ; and on counting them he found that if there had been a 
number J more of them, the price of each would have been less 
by a sum c. How many did he buy ? 

7. A grazier bought as many sheep as cost him a sum a, out 
of which he reserved a number &, and sold the remainder for a 
sum c, gaining a sum d per head by them. How many sheep 
did he«buy, and what was the price of each ? 

8. A merchant sold a quantity of brandy for a sum a, and 

S lined as much per cent, as the brandy cost him. What was 
e price of the brandy ^. 

XXXVI. Of Pofioers and Roots in General. 

Some explanation of powers both of numeral and literal 
quantities was given Art. X. The method of finding the roots 
of the second and third powers, that is, of finding the second 
and third roots of numeral quantities, has also been explained ; 
and their application to the solution of equations. But it is 
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frequently necessary to find the roots of other powers, as well 
as of the second and third, and of literal, as well as of numeral 
quantities. Preparatory to this, it is necessary to attend a 
little more particularly to the formation of powers. 

The second power of a is a >< a = a*. 

The fifth power of a is a X^a X a X a X (i = a*» 

If a quantity as a is multiplied into itself until it enters m 
times as a factor, it is said to be raised to the mth power, and is 
expressed a"*. This is done by m — 1 multiplications ; for one 
multiplication as a X a produces a* the second power, two 
multiplications produce the third power, &c. 

We have seen above Art. X. that when the quantities to be 
multiplied are alike, the multiplication is performed by adding 
the exponents. By this principle it is easy to find any power 
of a quantity which is already a power. Thus 

The second power of a' is a^ x a* = a^ = a*. 

The third power of a* is a* X a* X a^'z^a^+^izza^ 

The second power of a* is a* x «• = a""** = a*". 

The third power of a" is rt" X «" X rt* = a"'*''*** == a**. 

The mth power of a* is a* X o* X c^ X «* X 

= a2+*+^+*+ , until a* is taken m times aa A fiictor, that 

is, until the exponent 2 has been taken m times. Hence it is 
expressed a**. 

The nth power of a~ is a* X a* X a" .... = a"+''«+«+ . . . 
until m is taken n times, and the power is expressed tf^. 

N. B. The dots in the two last examples are used to 

express the continuation of the multiplication or addition, be- 
cause it cannot come to an end until m in the first case, and n 
in the second, receive a determinate value. 

In looking over the above examples we observe ; 

1st. That the second power of a^ is the same as the third 
power of a^ and so of all others. 
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2. That in finding a power of a letter the exponent is added 
until it is taken as many times as there are units in the expo* 
nent of the required power. Hence any quantity may be raised 
to anypotoer by multiplying its exponent by the exponent of the 
power to which it is to be raised. 

The 5th power of a» is a'^* = a". 

The 3d power of a^ is a'^^ = a*\ &c. 

The power of a product is the same as the product of that 
power of all its factors. 

The 2d power of3a6 is 3 aft X Sab = 9 afV. 

The 3d power of 2 a«6'is 2 a» 6' X 2 a'6' X 2 «• 6» = 8 «• b\ 

Hence, when a quantity consists of several letters, it may be rais- 
ed to any power by multiplying the eocmments of each letter by tht 
exponent of the power required; and if the quantity has a numeral 
coefficient, that must be raised to thepou>er required. 

The powers of a fraction are found by raising both numera- 
tor and denominator to the power required ; for that is equiva- 
lent to the continued multiplication of the fraction by itself 

1 What is the 5th power of 3 a* V m f 

2 What is the 3d power of ^^f* ? 

5 b*€P 

Powers of compound quantities are found like those of sim^ 
pie quantities, by the continued multiplication of the quantity 
into itself. The second power is found by multiplying the 
quantity once by itself The third power is found by two mul- 
tiplications, &c. 

The powers of compound quantities are expressed by enclos- 
ing the quantities in a parenthesis, or by drawing a vinculum 
over them, and giving them the exponent of the power. The 
third power of a + 2 b — c is expressed {a + 2b — c)' ; or 



a + 2b — c. 

The powers are found by multiplication as follows : 
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a + 2b — c 
a + 2b — c 



a' + 2ai — ac 

2ab + 4b*—'2be 

— ac — 2bc + €^ 

a* + 4o6 + 4i* — 2ac— 4ic+c' = (a + 26— c'* 
a +2b — c 

a^ + 4al'b+4ab*—2aU — 4abc + a<* 

2a*b-\^BaV+Sb* — 4aic— 86*c + 2ic» 

— aU — 4a6c— 46«c+2ac'+46c'— <• 

a* + 6 a' b + 12 aV + 8 J» — 3 a'c— 12 aic— 12 Vc 
+ 3ac* + 6 6c« — c* = (a + 2i— c/. 

If the third power be multiplied by a + 2 6 — c, it will pro- 
duce the fourth power. 

3. What is the second power of 3 c -|- 2 cl ? 

4. What is the third power of 4 a — 4 c ^ 

5. What is the fifth power of a — 6 ? 

6. What is the fourth power of 2 cfc — c*? 

In practice it is generally more convenient to express the 
powers of compound quantities, than actually to find them by 
multiplication. And operations may fi^uently be more easily 
oerfbrmed on them when they are only expressed. 

(a + ft)*X(« + i)» = (a + 6)H-« ==(« + *)• 
(3o— 6c)* X (3o — 5cV = (3a— 5e)». 
16* 
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That is, when one power of a compound qxiant-Uy is to be mtdtt- 
plied by any power of the same quantity, it may be eoopressed by add- 
ing the exponents, in the same manner as simple quantities. 

The 2d power of (a + 5)' is (a + 5)» X (a + by 
= (a +6)M-» = (a + 6)'x« = (a -f b)\ 

The 3d power of (2 a — d)* is 

(2a — cZ)H-4+4 ~(2a — £Z)*x^=(2a — rf)'*- 
That is, any quantity, which is already a power of a compound 
quantity, may be raised to any power by mmtiplyi'ng its exponent 
by the exponent of the power to which it is to be raised. 

7. Express the 2d power of (3 J — c)*. 

8. Express the 3d power of (a — c + 2 c?)*. 

9. Express the 7th power of (2 a* — 4 c*)'. 

Division may also be performed by subtracting the exponents 
as in simple quantities. 

{Sa — by divided by (3 a — by is 

(3a~6)'^*^(3a— &)• 

10. Divide (7 m + 2 c)^ by (7 m -f 2 c)'. 

If (a + *)* is to be multiplied by any quantity c, it may be 
expressed thus : c (a -f- by. But in order .to perform the ope- 
ration, the 2d power of a -|- i must first be found. 

c{a+by=zc{(f + 2ab + b*)=:a^c+2abc + bU 

If the operation were performed previously, a very erroneous 
result would be obtained ; for c {a-^ by is very different from 
{ac + b cy. The value of the latter expression is a* c* + 2 a 6 

11. What 18 the value of 2 (a + 3 by developed as above f 

12. What is the value of 3 i c (2 a — c)» ? 

13. What is the value of (a + 3 c*) (3 a — 3 ft)* ? 

14. What IB the value of (2a — &)* (o^-f &c)'? 
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We have had occasion in the preceding pages to letuni fiom 
the second and third powers to their roots. We have shown 
how this can be done in numeral quantities ; it remains to be 
shown how it may be effected in literal quantities. It is fre- 
quently necessary to find the roots of other powers as well as 
of the second and third. 

The power of a literal quantity, we have just seen, is found 
by multiplying its exponent by the exponent of the power to 
which it is to be raised. i 

The second power ofa'isa'^* = «^} consequently the w^ 



cond root of a* is a^ = o*. 

The third power of a* is a** ; hence the third root of o^ 
must be a » = a* . 

The second root of a", then must be a v. 

Proof. The second power of a^ is a ' = a". 

In general, the. root of a literal qtwniity may be found by dtvtd- 
trig its exponent by the nuwber expressing me root; thai w, by 
dividivg by 2 for the second root^ by 3 for the third root, &c. 
TTiis is the reverse of the method of finding powers. 

It was .shown nbove, that any power of a quantity consisting 
of several factors is the same as the product of the powers of 
the several factors. From this it follows, that any root of a 
quantity consisting of several factors is the same as the pro- 
duct of the roots of all the factors. 

The third power of a* bc^isef ftV; the third root of o* 6* 
c* must therefore be a* 6 /:*. 

Numeral coeflicients tire factors, and in findinji; powers 
they are raised to the power ; consequently in findmg roots, 
the root of the coefficient must be taken. 

The 2nd root of 16 a* b* is 4 a* b. 

Proof 4 a* i X 4 0* 6 = 16 tf* 6«. 
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When the exponent of a quantity is divisible by the number 
expressing the degree of the root, the root can be found exactly ; 
but when it is not, Uie exponent of the root will be a fraction. 

The second root of a' is a^. The second root of a is or. 
The third root of a is a . The nth root ot'a is a«. The nth 
root of a" is a» . 

The root of a fraction is found by taking the root of its nu- 
merator and of its denominator. This is evident from the me- 
thod of finding the powers of fractions. 

The root of any quantity may be expressed by enclosing it in 
a parenthesis or drawing a vinculum over it, and writing a frac- 
tional exponent over it, expressive of the root. Thus 

The 3d root of 8 a' 6 is expressed 

(8 a? 4)* or 8^*. 

The root of a compound quantity may be expressed in the 
same way. 

The 4th root of a* + 6 a 6 is expressed 

(a* + 5 a 6)* or a» + 6 a b^. 

When a compound quantity has an exponent, its root may 
be found in the same manner as that of a simple quantity. 

The 3d root of (26 — a)'' is (2 6 — a)» =(26— «)•. 

With regard to the signs of roots it may be observed, that all 
even roots must have the double sign db ; for since all even 
powers are necessarily positive, it is impossible to tell whether 
the power was derived from a positive or negative root, unless 
something in the conditions of the question shows it. An even 
root of a negative quantity is impossible. All odd roots wiU 
have the same sign as the power. 

16. What is the second root of 9 a* i* ? 

16. What is the third root of— 125 ^Vci 

17 What is the fifth root of 32 a"' oPr? 
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18. What is the third root of 



27c*d* 



19. What is the fourth root of ^1^ ? 

o*m 

20 What is the second root of (2 m — a?)* ? 

21 What is the 6th root of (3 a + a?)»? 

XXXVII. Roots of Compound Quaniitiea^ 

When a compound quantity is a perfect power, its root maj 
be found ; and when it is not a perfect power, its root may be 
found by approximation, by a method similar to tliat employed 
for finding the roots of numeral quantities. 

First we may observe, that no quantity consisting of only two 
terms can be a complete power ; for the second power of a bi- 
nomial consists of three terms ; that of a -|- a?, for example, is 
a* + 2ax + 0^. The quantity a* + 6* is not a complete se- 
cond power. 

Let it be required to find the second root of 

9 X* a!" + 4 cf b* + I2ix^ d'b*. 

The root of this will consist of at least two terms. The se- 
cond power of the binomial a 4- * is «* + 2 a 6 + 6*. This 
shows that the quantity must be arranged according to the 
powers of some letter as in division, for the second power of 
either term of the root will produce the highest power of the 
letters in that term. 

Arrange the above according to the powers of a?. 

9x*a'' + l2a^a'b* + 4a''b' 

The formula a* + 2 a 6 + ^* shows that we should find the 
first term a of the root by taking the root of the first term ; the 
same must be the case in the given example. 

The root of 9 a?* a* is 3 a:" a^. Write this in the place of a 
quotient, and subtract its second power. Then multiply Sa^ (f 
by 2 for a divisor, answering to 2 a of the formula. 
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Divide the next term by the divisor. This gives 2ab* for 
the next term of the root. Raise the whole root then to the 
second power and subtract it. Or, which is the same thing, 
since the second power of the first term has already been sub- 
tracted, write the quantity 2 a 6' at the right of the divisor as 
well as in the root. Multiply the whole divisor as it then stands 
by the last term of the root. This produces the terms corre- 
sponding to 2 a 6 + 6*, = 6 (2 a + 6) of the formula. This pro- 
duces 12 a?* a* J* + 4 a' 6*, which being subtracted, there is no 
remainder. Consequently the root is 3 a?* a' -}- 2 a J* or — 
3 a?* a* — 2 a 5". The second power of both is the same. If 
the double sign had been given to the first term of the root, the 
second would have*had it also, and the positive and negative 
roots would have been obtained together. 

Let it be required to find the 2d root of 

SGo'm* — 60aJm« + 25J*. 

36a»m* — 60a6 m* +25 J* (6 am* — 6 6 

36 a* m* 



— 60a6w' + 25 6* 



The process in this case is the same as in the last example. 
The second term of the root has the sign — in consequence of 
the term 60abm^ of the dividend being afiected with that sign. 
If the quantity had been arranged according to the powers of 
the letter b, thus, 25 6* — 60 a 6 m* + 36 a* m\ the root would 
have been 5 6 — 6 am' instead of 6 a w^ — 5 6. Both roots 
are right, for the second powers of the two quantities are the 
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same. The second power a -^ 6 is the same as that of 6 — a. 
One is the positive and the other the negative root Af the dou- 
ble sign be given to the first term of the root, both results will 
be produced at the same time in either arrangement. 

26 5» 

* _60a5m'+36a*m* (i 10 J ^F 6am* 
— 60abm* + S6<fm* 



In dividing — 60 a 6 m* by dc 10 J, both signs are changed, 
the -f- to — , and the — to +• This gives to the second term 
the sign =F • The first value is 5 6 — 6am*, and the second is 
6 am' — 5 6. 

When the quantity whose second root is to be found, con- 
sists of more than three terms, it is not the second power of a 
binomial, but of a quantity consisting of more than two terms 
Suppose the root to consist of the three terms m + n+p. If 
we represent the two first terms m + n by Z, the expression be- 
comes l+Pi the second power of which is 

l"" +2lp+p». 

Developing the second power I' of the binomial m -f- n, it 
becomes in' -|- 2 m n + na . This shows that when the quantity 
is arranged according to the powers of some letter, the second 
root of the first term will be the first term m of the root. If m' be 
subtracted, and the next term be divided by 2 m, the next term 
n of the root will be obtained. If the second power of m + « 
or P be subtracted, the remainder will be 2 Zjp -j-jp*. If the 
next term 2 Z p be divided by 2 Z equal to twice m + n, the 
quotient will be jp, the third term of the root. TTie sanie prin- 
ciple will extend to any number of terms. 

It is required to find the second root of 

4 a* + 12 a' a? + 13 a* a^ + 6 a a:* + 0?*. 
.Let this be disposed according to the powers. of a or of «• 
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asi' + 6 d a?* + 13 aV + 12a" a? + 4 rf* («* + 3aa? + 2 a* root. 

1st dividend. 

* 6 a 07**+ 13 a* J?* (2x* + 3aa? 1st divisor. 
6 a 0?* + 9 «• af 



2ddivid. * 4a»a?* + ISa'a: +4a* (2 a:" + 6a a? + 2 0" 2d. di 
4a*a^ + 12fl'vC + 4a* 



The process is so similar to that of numeral quantities that 
it needs no farther explanation. 

The double sign need not be given to the terms during the 
operation. All the signs may be changed when the work is 
done, if the other root is wanted. This will seldom be the 
case when all the terms are positive; but when some of the 
terms are negative, if it is not known which quantities are the 
largest, the negative root is as likely to be found first as the 
positive. When this happens the positive will be found by 
changing all the signs. 

1. What is the second root of 

4 a»a: 4- 6 a"a?« + rf* + a?* +4aa?».? 

2. What is the second root of 

ifl_if +l+^*_2a?'? 
2 2 ^ 16^ 

. 3. What is the second root of 

— 4 a?* + 4af + 12aJ»— 6* + «^ + 9.' 

4. What is the second root of 

af + 20a?' + 26a^ + 16+4a^+10a^-f 24j?» 
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XXXVIII. Extraction of the Roots of Compound Quantities 
Of any Degree. 

By examining the several powers of a binomial, and observmg 
that the principle may be extended to roots consisting of more 
than two terms, we may derive a general rule for extracting 
roots of any degree whatever. 

{a + a?y = a 4-a? 
a-\'X 





c*+ ax 

ax-\-a^ 


(a + zy 


a +x 




a* + 2a\x + aa^ 


(a+xy 


a +a? 




a*+Sa*x + 2(fa^ + a'a^ 

-a"a? + 3fl*a^ + 3aA» + a?* 


(<' + ccy 


=za^ + 4a*x + 6a*x'+4ax' + ct/' 
a +x 




(f + 4a*x + 6a*a^+4a*a^ + agp* 



(a + a:)' = a' + 6 a*x + 10 a*a;^ + 10 a»V + ^ax*+a^ 

By examining these powers, we foid that the first term is the 
first Ic9m of Uie binomial, raised to the power to which the bi- 
nomial is raised. The second term consists of the first t^m 
of the binomial one degree lower than in. the first term, multi- 
17 
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plied by the number expressing the power of the binomial, and 
also by the second term of the binomial. This will hereafter 
be shown to be true in all cases. 

The application will be most easily understood by a particu- 
lar example. 

Let it be required to extract the 6th root of the quantity 

32 a^o_ 80 a* 6»+ 80 a« V— 40 a* t» + 10 a' b^* — 6" (2 a* — V 

^2 a}' 

Dividend. 

* _ 80 a' 6' .80 a'' divisor. 

The quantity beins arranged according to the powers of a, I 
seek the fifth root of the first term 32 a}\ It is 2 a*. This I 
write in the place of the quotient in division. I subtract tlie 
fifth power of 2 a*, which is 32 a***, firom the whole quantity. 
The remainder is 

— 80a* 6' + 80 a* V — &c. • 

The second term of the fifth power of the binomial a + a? 
being 5 a* a? shows that if the second term in this case be di- 
vided by five times the 4th power of 2 a*, the quotient will be . 
the next term of the root. The 4th power of 2 a' is 16 a* aiid 
6 times this 80 a*. Now — 80 a* S' being divided by 80 a* 
gives — V for the next term of the root. Raising 2 a* — V 
to the fifth power, it produces the quantity given. If the root 
contained more than two terms it would be necessary to sub- 
tract the 6th power of 2 a* — 6® fi-om the whole quantity ; and 
then to find the next term of the root, divide the first term of 
the remainder by five times the 4th power of 2 a* — 6'. The 
first term only however would be used which would be the 
same divisor that was used the first time. 

When the number expressing the root has divisors, the ro6ts 
may be foimd more easily than to extract them directly. The 
second root of a* is a*, the second root of whidi is a. Hence 
the 4th root may be found - by two extractions of the second 
root. The second root of a* is.a% or the 3d root of a® is a*. 
Hence the 6th root may be found by extractmg the 2d and 3d 
roots. The 8th root is found by tKree extractions of the 2d 
foot, d&c. 
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Examples. 

i. What is the 3d root of 

63i^ + af — 40x^ + 96x^64f 

2. What is the third root of 

15a,^_6a?+a!* — 6a?» — 20^"+15cc^-f- 1 ? 

3. What is the 4th root of 

216 a' a:* — 216 a a?' + 81 a;* + 16o* — 96 o* « f 

4. What is the 5th root of 

80 a?'— 40a:* + 32a?* — 80 a?* — 1+ lOa?? 

XXXIX. Extraction of the Roots of Numeral Quantities xf any 

Degree. 

By the above expression of the several powers, we may ex- 
tract any root of a numeral quantity. Let us' take a particular 
example. 

What is the 5th root of 5,443,632,400,000 ? 

In the first place we observe that the 5th power of 10 is 
100000, and the 5th power of 100 is 10000000000. Therefore 
if the root contains a figure in the ten's place, it must be sought 
among the figures at the left of the first five places coimtmg 
firom me right. Also if the root contains a figure, in the hun- 
dred's place, it must be sought at the left of the first ten figures. 
This shows that the number may be divided into periods of 
five figures each, beginning at the right. The number so pre- 
pared will stand 

544,35324,00000 (340 
249 



Dividend. 3013 . (405 Divisor. 

544 35324 

* 00000 
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in the first place I find the greatest 5th power in 544. It is 
343, the root of which is 3. I write 3 in tne root, and subtract 
24S, the 5th power of 3, from 544. The remainder must con- 
tain 5 a* a? + 10 «'«^ +j A'C. The 3, that part of the root al- 
ready found, and which, by the number of periods, must be 
300, answers to a in the formula. 5 a*, that is, five times the 
fourth power of 300 will form only an approximate divisor, 
since the remainder consists of several terms besides 5 a* a: ; 
still it will enable us to judge very nearly, and we shall find 
the right number after one or two trials. As the fourth power 
of 30 will have no significant figure below 10000, (we may 
consider 3 to be in the ten's place, with regard to me next 
figure to be found,) we may bring down only one figure of the 
next period to the remainder for the dividend, and use 5 times 
the fourth power of 3 for the divisor. The dividend is 3013 
and the divisor 405. The dividehd contains the divisor at 
least 6 times, but probably 6 is too large for the root. Try 5. 
This gives for the first two figures 35. Raise 35 to the 5 th 
power and see if it is equal to 544,35324. It will exceed it. 
Therefore try 4. The fifth power of 34 is 544,35324. Hence 
34 is right. Subtract this from the number, there is no re- 
mainder. There is still another period, but it contains no sig- 
nificant figure, therefore the next figure is 0, and the root is 
340. The ^th power of 340 is 5,443,532,400,000. If there 
had been a remainder after subtracting the 5th power of 34, it 
would have been necessary to bring down the next figure of 
the number to it to form a dividend, and then to divide it by 5 
times the 4th power of 34 ; and to proceed in all respects as 
before. 

The process of extracting roots above the second is very te- 
dious. A method of doing it by logarithms will hereafter be 
shown, by which it may be much more expeditiously per- 
formed. 



1. What is the 5th root of 15937022465957 i 

2. What ifi( tfie 4th root of 36469168961 ? 

For this, the fourth root may be extracted directly, or it may 
be done by two extractions of the secWd root. Let the learner 
do it both ways. 
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3. What is the 6th root of 481890304 ? 

This may be done by extracting the 6th root directly, or by 
extracting. first tlie second and then the third root. Let it be 
done both ways. 

4. What is the 7th root of 13492928512 ? 

XL. Fractional FxponenU and Irrational Quantities. 

The method explained above, Art. XXXVI, for extracting 
the roots of literal quantities, gives rise to fractional exponents, 
when they cannot be exactly divided by the number expressing 
the root. Since quantities of this kind frequently occur, ma- 
ttiematicians have invented methods of performing the differ- 
ent operations upon them in the same manner as if the roots 
could be found exactly ; and thus putting off the actual ex- 
tracting of the root until the last, if it happens to be most cpn- 
venient. The expressions also may often be reduced to othem 
much more simple, and whose roots may be more easily found. 

It has been already observed that the root of a quantity con- 
sisting of several factors, is the same as the product of the 
roots of the several factors. 

Hence (a«6»)* = K)* (*')* = «" *• 

(««)4 =(«•)*. (a)* = (a)*, (a)* (a)*" 

= a^. a^. a^ =: a. a^ =a ^ = a*. 

We see that the same expression may be -vnitten in a great 
many different forms. The most remarkable of the above are 

On this principle we may actually take the root of a part of 
the factors of a quantity when they have roots, and leave the 
roots of the others to be taken by approximation at a conve- 
nient time. 

The quantity (72 a" 6* cy may be resolved into factors thu& 

t2 X 36a'a6*ftc)* = (36a*&*)*.(2a6e)*. 



17 



* 
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The root of the first factor 36 a* h^ caii be fouiid exactly, 
and the expression becomes 

6 a J* (2 a 6 c)*. 

This expression is much more simple than the other, for now 
it is necessary to find the root of only* 2 a b c. 
The expression might have been put in this form, 

(72)* a* i* c* = (36.2)* a^* S^* c* = 6.2* a a* 6' 6* c* 

=•6 a 6« (2 a 6 c)* 

1. Reduce (16 a* b*y to its simplest form. 

Ans. 2 a J (2 a* 6)* 

2. tUlduce (M a 0?")* to its simplest form. 

S. Reduce O^r^^ \* to its simplest form. 
M47 6'c/ 

4^ 3m /2a\J 

4. Reduce (16 afV +2Sla^V m)* to its simplest form. 
(16ii«i» + a2a«6»m)* = (l6rt'6')* (fl63+2frw)* 

M8.4ab[aV + 2hm)^ 

5, Reduce / 135 a V~ 108 a^a:^c'\ to its simplest form. 

A 64m'»» / '^ 

Sometimes it is cbnvbiilefat to itaulti{)ly a foot by another 
quantity, or one tbot by another. 

If it isre<|iBred tomultiply (3 0* &)^by a6, itmaybeexpien- 

ed thus : a 6 (3 cP by. But if it is required actually to unite 
them, a h must first be raised to the second power, and the pro- 
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duct becomes (3 a^h^y. This will appear moftt plain in the 
following manner, 

(3a'J)*=:3* a i* 
This multiplied by a i is 

3* a 6* X a 6 = 3* a* 6^* = 3* a* 6* :a(3a* 6«)*. 

If instead of enclosing the quantity in the parenthesis and 
writing the exponent of 'the root over it, we divide the expo- 
nent of all the factors by the exponent of the root, all the bpe- 
i*atioils will'be V6ry simple. 

Let a* be multiplied by a*. 

a* X a* =«*"*"* =a. 

H^ b^ X a* i* == a*+^ 6^+* = a* J*. 

That is«. multiplication is performed on similar quantities by 
adding the exponents, as when the exponents are whole num- 
bers. In Uke manner division is perfcmned by subtracting liw 
exponents. 






= «5-i=a«- 



It must be observed th&t a^ may be read, ^ third root ofth§ 
$econd power ofa^ or the second power of the third root of a. For 

(he 3d root of a* is o? ; and 

a* X a*=a*'**c=i*. 
The 3d power of a' is 

That is, a power of a" root ihay be found by multiply- 
ing the fiactional exponent by the exponent of the power. 
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Conseqaently a root of a root may be found by dividing the 
fiactional index by the exponent of the root. In multiplying 
and dividing the'nractionfii exponents, we must apply the same 
rules that we apply to common fiactions. 

The 3d root of a^ is a*. 

The 3d root of a^ is a*. 

The 5th root of a^ h^ is a^V jt\. 

If the numerator and denominator both be multiplied or di« 
vided by the same number, the value of the quantity will not 
be altered ; for that is the same as raising it to a power, and 
then extracting the root. 

If it is required to multipl]^ ofl by a*, the fractions may be 
reduced to a common denominator and added : thus, 

a* X ^ =(^ X a* = a^ ^a^ =ii a*. 

The same may be done in division and the exponents sub- 
tracted. 

In fact, quantities with fractional exponents are subject to 
precisely the same rules, as when the exponents are whole 
numbers ; but the rules must be applied as to fractions. The 
fractions may be reduced to decimals without altering the 
value ; thus 

JL 14 i«25 .25 ^ .06 

ssaXa^Xtf^*^. 
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It is very important to remember how these quantities may 
be separated into factors. Since multiplication is performed 
by adding the exponents, and division by subtracting them, any 
quantity may be separated into as many factors as we please, 
by separating the exponent into parts. Thus, 

= a'3 X a* X a* X a* X a* X a* X a^. 

The sum of all the exponents in the last expression is 5. Lo- 
garithms are of the same nature as these exponents, and afford 
as great a facility in operating upon numbers, as these do upon 
letters. And the. operations are performed in the same way, 
as will be explained hereafter. 

If the learner should ever have occasion to read other trea- 
tises on mathematics, he will generally find the roots express- 
ed by wha:t are cdlled radical signs. The second root is ex- 

pressed with the sign \/ , the third root y^ the same sign 

with the index of the root over it. T%e 4th root is V"* ^- 



a* 


=v.« 








a* 


= ;/T 








«* 


= VT 








J 


z= ^a^ 








2* 


a^ 6^3= 


^2c 


i*h\ 


&c 



They will be easily understood if the radical sign be removed, 
and the exponents divided by the index of the root or the quan- 
tity enclosed in a parenthesis, and the root written over it. 

The expression y' 6 a* 6' becomes 

6* a^ b^ = (6 a« J»)*. 
The expression y' a* + 6* is equivalent to (a* 4- 6*)* 
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XLI. Binomial Theorem, 

It has already been remarked that the powers of any quanti- 
ty are found by multiplying the quantity into itself as many 
tunes, less one, as is expressed by the exponent of the power. 
Sir Isaac Newton discovered a method, by which any quantity 
consisting of more than one term may be raised to any power 
whatever, without going through the process of multiplication. 

The principle on which this method is founded is called the 
Binomial JTieorem. Its use is very important and extensive in 
algebraic operations. 

Next to quantities consisting of only one term, binomials, oi 
quantities consisting of two terms, are the most simple. 
^ Let a few of the powers of a +xhe found and their forma- 
don attended to. 

(a.+ (vy =z a + x 

df + ax 

ax + af 



(a + xy=z if + 2ax + a^ 



a*x -|-2aa?" -f-a?» 






a'a?+3a'a?' + 3aa?' + a?* . 

a + a? 

a» + 4 I,* a. + 6 a« 0?' + 4 a* a?» + o a:* 

a* a: + 4 a" a?* + 6 a* a:' -f 4 aa?* +0?* 

(a + a?)*=: a*+5a*a?+ 10 a» a:»+ lOa'a?' +bax^ -f-a?* 
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The law of the fonnation of the literal part is sufficiently 
manifest. 

In each power there is one term more than the number de- 
noting the power to which it is raised. The first power con- 
sists of two terms, the second power of three terms, the third 
power of four terms, &c. 

In every power a is fbund in every term except the last, and 
X is found in every term except the first. The exponent of a in 
the first term is the same as the exponent of the power to 
which liie binomial is raised, and it diminishes by one in each 
succeeding term. 

The exponent of cr in the second term is 1, and it increases 
by one in eaeh succeeding term, until in the last term it is the- 
same as that of a in the first term. 

The law of the coefRcients is not so simple, though it is not 
less remarkable. 

The coefficients of the first power, viz. a -^^ x,Bxel,l ; those 
of the second power are 1, ^, 1. These are formed from the 
first as follows. When a is multiplied by a, it produces a*, 
and no other term being produced like it, there is nothing add- 
ed to it, and it remains with the same coefficient as the a in the 
multiplicand. In multiplying ^ by a and afterward a by a?, 
two similar terms are produced, having the coefficients of the 
a and x in the multiplicand, viz. 1 and 1 ; and the addition of 
these forms the 2. The other 1 is produced like the first. 

The coefficients of the third power are 1, 3, 3, 1. The Is 
are produced from the second power, as those of the second 
power are produced from the first. In multiplying 2 a a? by a, 
the term produced is 2 a* x, having the coefficient of the se- 
cond term of the multiplicand ; and in multiplying a* by a?, the 
term produced is a* x, similar to the last, and having the coeffi- 
cient 1 of the first term of the multiplicand. The addition of 
the coefficients of these two terms produces the 3 before a" x. 
That is, the coefficient of the second term of the third power is 
formed by adding together the coefficients of the first and se- 
cond terms of the second power. In the same manner it may 
be shown, that the coefficient 3 of the third term of the third 
power is formed by adding together the coefficients of the se- 
cond and third terms of the second power. 

The following law will be found on examination to be ge- 
neral. 
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Tto ffO»fficie«^ of tl^ in* tem of ^Wfy pwwf i3 1. The 
coefficient of the second term of every power is formed by ad4- 
ing to^jther t^ (coefficients of the first and secoad i^xos of 
the pieceding poyw^. The .epefficieat of the Ihird tema of 
every power -ki formed (by e4ding together ij^ coefficients of 
the second and third terms of the preceding power. The co- 
efficieat of the fourth teroi of QYe^y power is found bj^ adding 
together the eoefficients of tjhe third aivl fourth terms of the 
preceding pov^er. And ^o of the rest* 

This law, thougb perhaps sfi^cjeotly evident by inspection, 
may be easily demonstrated. 

Suppose the above law to MA true as &r as Mome power 
. which we «aay deajgnate ^ n. The literal f&ti of tbe TUth 
power will be formed thus. 

tf», c^* a?, a*^ 0?*, a*"^' a:^ a af^',a?". 

We cannot write all the te^onn without fiSi^^inga particuisur 
value to ». We can wjriie a few of ,t;be firsl ao^ last. The 
points between show that the nu^tber of temus is indetei^mnate ; 
there jasiay or J»ay not be more than .are ,ii«Tiittein' 

Sv^ppoae that A is the coefficie^f of the 3ecQn4 V^xm^ B that 
of the third, -Ac. ^ad let the whole he #ii4tiplied by a + a?, 
firhiqh will produce the ^^p. jhi^gh^r power^ or the (n ->{- l)th 
{itowen 
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In this result we observe that the exponents of both a and x 
are increased by 1 in each term, and there is still ome term 
without X and another without a. Before the terms of the pro- 
duct were added, there were twice as many J;erms in the pro- 
' duct as in the multiplicsuid, but they have all united two by 
two. except the first and last. The terms C a*"' a?* and Fa* 
a?*—^ have not united with any others, but it is evident that they 
would have done so, if all the terms couTd have been written. 
There is then one more term in this power than in the last. 

The coefficient of the first term is still 1. That of the^ se- 
cond is the sum of the coefficients of the first and second terms 
of the multiplicand, viz. 1 -J- A. That of the third is the sum 
of the coefficients of the second and third terms of the multi- 
plicand, ^viz. A + B ; &c. 

The above formula shows that if the law above mentioned is 
true for one power, it will be so for the next higher pow^r. 
We have seen that it is true fcwr the 5th power, therefore it will 
be true for the 6th ; being true for the 6th, it will be so for the 
J7th, &c. 

Let the coefficients of several jof the first pfowers be written 
without the letters, forming them by the above principle. 

. First observe that (a -{- a?)° = 1. 

. Adding to th|s 1 gives 1, and then again on the other 
side gives 1. Hence we have 1, l.for the coefficients of the 
first power. 

Adding to the first 1 gives 1 ; adding \ and 1 gives 2, and 
then J and are 1 . Hence the coefficients of the second pow 
er are 1, 2, 1. 

Again, O-f 1 = 1; 1 -f2=:3;2+l=3; l-f 0=1. 
Hence 1, 3, 3, 1 are the coefficients of the ^x^ power. 

Again, + lz=l; l-|.3 = 4;3 + 3 = 6;3 + l=:4; 
and- 1 + 0—1. Hence 1, 4, 6, 4, 1 are the coefficients of the 
fourth power. • 

Again, 0+f=l ; 1+4=5; 4-J-6 = 10; 6 + 4 = 10; 
4 + 1 = 5; and 1 + = 1, Hence 1, 5, 10, 10, 6, 1 are the 
coefficients of the 5th powiur, &c. ' 
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The eo0fficumt$'oftheJirst Ten Fowen. 

1 
• .11 

1 2 1 
13 3 1 
.1 4 6 4 1 
.1 . 5 10 10 6 1 
1 6 15 20 15 6 1 '. 
.1 7 21 35 35 21 7 1 
1 8 . 28 56 70 56 28 8 1 
1 9 3j5 84 126 126 84 36 9 1 
1 ^ 10 45 120 210 252 210 120 4^ 10 1 

Here- we observe that the first row of figures taken obliquely 
downward is the series of numbers 1, I9 1^ <&c. 

The second row is the series of natural numbers, 1, 2» 3, 4, 
5, &c. whose dififerences are 1. . . ^ 

The third row is the series 1, 3, 6, 10, IS, <&c. whose differ- 
ences are the last series, viz. 1, 2, 3, 4, &c. 

The fourth row is the series 1, 4, 10, 20, 35, £c* whose dif- 
ferences are the last series, viz. 1, 3, 6^ 10, &c. Each succes- 
sive row is a series, whose difierences form the preceding row. 

We may observe farther that the coefllicient of the second 
term of any power is the term of the series 1, 2, 3, 4, &c. de- 
n6ted by the exponent of the power. That of the second pow- 
er, is the second term ; that of the third power, the third term ; 
that of the nth power, the nth term. But this being the series 
of natural numbers, the number which denotes the place of the 
teqnJs equal to the t^rm itself, so that the coefficient of the 
second term will always be equal to the exponent of the 
povi^er. " • 

The coefllcient of Ae ^ird term of any power is the term of 
the series 1, 3, 6, 10, &c. denoted by the exponent of the pow- 
er diminished by 1. That of the ^ird power is the second 
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tenn, that of the fourth power the tliird term, that of the^th 
power the (n — l)th term, &c. 

The coefficient of the fourth term of any power is the term 
of the series 1,4, lOj 20, &c. denoted by the exponent ef the 
power diminished by' 2. That of the fourth power is -the se- 
cond term, that of the fifth power is the third term, A&i of the 
nth power is the (n — 2)th term. And so on as we proceed to 
the right, the place ot the term in the series Is diminished 
byl. . • . : V 

We mAy observe another remarkable fact,ihe reason of which 
will be "manifest on recurring to the formation of these series 
We shall take the 7th power for an ejcample^ though His equal- 
ly true of any other. ■ ' 

The coefficient of the second term, viz. 7, is, the. siim of 7 
terms of the^preceding series 1,1,1, &c. snii was ia fact form- 
ed by adding them. - • 

The coefficient of the third term, 21, is the sum of the first 
six terms of the preceding series, 1, 2, 3, &c. and was actually 
formed by adding thefn, as may be seen by referring to the for- 
mation. . * ^ . 

The coefficient of the fourth term, 35^ is the sum of the first 
five terms of the preceding series, 1, 3, 6,' 10, &c. and wa« 
formed by adding them. ^ 

The same law continues through the whole. If now we can 
discover a simple method of finding the sums of these series 
without actually forming the series themselves^ it will be easy 
to find the coefficients of any power without fonmng the pre- 
ceding powers. This will be our next inquiry. 

XLII. Summation of Series by Differences. 

It is not my purpose at present to enter very minutely into 
the theorjr of series. I shall examine only a few^of the- most 
simple of them, and those principally with a view (jf demon- 
strating the binomial Aeoreni. 

A series by differences is several numbers arranged tog^er, 
the successive terms of which differ from each other by some 
regular law. " ' 
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I call a series of the first order ihat, io which all the terma 
are alike, as 1, 1» h h &c. 3, 3^, 3, 3, &c. a, a, a, a, &c. • In 
these the difierence is zero. 

The awii of all the terms of «acli a series is evidently found 
by multiplying one 'of the terms by the number of terms in the 
series.* Every case of multiplication is an example of iSnding 
the sum of such a series.. 

The sum s of a number n of terms of any series a, a, a^ Sl% 
is eipressed 

_ na 
*"" 1 • 

When a = 1, it becomes « = -. 

A series in which the terms increase or diminish by a con- 
fidant difference, is called a series of the second order. As 1, 3, 
3, 4, 5» &c. 3, 6, 9, 12, &c. or 12, 9, 6, 3, A series of tfils 
kind is formed from a series of the first order. T%e differences 
between the successive terms form the series fi*om which it is 
derived. 

At present I shall examine only the series of natural nqm 
bers 1 , 2, 3, 4, ....... n. 

This series is formed as foHows : 

+ 1 = 1 

1 + 1=2 
1+1+1=3 

1+1+1+1=4 
1 + 1 + 1+1 +l=6,&c.- 

The sum of any number n of terms of the series 1^ 1, 1, l,dfce« 
is equal to the rith term of the series 1, 2, 3, 4, &c. 

Write down two of these series as follows and add the coe- 
respcHiding terms of the two together. 

1, 2, 3, A 8 

5, 4, 3, 2, 1 

■ ■I n il ■■ 1 . 1 ■ m^ffrntm^ 

6, 6| 6| 6, 6 
18* 
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1, 2, 35 ; 4,V; . . *(»— 3), (»— 2), (n— l,Vgfc 
* », (n_l ),(r^--^), (n— 3^ ... 4, 3, %, ^^^ 



(n+l),(n+l),(n+l),(»--f 1) . ..(n+1), (n+1), (n+J),(n^l) 

The 6th term of the series is 6, and it appears that 5 times 
6 will be twice the sum of 5 terms of the series. * 

The (n + l)th term of the series 1, 2, 3, 4, &c. is n + 1. It 
appears that n times (» + 1) will be twice the smn of n terms of 
the series. 

The sum s' of any number n^of terms may be expressed 
thus. 

• 1.2 

It is frequently convenient to use tlie same letter in similar 
situatiops to express different values. In order to distinguish 
it in different places, it may be marked thus, «, sf, ^'^^'^t which 
may be read *, * prime, s second, 5 third, &c. 

How many times does the hammer of a clock strike in 12 
hours i 

In this example n := 12 « -j- 1 = 13. 

, \% X 13 ^ 7g ^^ 78 times. 

1X2 . 

The rule expressed in words is ; To find the sum of any nurn-^ 
ber of terms of the series 1, 2, 3, 4, &c. find the next succeeding 
term in the series, arid multiply it by the number of terms in the 
series, and divide the product by 2. 

The same thing may be proved in another form which is 
more conformable to the method that will be used for the series 
of the higher orders. - 

Suppose it is required to find the sum of the first five tenns 
of the series. 

The sixth term of the series is the sum of 6 terms of the ae- 
ries, 1, 1, 1, &c. thus 

14,14.1+1+14-1=6. 
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Let this series be written down five times, one under the 

otlier, thus. 

n.l, 1, 1, 1, 

h 1, 1, 1, 1, 

' * • 1, 1, 1, 1, 1, 

I, 1, 1, 1, 1, 

1, 1, 1, 1, .1, 

If this series be divided by a line passing diagonally through 
it, so that the part below and at the left of tlie line may con- 
lain one terra of the first series, two of the second, three of the 
third, four of the fourth, and five of the fifth ; the terms so se- ■ 
parated will form the first fiVfe terms of the series 1, 2, 3, d^. 
There will be the same number of terms above and at the right 
of the line J which will form the, same series, if the tenns be 
added vertically instead of horizontally. ^ 

1,\1, 1, 1, 1, 1 

1 l\l, 1, 1, 1 

1,; 1, 1, i\i, 1 ; 
1, I, 1, 1, i,M 

It is easy to see that this series continued to any number of 
terms will be formed twice over in this way, if the number of 
series written under each other is equal to the number of terms 
required and the number of terms in each series exceed the 
number of terms by one. And the reason of it is manifest fi-om 
the manner in which the two series are formed. 

Hence n times the series, consisting of n+ 1 terms of the 
series 1, 1, 1, 1, (fee. will be. twice the sum sfofn terms of the 
series 1, 2, 3, 4, &c. 

That is, 2 ^^ = n (n + 1) and J' = ^^^ + ^K 
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A aeries fdihA third orSePiB oiie»tIie difieiienceof the succes- 
sive terms of which is a series of the second order* I shall 
consider only the series formed from me series 1 , 2, .3 &c. 

t 

Formation. 

+ 1 = 0+1=1 

1+2 = 1 + 2= 3 

1+2 + 3 = 3+3= 6 
1+2+3 + 4 =6+4 = 10 
1+2+3+4 + 5 =10+5=15* 
. ^l+2 + 3 + 4 + 5 + 6=15 + 6=;21,&c. 

The first term of the series 1, % 3, &^.^ forms the first term ; 
the siun of the first two terms forms the seccmd ; the smn of 
the first three forms the third iemi, &c. and the smn of n terms 
will form the nth term of the series 1, 3, 0, 10, &c. 

Let it be required to find the sum of the first five terms of 
the series 1, 3, 6, 10, 15, Si, &c. 

The sixth term of this series is ^ sui^ of the first 6 terms 
of the series 1, 2, 3, <&c. 

1 + 2 + 3 + 4 + 5 + 6 = 1^ = 2 1 = 6 th term. 

Write this series five times one under the other, and draw a 
line diagonally so a^ to leave on the left and below, the first 
term of the fint, the first two of the second, the frst three of 
tiie thnd, &e. and the fint five of the fifth. 

1,\2, 3, 4, S, 6 
1, 2\8, 4, 6, « 
1, 8; i\4, «» 6 
I, 8, 8, iv, 6 
. 1, S, 8, 4, 6\6 
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The figures so cut off form the first five terms of the series 

1, 3, §, 10^ 15, <&c. the sum of which we wish to find. ' It will 
now be shown- that the sum of the terms on the right and 
above the lihe, is equal to twice the sum of those below and 

at the left. 

■* ii - 

By the rule given above foriinding the sum of the series 1, 

2, 3, &C-. 

*• 

Hie sum of 1 term, or 1 



_ 1 X 2 



The sum of 2 t^rms, or 1 + 2 

The sum of 3 terms, or 1+8 + 3" = ^2Lt. 

The sum of 4 terms, or 1+2 + 3+ 4 = liL^ . 

J . • 2 , 

rhesumof5terms,or 1+2 + 3 + 4 + 6 = ^-^. 

Hence 2(1) ' =1X2 

2(1+2) ^ =2X3 

2(1+2 + 3) ' =3X4 

2(l+ft+3 + 4) =4X5 

2(1+2 + 3 + 4+5) =6X6 

That is, the 2 is twice the 1, 

The two threes are twice (1+2), 

The three fours are twice (1+2 + 3), 

The four fives are twice (1 + 2 + 3 + 4), and 

The five sixes are twice (1 +2 + 3 + 4 + 6). 

Since the part below the line forms the series w^ose sum is 
required, and the part above the line is equal to twice that be- 
low, both parts together are equal to tliree times tKe series 1, 
3, 6, 10, 15. Therefore if 2^1, which is the next temi in the 
series, and which is also the sum of the series 1, 2, 3, 4, 5, 6, 
be multiplied by 5, the number of terms to be summed, and 
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divided by ^^ the quotient will be the sum <tf the series re^ 
quired.' 

It is easy to jsee that if the series.l , 2, 3, . . . (n + i) be writ- 
.ten n times and divided by a line like the above, the part be- 
low the line will form n terms of the series ^1, \% 10, &c. 
And the part above the line will be equal to'twice the*part be- 
low, because the sum of n terms of the series !» 2, 3, &e. is 

1 X 2 * 

Therefore to find the sum of n term^ of the series 1, 3, 6, 10, 
multiply the (n -{- l)th term j[)f that series by n a&fl divide by 
3, and the quotient will be the sum reqidred. , . 

^But the (n -|- l)th term of the series is ecpial to the sum of 
(»-|-*l) terms of the series X^ 2, 3, 4, &c. The nth term of 

tU^series b^ng lllLdtl), Ae (» + l)th term wilUbe 

(n + l)(n-f2) • 
1X2 

This being multiplied by n, the number of terms, and divided 
by 3, giyes 

n(n4-l)(n-|>2) 
1X2X3 ' .. 

Hence the sum 9f* of n terms of the series will be expressed 
thus, 

V/^ n(n+l)(n + 2> 
1X2X3 

A series of the fourth order is one, the difference of whose 
terms is a series of the tlurd order. 

I shaU a|i present consider only the one formed from the 
series 1, 3, 6, 10, 15, &c. 
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0+1 r= 0+ 1= 1 

1+3 = 1+ 8= 4 

1+3+6 = 4+ 6=10 

1 + 3 + 6+10 =10+10 = 20 

- l+a+6+10 + 16 =20 + 15=35 

1+3 + 6 + 10 + 15+21 =35+21=56 

The first term 6f the series 1, 3, 6, d^c. is the fint teim of the 
new series ; die sum of the first two terms foims the second ; 
&.C. the sum of n terms will form the nth term of the new 
series. 

It is required to find the sum of five terms 'of this series. 

The sixth term of this series is equal to the sum of the fint 
six terms «f the preceding. 

l+3 + 6 + 10 + 15 + 21=l?i.!ili!= 56. 

Write this series five times, one under the other, and sepa- 
rate it into two parts by a line drawn diagonalljt in the same 
manner as was done with the last series. The terms below the 
line will form the series whose sum is required, and the terms 
above the line will be equal to three times those below. That 
is, the whole will be four times the sum required. 

1,\ 8, 6, 10, 15, 21 

1, 3^S^6, 10, 15, 81 

1, 3, 6^s^0; • 15, 21 

1, 3, 6, lo\l5, 21 

1, 3, 6, 10, 15^ 21 
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By the rule given above for finding the sum of the series 1, 
3,6, 10, &c. 

The sum of one term, or 1 -^ = 1. 

3 

The sum of two terms, or 1 + 3 = -^i- = 4. 

3 . 

The sum of three terms, or 1+3-1*6 = ?2Li? = 10. 

3 

The8umoffourterm8,orl + 3 + 6+10= ^ ^ ^ = 20. 

3 

The Slim of five terms, or 1 +3+6+10+15 = ^^— rri: 35. 

The five 21s are 3 times 1+3 + 6 + 10 + 16. 

The four 15s ate 3 times ,. 1 + 3 + 6 + 10 

and so of the rest. 

It is easy to see that this principle will extend to any number 
of terms. 

Therefore to find the sum of n terms of the series 1, 4, 10, 
20, &c., multiply the (n + l)th term of the series by «, and 
divide the product by 4, and the quotient will be the sum re- 
quired. 

But the (n + l)th term of this series is equal to the sum of 
(n+ 1) terms of the preceding series. 
The nth term of the preceding series being 

n(n + l)(n + 2) 
1X2X3 
the (n + l)th term will be . 

(n+f)(n + 2)(n + 3) ^ 
1X2X3* 
This being multipFied by n and divided by 4, givot 

^A- .^K-f l)(n + 2)(n + 8) 
1X2X3X4 
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XLIII. The principle of summing these series may be 
proved generally as follows : 

L^t 1, a,bjCy d Z be a series of any order, such that 

the sum of n terms may be found by multiplying the (n + l)th 
term by n, and dividing the product by m. If Z is the (n + 1) 
th term, and s the sum of all the terms, we shall have by hy 
pothesis 

* = — , and m s := nL 
m 

That is, n I will be m times the, sum of the series. The next 
higher series will be formed from this as follows: 

I = 1st term. 

1 + a . . . . z= 2d « 

I +a + b • . . = 3d « 

l+a+6+c • . , =4th« 

l+o + 6 + c + rf . . =5th« 

I +a + b + c + d + ....k =nth « 
1 + a + b + c + d + ....k + 1= (n+ l)th. 

The first term 1 of the original series 1, a, ft, &c., forms the 
first term of the new series ; the sum of the first two forms the 
second term ; the sum of the first three forms the third term, 
&c., and the sum o£{n + l) terms forms the (n + l)th term. 

Let the series forming the (n + l)th term, be written n 
times, one under the other, term for term. And let a line be 
drawn diagonally, so that the first term of the first row, the 
first two of the second row, and n terms of the nth row may be 
at the left, and below the line. 
19 
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1, \ o, 6, c d, i, f 

1, a, \ 6, c^ df • kf 1 

1 a, &,\cf 4i . 1^ J 

1, a, 6, c, \A • i, { 

1, a, 6, C i^\- *, / 

1, a, ft, c^ d, A*, / 

1, ay bf c, d, . Icy\l 



The terms below and at the left of the line, fonn n terms of 
the new series. It is now to be shown that the tenns above, 
and at the right of the line, are equal to m times those below, 
and, consequently, that the whole together are equal to m -{- 
'1 times n terms of the new series. 



By the hypothesis 

The sum of one term, or 1 



la 
m 



The sum of two terms, or 1 + a = _-. 

m 

= —. 
m 

M 

nl 
The sum of n terms, Qfl'^a+b+c + d + ..ksi — . 



The sum of three terms, or 1 + a + 6 
The sum of four terms, or 1 + a -^ b + c 



I 
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Multiplying both members of the above eqpnotioiM'by in: 

i». 1 = 1 a 

m (1 + a) =26 

m{i+a + b) = 3 c 

m(l+a + 6 + c) =4rf 

m(l+a + 5 + c + d+...A) =nZ 

Hence it appears, that a is m times 1 ; 2 6 is m times (1 + a) 
&c. ; and n Z is m times (l+a + 6 + c + d+....A;); that 
!s, the part above and at the right of the line, is m times the 
part at the left and below ; consequently the whole, or n times 
the (n + l)th term of the new series, will be (m + 1) times 
the sum of n terms of the same series. 

We have already examined all the series as far as the fourth 
order, and have found the above hypothesis true so fsur. Let 
us suppose the series 1, a, 6, <&c. to be a series of the fourth 
order, in which we have found that the smn of n terms may be 
obtained by multipljdng the (n -|- l)th term by n, and dividing 
the product by 4 ; in uiis case to is equal to 4. The series 
formed from this will be a series of the 5th order, and m -\- 1 
= 4+1 = 5. Therefore by the above demonstration it ap- 
pears that the sum of n terms of a series of the 5th order may 
be obtained by multiplying the (» + 1)A term by n, and 
dividing the product by 5. 

If now the series, 1, a, 6, &c., be considered a series of the 
6th order, to = 5 and to + 1 = ^- Hence the same princH 
pie extends to the 6th order. 

If then we continue to make 1, a, ft, &c., represent one se- 
ries after another in this way, we shall see that the principle 
will extend to any order whatever of this kind of series. 

We have then this general rule ; 

To find the sum of n terms of a series of the order denoted 
by r, derived from the series 1,1,1, &c., multiply the (n + l)th 
term of the series by n and divide the product by r. 

Also, the nth term of the series of the order r, is equal to Htm 
sum of n terms of the series of the order r — 1. 



•230 Algebra XUOl. 

When the aeries is of the first order, the sum of n tenns is 

«dor!5 
1 1 

The sum of (n + 1) terms of this series is ' . This is 

the (n + l)th term of the series of the second order. This 
multiplied by n arid divided by 2 gives the sum of n terms of 
the series of the second order : 

n (n + 1) 
1X2 

The sum of (n -f- 1) terms of the same series is 

(n+l)(n + 2 ) 
1 X 2 

This is the (» + l)th term of the series of the third order. 
This multiplied by n and divided by 3 gives the sum of n terms 
hi this series : 

7i(n + l)(n + 2) 
1X2X3 

The sum of (n + 1) terms of the last series is 

(n + l)(n + 2)(n+3) 
1X2X3 

This is the (n -j- l)th term of the series of the fourth order. 
This multipliea by n and divided by 4 gives the sum of n terma. 
of the series of the fourth order : 

n(n+l) (n + 2) (n + 3) 
1X2X3X4* 

Hence for the series of the order r we have this fonnula : 

n (n + 1) (n + 2) (n + 3) (n + r — 1) 

1 X 2 X 3 X 4 X r 

We have examined only the series formed fi-om the series 1 
1, 1, 1, &c., which are sufficient for our present purpose. The 
principle may be generalized so as to find the sum of any series 
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of the kind, whatever be the original series, and whatever be 
the first terms of those formed from it. 

XLIV. Binomial Theorem* 

Before reading this article, it is recommended to the learner 
to review article XLI. 

Let it now be required to find the 7th power of a -|- a?. The 
letters without the coefficients stand thus ; 

a'^ a* J7, a* j?*, a* a:*, a' a?*, a* a?*, a a^j a?'. 

The coefficient of the first term we observed Art. XLI, is 
always 1. That of the second term is 7, the exponent of the 
powcF, or the 7th term of the series 1, 2, 3, &c. 

The coefficient of the third term is the sixth term of the 
series of the third order 1, 3, 6, 10, &c. which is the sum of six 
terms of the series 1, 2, 3, &c. This sum is found by multi- 
plying the 7th term of the series by 6 and dividing the product 
by 2. But the 7th term is 7, the coefficient last found. 

i2L2 = 2i. 

2 

The coefficient is 21. 

The coefficient of the fourth term is the 5th term of the 
series 1, 4, 10, <fcc., or it is the sum of five terms of the preced- 
ing series. The sum of five terms of the series 1, 3, 6, &c., is 
round by multiplying the 6th term by 5 and dividing the pro- 
duct by 3. The 6th term is the coefficient last found, viz. 21. 

3 

The coefficient is 36. 

The coefficient of the fifth term is the fourth term of the 
series of the fifth order 1, 5, 15, &c., or it is the sum of 4 terms 
of the preceding series. TTie sum of 4 terms of the series I, 
4, 10, &c. is found by multiplying the fifth term (^ the series 
by 4 and dividing the product by 4. The fifth term is the co« 
efficient last found, viz. 35. 
19* 
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4 

The coefficient is 35. 

The coefficient of the 6th term is the 3d term of the series 
of the sixth order, which is the sum of 3 terms of the series of 
the 5th order. The sum of 3 terms of this series is found by 
multiplying the 4th term by 3 and dividing the product by 6. 
The 4th term is the coefficient last found, viz. 35 

6 

The coefficient is 21 . 

The coefficient of the 7th term is the 2d term of the series 
of the 7th order, which is the sum of two terms of the series of 
the 6th order. The 3d term of this series is the coefficient last 
found, viz. 21. 

2X21 _>y 
"■ 6 

The coefficient is 7. 

The coefficient of the last term is 1, though it may be found 
by the rule 

121.^ = 1. 

7 

Hence the 7th power of a + a? is 

a''-|-7a'ir+21aV .|-35a*a?' + 35a'ai*+21a*a?* + 7aa?«+a?' 

Examining the formation of the above coefficients, we ob- 
serve, that each coefficient was found by multiplying the coef- 
ficient of the preceding term by the exponent of the leading 
quantity a in that term, and dividing the product by the num- 
ber which marks the place of that term. Thus the coefficient 
of the third term was found by multiplying 7, the coefficient of 
the second tenn, by 6, the exponent of a in the second term, 
and dividing the product by 2, the number which marks the 
place of the second term. This will be true for all cases, b^ 
cause that exponent must necessarily show the number of tenns 
of which the sum is to be found; the coefficient will always be 
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the term to be multiplied, because the number of terms al- 
ways diminishes by 1 for the successive coefficients, and the 
place of the term always marks the order of the series of which 
the sum is to be found. 

Hence is obtained the following general rule. 

Knomn^ the coefficient of any term in the pofwer^ the coefficient of 
the succeeding term is found by mtdtiplying the coefficient of the 
known term by the exponent of the leading quantity in that term^ 
and dividing the product by me number wnicn marks the place of 
that term from the first. 

The coefficient of the first term, being always 1, is always 
known. Therefore, beginning with this, all the others may be 
found by the rule. 

It may be farther observed, that the coefficients of the last 
half of the terms, are the same as those of the first half in an 
inverted order. This is evident by looking at the coefficients, 
page 207, and observing that the series are the same, whether 
taken obliquely to the left or to the right. 

It is also evident from this, that a -\- x 19 the same sax + Oy 
and that, taken fi-om right to left, x is the leading quantity in 
the same manner as a is the leading quantity from left to 
right. 

Hence it is sufficient to find coefficients of one half of the 
terms when the number of terms is even, and of one more than 
half when the number is odd. The same coefficients may then 
be written before the corresponding terms counted fi'om the 
ngbt. 

In the above example of the 7th power, the coefficients of 
the first four terms being found, we may begin on the right, 
and put 7 before the second, 21 before the diird, 35 before 
the fourth, and then the power is complete. 

Examples. 

I , What is the 7th power of a + a? ? 

Ans. o^ +7a*a? + 21a*a?» + 35o*a?'+35a'a;* + 21 a* a?* 

+ laaf'+x\ 



S34 AlgAra. XUV. 

3. What is the l€th power of a + d?? 
Ans. a" + 10 a\x + 45 a« a^ + 120 a^ ai^ + 210 of »*+-.. . 
262a'a?» 4-210n*a:« + 120 a»a:' + 46 a*a!^ + lOacc* + «!»". 

3. What is the 9th power of a + 5 f 

4. What is the 13th power of m + ^ ? 
6. What is the 2d power of 2 ac + d ? 
Make2ac=:i, 

The 2d power of 6 + rf is 6* + 2 6d + d*. 

Putting 2 ac the value of 6 into this, instead of &, observing 
that 6* = 4 a* c*, and it becomes 

4a*e* + 4acci + (P. 

6. What is the 3d power of 3 c*+ 2 6 d ? 
Make o = 3 c* and a? = 2 6 d. 

The 3d power of a+a? is a' + 3 a* i? -|- 3 a a?* -|-a?*. 
Put into this the values of a and x and it bec(»nes 
27c« + 54 c* 6 d + 36 c«6"rf* + 8*' d^, 
which is the 3d power of 3 c* + ^ ' ^' 

7. What is the 3d power of a — 6 ? 

Make a? = — 5, then having found the 3d power of a + ^ 
put — 6 in the place of a? and it becomes 

which is the 3d power of o — 6. 

In fact it is evident that the powers of a — 6 will be the 
same as the powers of a 4- &, with the exception of the signs. 
It is also evident that every term which contains an odd power 
of the term affected with the sign — must have the sign — , 
and every term which contains an even power of the same 
quantity must have the sign -{-. 

8. What is the 7th power of m — n ? 

9. What is the 4th power of 2 a — 6c*? 

10. What is the 5th power of a" c — 2 cV^ 
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!!• What is the 3d power of a-|-i-|-c? 
Make w = 6 -f- c. Then a-f-fi = a + & + ^* 
The 3d power of a 4- m is a* -f- 3 a" m + 3 a w* + m'. 
But m = 6 + c, m* = 6" + 26 c + c*, and 
m' =6' + 36"c + 3 Jc* + c». 

Substituting these values of m, the third power of a + b-^e 
will be 

a»4-3a*6+3a"c4-3a6'+6a6c+3ac*+6'+36*c + 36c'+c". 

12. What is the 3d power ofa — b + c? 

Make a — J = m, raise m -j- c to the 3d power, and then sub 
stitute the value of »c. 

•4;wr. a' — 3a*J + 3a*c + 3a6«— 6a6c+3ac* — y 

+ 36*c — 36c» + c'; 

which is the same as the last, except that the terms which con- 
tain the odd powers of 6 have the sign — . 

Hence it is evident that the powers of any compound quaiv 
tity whatever, may be found by the binomial theorem, if the 
quantity be first changed to a binomial with two simple terms, 
one letter being made equal to several, that binomial raised to 
the power required, and then the proper letters restored in their 
places. 

13. What is the 2d power of a + 6 + c — rf? 

Ans.a* + 2ab + b* + 2ac + 2bc — 2ad — 2bd+^ 

— Qcd + d". 
14- What is the 3d power of 2 a — b + (^9^ 
16. What is the 7th power of 3 V — • 2 a» d? 

16. What is the 4th power of7 6* + 2c — (?? 

17. What is the 13th power of a' — 2 6*9 
18 What is the 5th power of a* — e — 2 d9 

19. What is the 3d power o{a — 2d + (?d9 

20. What is the 3d power of a — 6 — 2c* — iPf 
^1. What is the 5th power of 7 a* 6» — 10 a* c*? 
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XLV. The rule for finding the coefRcients of the powers of 
binomials may be derived and expressed more generally as 
follows : 

It is required to find the coefficients of the nth power of 

It has already been observed, Art. XLL, that the coeflicient 
of the second term of the nth power is the nth term of the se- 
ries of the second order, 1, 2, 3, &c., or, the sum of n terms 
of the series 1, 1, 1, (fee. ; that the coefficient of flie third 
term is the sum of (n — 1) terms of the series* of the second 
order ; that the coefficient of the fourth term is the sum of 
(n — 2) terms of the series of the third order, &c. So' that 
the coefficient of each term is the sum of a number of terms 
of the series of the order less by one, than is expressed by the 
place of the term ; and the number of terms to be used is less 
by one for each succeeding series. 

By Art. XLII. the sum of n terms of the series 1, 1,1, is 
1* The sum of (n — 1) terms of the series of the second 
order is 

n{n-l) 
1X2 

The sum of (n — 2) terms of tlie series of the third <»rder is 

n (» — 1 ) (n — 2 ) 
1 X 2 X 3 * 

' Hence (a + cc)» ==a» + ^a«-'a? + !L(!LZll)a^a^ 
^ ' ^1 1X2 

n(n-l)(n-2) ^ ^» ^s ^ &^, 
1X2X3 ^ 

It may be observed that n is the exponent of a in the first 

term, and that n or its equal ~ forms the coefficient of .the se- 
cond term. 1 
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n n. 1 

The coefficient of the third tenu is . multiplied by ^— -i or 

multiplied by (n — I) and divided by 2. But (n — 1) is the 
exponent of a in the 3d tenn, and 2 marks the place of the 
second term from the left.^ Therefore die coefficient of the 
third term is found by multiplymg the coefficient of the second 
term by the exponent of a in that term, and dividing the pro- 
duct by the number which marks the place of that term mxm 
the left. 

By emraining the other terms, the following general rule 
will be found true. 

MuUiphi the coefficient of any term by the eacponent of the had' 
mg auantvtyin that termj and divide the product by the number thai 
marks the place of that term from the teft^ and you wiU obtain the 
coefficient of the next succeeding term* Then diminish the eaponent 
of the leading quantity by 1 and increase that of the other by 1 and 
me term is complete. 

By this rule only the requisite number of terms can be ob- 
tained. For a?», which is properly the last term of (a + «)•, 
is the same as a^ a?*. If we attempt by the rule to obtain ano- 
ther term from this, it becomes X «""" a? "+>• which is equal to 
zero. 

It has been remarked above, that the coefficients of the last 
half of the terms of any power, are the same as those of the 
first reversed. This may be seen from the general expresrion : 

If n = 7, then 2 =r 1; ?J=i =5; lZl^= £| 

I l' 2 2' 3 3' 

n — 3 _ 4 _ ^ , n — 4 _3, n — 5 _2^ 
4 4 ' 5 5' 6 6' 

II — 6 __.£ -1* 

7 7* 

This furnishes the following fractions, vix. 

^ h h I, h I. f , *• 
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The fiost of these is the coefficient of the second term ; the 
coefficient of the second multiplied by \ fonns the coefficient 
of the third term, &c. 

\ X 1 = 21.. 21 X f = 36. 

Now 35 multiplied by J = 1 will not be altered ; hence two 
successive coefficients will be alike. 21 multiplied by f pro- 
duced 35 ; so 35 multiplied by | must reproduce 21. In this 
way all the terms will be reproduced ; for the last half of the 
fractions are the first half inverted. 

This demonstration might be made more general, but it is 
not necessary. 



XL VI. Progression by Difference, or Arithmetical Progression, 

A series of numbers increasing or decreasing by a constant 
difference, is called a progression by difference^ ana scnnetimes 
an arithmetical progression. 

The first of the two following series is an example of an in- 
creasing, and the second of a decreasing, progression by dif- 
ference. 



5, 8, 11, 14, 17, 20, 23, 
60, 46, 40, 36, 30, 25, 20. 



It is easy to find any terip in the series without calculating 
the intermediate terms, if we know the first term, the common 
difference, and the number of that term in the series reckcHied 
from the first. 

Let a be the first term, r the common difference, and n the 
number of terms. The series is 

a,o + r, a-|-2r,a + 3r a-\- (» — 2)r,a-|- (n — l)r. 

The points are used to show that some terms are left 

out of the expression, as it i» impossible to express the whole 
until a particular value is given to w. 

Let I be the term required, then 

lz=a + {n — i)r. 
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Hence, any term may be found by adding the product of the 
common difierence by the number of terms less one, to the first 
term. 

Example. 

What is the 10th term of the series 3, 5, 7, 9, dL.c. 
In this a = 3, r =2, and n— 1 = 9. 

Z = 3 + 9X2 = 21. 
Cn a decreasing series, r is negative. 

Example. 

What is the 13th term of the series 48, 45, 42, &c. f 
a = 48,r = — 3, and n — 1 =12. 
|=r 48 + (12 X —3) = 48 — seals 12. 

Let a, by c, be any three successive termsi in A progression by 
difference. 

By the definition, 

b — a-=.c — b 

2b=a + c 

That is, if three successive terms in a progression by differ- 
ence be taken, the sum of the extremes is equal to twice the 
mean. 

Let the three terms be 3, 5, and 7. 

2X5=rT + 3=10, 

Example 2d. Let 7 ^ 17 be the fini and kst term, what 
is the mean ? 

20 
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2 

Let a^bye d^h^ four succeaBive terms of a pragression by 
difference. 

6 — a = d — c ♦ 

6 + c = a + d. 

That is, the sum of the two extremes is equal' to the sum of 
the two means. 

Example, 

Let 5, 9, 13, 17, be four successive terms. . 

9 + 13 = 17 + 6 = 22. 

Let a,&9C, d^e A,t,A;, 7, be any number of tenns in a 

progression by differences ; by the definition we have 

h — d = c-^h = d — c = e— 7d=:t — A=:Jfc — is=Z — i. 

h — az=zl — k 

c — b :^k — t 

d — c = i — A, &c. 

which by transposition give 

a + Z = 5 + At, 

b'\-k=ic + u 

c + i = d + A, &c. 

That is, if the firsit and last be added together, the second 
and the last but one, the third and the last but two, the sums 
will all be equal. 



Let 3, 5, 7, 9, 11, IS, be such a 
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8, 


8, 


7, 


9. 


11, 


13, 


13, 


11, 


9, 


7, 


8, 


8, 



16, 16, 16, 16, 16, 16. 

It will now be easy to find the sum of all the terinih in any 
progression by difference, and that even when but part of the 
terms are felMDi- 

Let 5 re^JKnt the Inmi of the series, then we iiave 

Sz=a+6 + c + d+ A + f-f-i + Z. 

Also S = Z + ft + ».+ A+ d+c + b^a. 

Adding these term to term as they stand, 

fiut it has just been shown that 

That is, all the tenns are now equal, and one of them be- 
ing multiplied by the whole number of terms will give the 
whole sum : thus 



2S = »(a + i) 



Hence, the tnan of a series of numbers in progression by differ- 
ence is one Judf of the product of thenumier of terms by the sum of 
the first and last terms. 

Example. 

How many strokes does the hammer of a clock sttike in 12 
hours? ' • 

a = 1, Z =: 12, and n = 12. « 

S = 1ML±-HI = 78. ^n*. 78 strokes 

In the formula Z = a + (n — 1) r ; substitute d instead of 
r to represent the difference ; thus 

Z = a + (n — l)d 
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This foimula and the f ollowiiig 

S = «Jl±il 
2 ' 

contain^fiX^ diiTerent. things, viz. a, I, n, //, and S; any three 
of which tfeing given, ihe other two may be found, by combin* 
ing the two equations. I shall leave, the learner to trace these 
himself as occasion may require. ,j^j& 

'^* ' 
EooampUs in Progression by Difference. 

1. How many strokes do the clocks of Venice, which go on 
to 24 o'clock, strike in a day f 

2. Suppose 100 stones to be placed in a straight line 3 yards 
asunder ; how far would a person travel who should set a bas- 
ket 3 yards from the first, and then go and pick them up one 
by one, and put them intathe basket ? 

3. After A, who travelled at the rate of 4 miles an hour»had 
been set out 2| hours, B set out to overtake him, and in 
order thereto went four miles and a half the first hour, four and 
three fourdis the second, &ve the third, and so on, increasing 
his rate one~itnRth T)f a mile eaclr hour. In how many uJars 
will he overtake A ? 

The fibove example is solved by using both the above for- 
mulas. The known quantities are the first term, the difference, 
and the sum >of all the terms. The unknown are the last term, 
and the number of terms. It involves an equation of the se- 
.7ond degree. It is most convenient to use d?, y, <&c. for the 
unknown quantities. 

4. A u(l B set out from I^ondon to go round the world, 
(24990 miles,) one going East and the other West. A ^oes 
one mile the first day, two the second, three the third, and so 
on, increasing his rate one mile per day. B goes 20 miles a 
day. In how many days will they meet, and bow many miles 
will each travel ? 

§. A traveller P^ts put for a certain place, and travels 1 mile 
the first day, 2 the second, aiid so on. In 5 days aft^rwiuds 
another sets out, and travels 12 miles a day. Blow long and 
how far must he travel to overtake the first r 
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6. A and B 165 miles distant from each other set out with a 
design to meet; A travels 1 mile the first day, 2 the second, 
3 the third, and so on. B travels 20 miles the first day; 18 the 
second, 16 the third, and so on. How soon will they meet ? 

Aifi9^ They wilt be together oh the 10th day, and continuing 
that rate of travelling, mey may be together again on the 3M 
day« Le| the learner explain how this can take place. ""* 

7. A person makes a mixture of 51 gallons, consisting of 
brandy, rum, and water ; the quantities of which are in arith- 
metical progression. TTie number of gallons of brandy and 
rum together, is to the number of gallons of rum and water 
together as 8 to 9. Required the quantities of each. 

Let 0? = the number of gallons of rum . 

and y = the common difference. 

Then x — y, ^, and x -{- y will express the three quantities. 

8. A number consisting of three disits which are in arith- 
metical progression, being divided by the sum of its digits^, gives 
a quotient 48 ; and if 198 be subtracted firom the number, the 
digits will tee inverted. Required the number. 

9. A person employed 3 workmen, whose daily wages were 
m arithnietical progression. The number of days they worked 
was equal to the number of shillings that the second received 
per day. The whole amount of their wages was 7 guineas, and 
the best workman received 28 shillings more thwi the worst. 
What were their daily wages ? 

•Progression by difference is only a pfurticular case of the 
series by difference, explained Arts. XLII. and XLUI. All the 
principles and rules of^ it may be derived firom the formulas 
obtained there. It would be a good exercise for the learner 
to deduce these rules firom those formulas. 
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• Progression by quotient is a series of numbers such, that if 
any tenn be divided by the one which precedes it, the quotient 
is the same in whatever part the two terms be taken. If the 
20* 
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aeries is Micreasi^g, the quotient will be gieater than umty, if 
decreasing} the quotient wiU be less than unity. 

The follawii^ series are examples of this hind of progres- 
sion. 

3, 6, 12, 24, 48 . . • . iSx. 
^ • 73, 24, 8, f , I, ^V- 

In the iBrst the quotient (or raiioy as it is general! j oalkd,) is 
2, in the 'second it is ^. 

Let a, 6, c, J, ... . ife, /, be a series of this kind, and let^ re- 
present the quotient 



Then we have by the definition, 




h c d e 


I 


fVom these equations we derive 




d-=B mq, e^ibq^ d:=cqj e=zdq , 


• . • • 



Izzzkq. 

Putting successively the value of & into that of c, and that of 
e into that of i2, dx., they become 

kz^saq, e^rza^j d:=a^y c=:aq\....l^=aq »~', 

desigmiting by n, the rank of the term 2, or the number of terms 
in the proposed progression. 

Any term whatevoi; in the series may be found without find- 
ing the intfrmediale terms, Iqr the fonmla 

l = aq^. 

Exangfk. 
What hr the 7th teim of Ae aeriei 3» 0, IS, Acf 



^eiea = 3,jf=:2,aDdii — I s6. 

laSX 2*35 192. 4w. I0S. 
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We may abo find the man of any number of torma of the 

progvession 

If we add the equatioiifl 

b^nza^y c^=ihqy d^sieqj e=::dq Izszkq, 

we. obtain 
b + c + d+e+....l=(a + b + c + d + e + ....K)q 

Observe that the first member is the sum of all the tenns of 
the progression except the first, a, and the part of the secona 
member enclosed in the parenthesis, is the sum of all the terms 
except the last, I; and this, multiplied by ;, is equal to the 
fart member. 

Now putting 5 fof the sum of all the teima, we haTe 

b + C'\-d-^e + Z = S — a 

Hence we conclude that 

S-a=.(S-l)q, 
which gires 

g — 1 

What is the sum of seven terms of the series 
5, ] 5, 45, &c. 
i3R&X3'sa646 
g^8X 3645-5 ^g^ 

Tte two^equationa 

l = aa«-,aiidS=i2ii:f, 
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contain all the relations of the five quantities a, /, ^, n, and S; 
any three of which being given, the other two may be found. 
It would however be difficult to find n, without die aid of lo- 
garithms, which will be explained hereafter. Indeed loga- 
rithms will greatly facilitate the calculations in most cases of 
geometrical progression* Therefore we shall give but few ex- 
amples, until we have explained them. 

If we substitute a 9""' in place of/, in the expression of S, it 
becomes 

5-1 

When q is greater than unity, the quantity 9" will become 
greater as n is made greater, and 5 may be made to exceed 
any quantity we please, bv giving n a suitable value ; that is, 
by taking a sufficient number of terms. But if 9 is a fraction 
less than unity, the greater the quantity n, tKe smaller will be 

the quantity ^. Suppose 9 = — , m being a number greater 

m 

than unity, then 

,. = !.. 

Substituting — in place of;* in the expression of tiy and it 
becomes 



a\ 

S = 



a-) 



i— 1 



Changing the signs of the numerator and denominator, and 
multiplying both by m, 

am{l—l\ am — lHL am— Jl- 

"■ m — 1 m — I m — 1 • 

It is evident that the larger n is <»- the mcHre terms we take . 
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in the progression, the smaller will be the quonli^ JL^ and 

consequently^ the nearer the value of S will approach ^"*^ , 

tn — .1 

from which it differs only by the quantity 

a 

(m— l)irt^' 

But it can neyer, strictly fiqpeaUng, be equal to it, for the 

quantity 5L r- will always have some value, howevei 

(m — — 1 ) »i*^* 
large n may be ; yet no quantity can be assumed, but this ex- 
pression may be rendered smaller than it. 

The quantity ^"* is therefore. the limit which the sum 
tn — 1 

of a decreasing progression can never surpass, but to which 

the value contmually approximates, as we take more tenwi in 

the senes. 

In the progression 

1, h i, h iVi *c- 

a=: 1 I. = i. 
tn 

Hence S = JL2<2___1 



2—1 (2 — 1)X2^' • 1 X 2«-* 

In this example the more terms we take, die nearer the sum 
of the series will approach to 2, but it can never be stActly 
equal to it. Now if we consider the number of tenns infinite) 

the quantity ~ will be so small that it may be omitted 

1 X 2** 

without any sensible error, and the sum of the series may be 

said to be equal to 2. 
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1 =2 — 1 

1+i =2— i 

1+J + i =2-^4 

l+i + i + * =2 — * 

What is the sum of the series 1, i, ^, Vti ^* continued to 
an infinite number of tenns .^ 

3—1 2. 

2. What is the sum of the series, 5, f, |, ^y, &c« continued 
to an infinite number of teims ? 

3. What is the sum of the following serieK contmued to in- 
fiflity ? 

36, 7, }, /y, &c. 

4. What is the sum of the following series continued to in- 
finity? 

208,26, 3J, ii, &c. 

5. What is the sum of the following series continued to in- 
finity ? 

38, 4f, if,W5r>&c- 

6. What is the^ 10th term of the series 

6, 15,46, &c:? 

7. What is the sum of 8 terms of the series 

35, 176, 875, &c. ? 

When three numbers are in geometrical progtession, the 
middle term is called a mean proportional between the other 
two. 
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Let three numben, a, &, c, be in gecxnetnctf progressicKi, lo 
that 

a^_ b 
b "T* 

We have V =:ax 

and bss(ac)^. 

8 Find a mean proportional between 4 and 9* 

JL = — 
X 9 

a!* = 36 

^ = 6. wfnj. 6« 

9. Find a mean proportional between 7 and 10. 
10 Find a mean proportional between 2 and S 

XLVUL LogarUhms. 

We have seen, Art XXXVI, with what fiicility multiplica- 
tion, division, the raising of powers, and the extraction otroots 
may be performed on literal quantities consisting of the same 
letter, by Operating on the exponents. We propose now to 
apply the same principle, though in a way a little different, to 
numbers. 

Multiplication, we observed, is performed by adding the ex- 
ponents, and division by subtracting the exponent of the divisor 
from that of the dividend. 

ThuB(fX(fisa^ = (f. And ijiso^so*. 
In the same manner 2* X 2* =2^-* = 2% 

and £ = 2'^=2». 

2* 

Let us make a table consisting of two columns, the first con- 
taining the different powers of 2, and the second the exponents 
of those powers. 



^ 



940 



Mgtinh 



XLvm, 



Observe firat that a* = 1, ao ako ^ =: 1, 2^ s 3^ 3* =: 4, 
Sf=r8, 2*=:16, 2»=32, 2* = 64, 2' = 128, <Smj. 



TABLE. 

Ezpon. 
14 
15 
16 
17 
18 
19 
20 

Suppose now it is required to multiply 256 by 64. We find 
by the table that 256 is the 8th power of 2, that is 2', and that 
64 is 2*. Now 2* x 2' = 2*+" = 2**. Returning to the table 
again and looking for 14 in the colomn of expooeBtii Against 
it we find 16384 for the 14th power of 2. Therefore the pro- 
duct of 256 by 64 is 16884. 



sOWOfS* 




Powen. 


E^pon. 


Fow6r0« 


1 





128 


16,384 


s 


1 


266 


8 


32,768 


4 


3 


512 


9 


65,536 


8 


3 


1024 


10 


131,072 


16 


4 


304€r 


11 


282,144 


S2 


5 


4096 


12 


624,288 


64 


6 


8192 


13 


1,048,676 



This we may easily prove. 



256 
«4 



1024 
1536 



16384 
Multiply 256 by 128. 

Findiag these nombefs in the taMe in the column of powers» 
and looking in the other column for the exponents, we find 
that 256 is the 8th power of 2, and 128 the 7th power. Add- 
ing the exponents 8 md 7, we have 15 for the exponent of 
the product. Now looking for 15 in the column of exponents, 
we find i^inst it in the cmtenn of pbwers^ 32769 lor the 15th 
power of 2, which is the product of 256 by 128. Let the 
learner prove this by multq^ying 256 by 128. 

Divide 8192 by 32. 

T^»ofcHig for these nMttbeis in the cotnmn of powers, and for 
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the corresponding exponent^ we find 8192 is the 13th power 
of 2, and 32 is the 5th power. 

913 

±, =2'»~»=2». 

2» 

Looking for 8 in the column of exponents, and for its corre- 
sponding number, we find 256 for the 8th power of 2, or the 
quotient of 8192 by 32, 

Divide 32768 by 512. 

The exponents corresponding to these numbers in the table 
are 15 and 9. 15 — 9=6. In the column of exponents, 6 
corresponds to 64, which'is the true quotient of 32768 by 512. 

What is the 3d power of 32 ? 

The exponent corresponding to 32 is 5. Now to fuid the 
3d power of a* we should multiply the exponent by 3, thus 
flSX3 --, a'\ So the third power, of 2* is 2«X3 = 2". Against 
15 in the column of exponents we iSnd 32768 for the 15th 
power of 2. Therefore the 3d power of 32 is 32768. 

What is the 2d power of. 128 ? 

The exponent corresponding to this number is 7. 7X2 = 
14. The number corresponding to the exponent 14 is 16384, 
which is the second power of 128. 

What is the 3d root of .4096 } 

The exponent corresponding to this number is 12. 

The 3d root of 2" is 2 f = 2\ 

The number corresponding to the exponent 4 is 16, which 
is the 3d root of 4096. 

What is the fourth root of 65,536 ? 

The exponent corresponding to this number is 16, which 
divided by 4 gives for the exponent of the root 4, the number 
corresponding to which i» 16. The answer is 16. 

21 
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* Examples. 

1. Multiply-512 by 266. 

2. Multiply 8192 by 128. 

3. Multiply 2048 by 266. 

4. Divide 262,144 by 128. 

5. Divide 1,048,576 by 612. 

6. Divide 524,288 by 131,072. 

7. What is the 2d power of 1024 ? 

8. What is the 3d power of. 64 ? 

9. What is the 6th power of 16 ? 

10. What is the 2nd root of 262,144 ? 

11. What is the 3d root of 262,144 f 

12. What is the 4th root of 1,048,576 f 

13. What is the 5th root of 1,048,676 ? 

14. What is the 6th root of 262,144 ? 

The operations of multiplication, division, and the extrac- 
tion of rootsarevery easy by means of this table. This table 
however contains but very few numbers. But an exponent of 
2 may be found for all numbers from 1 as high as we please. 
For 2* = 2, and 2* = 4. Hence the exponent of 2 answering 
to the number 3 will be between 1 and 2 ; that is, 1 and a 
fraction. So the exponents answering to 5, 6, and 7, will be 2 
and a fraction, &c. 

XLIX. A table may also be made of the powers of 3, or of 
4, or any other number except 1, which shall have the same 
properties. Exponents might be ibmid answering to every 
number from 1 upwards. 

3° = 1, 3* = 3, 3* ^ 9, 3* = 27, &c. 

The column of powers will always consist of the numbers 1, 
2, 3, &c. but the column of exponents will be different accord* 
ing as the numbers are considered powers of a different num- 
ber. 
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The formula a*=:y will apply to every table of this kind. 

If any number except 1 be put in the place of a, and y be 
made successively 1, 2, 3, 4, a suitable value may be found for 
Xy which shall answer the conditions. * 

If a be made 1, y will always be 1, whatever value be given 
to x; for all powers, as well as all roots of 1, are 1. 

But if any number greater than 1 be put in the place of a,y 
may equal any number whatever, by giving x a suitable value 

Giving a value to a then, we begin and make y successively 
J, 2, 3, 4, (fee. and thejse numbers will form the first column or 
columns of powers in the table. Then we find the values of 
Cr corresponding to these values of y, and write them in the se- 
cond column against the values of y, and these form the column 
of exponents. These exponents are called logarithms. * The 
first column is usually called the column of numbers, and the 
second, the. column of logarithms. The number put in the 
place of a, is called the base of the table. Whatever number 
is made base at first, must be continued through the table. 

Observe that a® = 1 ; therefore whatever base be used; the 
logarithm of 1 is zero. And 1 will be the logarithm of the base, 
for a* = a. 

The most convenient ilumber for the base, and the one ge- 
nerally used in the ta1i)les, is 10. 

10' = 1, 10» = 10, 10' = 100, 10' = 1000, 10* = 10000, 
10* = 100000, 10* = 1000000, &c. 

Now to find the logarithm of 2, 3^ 4, &c. 

Make 10* = 2, 10* z= 3, 10* = 4, &c. 

For all numbers between 1 and 10, a? must be a flection, be- 
cause 10*^ = 1 and 10* = 10. 

Make x z=, — , 4hen it becomes 

z 

ig^=2, 

As the process for finding the value of 2: in this equation is 
long and rather too difiiicult for young learners, we will suppose 
it already found. 
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— = .30103 very nearly. 

Hence lO^^*''^*" = 2*very nearly. 

To understand this, we must suppose 10 raised to the 30103d 
power, and th^n the 100000th root of it taken, and this will 
differ very little from 2. The number .30103 is the logarithm 
of 2. The fractional part of logarithms is always expressed in 
decimals. 

Having the logarithm of 2, we may find the logarithm of 4 
by doubhng it, for 2* = 4. That of 8 = 2» is found by tri- 
pling it, and so on. 

The logarithm of 4 is .30103 X 2 = .60206. 

The logarithm of 8 is .30103 X 3 = .90309. 

TheJogarithm of 16 is .30103 X 4 = 1.20412, &te. 

Again lO^Vir^VVTrff -- 3 y^^y nearly. 
Hence the logarithm of 3 is .477 1213. 

Since 2 X 3 = 6, the logarithm of 6 is found by adding the 
logarithm of 2 and 3 together. 

.30103 + .4771213 = .7781613 = logarithm of 6. 

Since 3* = 9, the logarithm of 9 is found by multiplying that 
of 3 by 2. With the logarithms of 2 and 3 the logarithms of all 
the powers of each, and of all the multiples of the two may be 
found. 

The logarithm of 6 may be found by subtracting that of ^ 
from that of 10, since 5 = \\ The logarithm of 10 is 1. 

1 _ .30103 = .69897 = log. of 5. 
Now all the logarithms of all the multiple^ of 2, 3, 5, and 10 
may be found. Hence it appears that it is necessary to find 
the logarithms of the prime numbers, or such as have "no divi- 
sor except unity, by trial ; and then the logarithms of all the 
compound numbers may be founcf from them. 

The decimal parts of the logarithms of 20, 30, &c. are the 
same as those of 2, 3, 4, &c. For, since the logarithm of 10 is 
1 ; that of 100, 2 ; that of 1000, 3, &c., it is evident that add- 
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ing these logarithms to the logarithms of any other numbers, 
will not alter the decimal part Hence 1 added to the loga- 
rithm of 2 forms that of 20, and 2 added to the logarithm of 2 
forms that of 200, &c. 

Log. 2 = .30103, log. 20 = 1.30103, log. 200 = 2.30103 
log. 2000 = 3.30103. 

The logarithm of 25 is 1.39794 ; that of 260 = 26 X 10 is 
1 + 1.39794 = 2.39794 ; that of 2500 = 26 X 100 is 2 + 
1.39794=3.39794. 

The logarithms of all numbers below 10 are fractions, those 
of all the numbers between 10 and 100 are 1 and a fraction ; 
those of all numbers between 100 and 1000 are 2 and a frac- 
tion ; those of all numbers between 1000 and 10000 are 3 and a 
fraction. That is, the whole number which precedes the fraction 
in the logarithm is always equal to the number of figures in the 
number less one. This whole number is called the indeos or 
characteristic of the logarithm. Thus in the logarithm 2.3576423, 
the figure 2 is the characteristic showing that it is the loga- 
rithm of a number consisting of three figures or between 100 
and 1000. 

A^ the characteristic may always be known by the number, 
and the number of figures in a number may be known by the 
characteristic, it is usual to omit thie characteristic in the table, 
to save the room. It is useful to omit it too, beca,use the same 
fractional part, witli different characteristics, forms the loga- 
rithms of several different numbers. 

The logarithm of 37 is 1.568202. 

cut ^(\hf>WfM 

To"" ' ""lo 

The logarithm of 3.7 is .568202, which is the same as thai 
of ^7, wim the exception of the index. 

?!^ z= 37.62 = lO^*^ __ jQwmis 
100 10* 

^ = 3.762 =12;:- =10—^ 
1000 10» 

31 • 
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That i% all numbers which are tenfold, the one of the other, 
have the same logarithm. . -^ 

376200 has for its logarithm 6.675419. 

37620 « " 4.576419. 

3762 " « 3.575419. 

376.2 « 2.676419.. 

37.62 « 1.576419. 

3.762 " 0.675419. 

When a number consists of whole numbers and deoimal 
parts, we find the fractional part of the logarithm in the same 
manner as if all the figures of the number belonged to the 
whole number, but we give it the index corresponding to the 
whole number only. 

In most tables of logarithms they are carried as far as seven 
decimal places. Some however are dnly carried to five or six. 
The disposition of the tables is something different in different 
sets, but they are generally accompanied with an explana- 
lion. When one. set of tables is well understood, all others will 
bo easily learned. The logarithms for the follovving examples 
may be found in any table of logarithms. They are used here 
as far ajs six places. \ 



Examples* 

1. Multiply 43 by 25. . . 

Find 43 in the column of numbersi and against it in the co- 
lumn of logarithms you will find 1.633468, and against 25 you 
will find 1.397940. Add these two logarithms together and 
their sum is the logarithm of the product. 



log. 


43 . . 
25 

1075 , . 


. . 1.633468 
. . . 1.397940 


C( 


. . 3.031408 



Find this logarithm in the column of logarithms, and against 
it in the colunm of numbers you find 1076 which is the product 
of 43 multiplied by 25. The index, 3, shows that the number 
must consist of four placei». 
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Let the learner prove the results at first by actual multipli- 
cation.. 

2. Multiply 2520 by 300, 

By what was remarked above, the logarithm of 2620 is the 
same as that of 252 with the exception of tITe index, and that 
of 300 is the same as that of 3 except the index. 

, Find the number 252 in the left hand colmnn, and against it 
in the second column you find .401401. The number 2520 con- 
sists of four places, therefore the index of its logarithm must be 
(4 — 1) or 3. The logarithm corresponding to 300is-477121, 
and its index must be 2, because 300 consists of tljiree places. 

log. 2520 . . . . 3i*01401 

" 300 .. . 2.477121 



" ' 756000 .... 5.878522 • 

Find this logarithm, and against it in the column of nimibers 
you will find 756 ; but the index 5 shows- that the number 
must consist of 6 places ) therefore three zeros must be annex- 
ed to the right, which makes the number 756000, which is the 
product of 2520 by 300. 

3. Multiply 2756 by 20. 

* To find the logaritlim of 2756, find in the column of num- 
bers 275, and at the top of the table look for 6. In the co- 
lumn under 6 and opposite 275 you find .440279^ for the deci- 
mal part of the logarithm of 2756. The characteristic will 
be 3. . 

log. 2756 . . . 3.440279 
"20 . . . .1.301030 



"65120 . . . 4.741309 

Looking in the table for this logarithm, against 651 you will 
find .741152 and against 562 you will find .741939. The lo- 
garithm .741309 is between these two. Against 561, look 
along in the other columns. In the eolmnn und^ 2 you find 
the logarithm required^ The figures of the number, then, are 

* In iBome tables the whole number S756 may be found in the left hand oo* 
hiinn. 
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5512, but the characteristic being 4, the number must consist 
of five places ; Hence annexing a zero, you have 55120 iot die 
product of 2756 by 20. 

4. Divide 75634? by 27867. 

Both these numbers exceed the numbers in the tables, still 
we shall be able to find them with great accuracy. First find 
the logarithm of 756300, which is 5.878694. The difierence 
between this logarithm and that of 756400 is 58. The diflfer- 
ence between 756300 and 756400 is 100, and the difference 
between 756300 and 756342 is 42. Therefore, if jW = -42 
of 58 be ad(^d to the logarithm of 756300, it will give the lo- 
garithm of 756342 suflSciently exact, 58 X .42 = 24, reject- 
ing the decimal?. 5.878694 + 24 = 5.878718. The 58, 
and consequenM}^ the 24, are decimals of the order of thcvtwo 
last places of the logarithm, but this circumstance, need not be 
regarded' in taking these parts. It is sufiScient to add them to 
their proper place. 

The table generally furnishes means of taking out this loga- 
rithm more easily. As the differences do not oflen vary an 
unit for considerable distance among the higher numbers, the 
difference is divided into ten equal parts, (that is, as equal as 
possible, the nearest number being usetd, rejecting the decimal 
parts) and one part is set against 1, two parts against 2, &^. in 
a colunm at the right of the table. 

In the present case, then, for the 4 (for which we are to take 
yV of 58,) we look at the&e parts and against it we find 23, and 
for the 2 (for which we must take y|^ of 58,) we find 11. But 
11 is t\, consequently to obtain yf 7 ^^ "f*"st take yV of 11 
which is 1, omitting the decimal. The operation may stand 
thus : 

log. 756300 5.878694 

yV of diff. 23 

U 1 



TtT 



log.756342 6.878718 

To find the logarithm of 27867, proceed in the same maimer, 
first finding th^t of 27860, and then adding ^ of the difierence 
which will be found at the right hand, as above. 



rV 



log. 27860^ 
diff. 



Logarkhnu. 

4.444981 
109 



249 



log. 27867 4.446090 



Fro!,n log. dividend 
Subt. log. of divisor 



5.878718 
4.445090 



log. of quotient 27.141 1.433628 

We find the decimal part of this logarithm is between 
.433610 and .433770, the former of which belongs to the num- 
ber 2714, and the latter' to 2715. Subtract 433610 frpm 
433628, the remainder is 18, Looking in the column of parts, 
the nuniber next below 18 is 17, which stands against 1 or yV 
of the whole difference* 

Put this I at the right of 2714, which makes 27141. The 
chqja^ieristic 1 shows that the number is between 10 and 100. 
Th^efore the quotient is 27.141. This quotient is correct to 
three decimal places. 

If the table has no column of differences, take the whole 
difference between .433610 and .433770, which, is 160 for a 
divisor, the 18 for a dividend, annexing one or more zeros. 
One place must be given to the quotient for each zero. 

1801160 
16o| .1 



5. What is the 3d power of 25.7 ? 
log. 25.7 



Multiply by 3 



log. 



16974.6 



Afu. 



6. What is the 3d root of 15 i 
log. 15 

log. 2.46621 



1.409933 
*3 

4.229799 
16974.6—. 



1.176091 (3 



.392030 
Jins.2A662+. 



L. Since a fraction consists of two numbers, one for the nti- 
iiierator and the other for the denominator, the logarithm of a 
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fraction must consist of two logarithms ; and as a fraction ex- 
presses the division of the numerator by the denominator, to 
express this operation on the logarithms, that of the denomina- 
tor must be represented as to be subtracted from the nume- 
rator. 

The logarithm of | is expressed thus : 

- log. 3 — log. 6 = 0.477121 — 0.698970. 

The k>garithm of a fraction whose numerator is 1^ may be 

expressed by a single logarithm. For — ^ is the same as a~*. 

If we would express the logarithm of i for example , 

10.«7i«i ^ 3 consequently J- ^„,,, = 10-.«"" = J. 

' * ^ •1Q,4771«1 "* 

That is, the logarithm of i is the same as the logarijth^^pf 3, 
except tlie sign, which for the fraction is negative. A l^ l fti c- 

1 *■■ 

tion ma3^ be reduced to the form — , but the denominator wilJ 

a* 

consist of decimals or still contain a fraction. 

3 = 1 = L_ 

' If 1.066 -f* 

If the subtraction be actually performed, on the expression of 
this fraction given above, it will be reduced to the logarithm 
of a fraction of this form. 

0.477121 — 0.698970 = — 0.221849. 

The number corresponding to the logarithm 0.221849 is 1.666 
+, but the sign being negative, shows that the number is 

1 



1.666 + 

The logarithms of all common fractions may be obtained in 
either of the above forms, but they ^re extremely inconvenient 
in practice. The first on account of its consisting of two loga- 
rithms would be useless as well as inconvenient; because 
though we might find a logarithm corresponding to any frac- 
ticMi, yet in performing operations, a logarithm would never be 
found in that form when it was required to find its number. 
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The second foniMg inconvenient because it is negative, and 
also because in se^RilSg the number corresponding to the loga- 
rithniy a fraction would frequently be found with decimals in 
the denominator. It would be much better that the whole 
fraction should •be -expressed in decimals. If the fraction is 
used in the decimal form, the logarithms may be used for them 
almost as easily as for whole numbers. 

Suppose it is required to find the logarithm of .5 or'^f^* 

log. 5 — log. 10 = 0.698970 — 1 . = — 1 + .698970. 

Suppose it is required to find the logarithm of .05 or ^f t- 

log. 5 — log. 100 = 0.698970 — 2 = — 2 +.698970. 

The logarithms of 10, 100, 1000, &c. always being whole 
numbers, we have the two parts distinct.. The logarithm of .5 
is the same as that- of 5 except that it hsCs the number 1 joined 
to it with the sign ^;, which is sufficient to distinguish it, and 
show it to be a fraction. The logarithm of .05 also is tne same, 
except that — 2 is joined to it. That is, the logarithm pf the 
nu^ierator is positive, and that of the denominator negative. 

This negative number joined to the positive fractional part, 
serves as a characteristic, and is a continuation of the principle 
shown above ; thus 

The log. 



500 is 


2.698970 


50 


1.698970 


5 


0.698970 


.5 


r.698970 


.05 


2".698970 



The logarithm of a decimal is the same' as that of a whole 
number expressed by the same figures, with the exception of 
the characteristic, which is negative for the flection ; being — 
1 when the first figure on the left is tenths, — 2 when the first 
is hundredths, &c. It is convenient to write the sign over the 
characteristic thus, "T, "2^ &c. It is not necessary to put the 
sign + before the fractional part, for this will always be un- 
derstood to be positive. 
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In operating apon fliese numbers, the fifliB||prules mnst be ob- 
served as in other cases where numbei^^ found connected 
with the signs + and — . 

Wheii_the first figure of the fraction is tenths, the character- 
istic is 1/ when the first is hundredths, the characteristic is 2, 
&c. 

The ^g. of .25 is log. 25 — log. 100 

= 1.397940— 2 = — 2 + 1.397940 z=T.397940. 

This is the same as the logarithm of 25, except that the cha- 
racteristic T shows that its first figure on the left is lOths, or 
one place to the right of units. 

Multiply 325 by. 23. 

log. 325 . . . 2.511883 
log. .23 , . . . 1:361728 

" lo^. -74.75 ^n5. . . J.873611 

Multiply 872 by .097. 

log. 872' . . . 2.940516 

log. .097 . . T986772 . 

log. 84.584 vJiM. * . . 1.927288 

In adding the logarithms, there is 1 to cany firom the deci- 
mal to the units. This one is positrve, because the decimal 
part is so. 

Multiply .857 by .0093 

log. .857 . • . T.932981 
log. .0093 . . ir.968483 

log. .0079701 JSm. . . "5301464 

Divide 75 by .026. 

log. 75 . • . 1.875061 

log. .025 . . 1:397940 

log. 3000 Ana. . . . 3,477121 
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In subtracting the negative quantity is to beadded^ as in 
algebraic quantities. 

Divide 275 by .047. 

log. 275 . . . 2.439333 
log. .047 . . -2:672098 



log. 5851.06 ^fw. . . . 3.767235 
Divide .076 by 830. 

log. .076 "2:880814 = T + 1.880814 
log. 830 . . 2.9i9078 

log. .0000915662 Ans. . "6:961736 

In order to be able to take the second from the first, I change 
tlie characteristic "5" into T^ + 1 which has the same value. 
This enables me to take 9 from 18, that^s, it furnishes a ten to 
borrow for the last subtraction of the positive part. In sub- 
tracting, the characteristic 2 of the second logarithm becomes 
negative and of course must be added to the other negative. 

Divide .735 by .038. 

log. .735 . . T866287 

log. .038 . . 2.579784^ 

log. 19.3421 Ans. r 1.286503 

What is the 3d power of .25 ? 

log. .25 . . ".397940 

3 



log. 0.015625 Ans. T + 1.193820 = T.19&&20. 

What is the third root of 0.015625 f 

The logarithm of this number is "2:193820. This character- 
istic "2" cannot be divided by 3, neither can it be joined with 
the first decimal figure in the logarithm, because of the differ- 
ent sign. But if we observe the operation above in finding the 
power, we shall see, that in multiplying the decimal part there 
was 1 to carry, which was positive, and after the multiplicatipn 
was completed, the characteristic stood thus, T + 1 which was 
22 
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aftenvards reduced to "ST Now if we add "T + 1 to the "g" in 
the present instance, it will become T" + 1, and at the same 
time its value will not be altered. The negative part of the 
characteristic will then be divisible by 3, and the 1 being posi- 
tive may be joined to the fractional part. 

log. .016626 Tl 93820 = T + 1.193820(3 

log. .26 Jlns. T397940 

In all cases of extracting roots of fractionsy if the negative cbor 
racterisiie is not divisible by the nunAer eacpresswg the rooi^ it must 
be made so in a similar manner. 

If the characteristic were T and it were required to iBnd the 
fifth root, we must add "2" + 2 and it will become "5" +2. 

What is the 4th root of .367 } 

log. .367 . ~r.662668 = T+ 3.562668(4 

log. .77298 Ans. T.888167 

Any common fraction may be changed to a decimal by its 
logarithms, so that when the logarithm of a common fraction is 
required, it is not necessary to change the fraction to a decimal 
previous to taking it. 

It is reqiiired to find the logarithm of i corresponding to i 
expressed in decimals. -».' 

The logarithm of 2 being 0.30103, that of i will be —0.30103. 

Now — 0.30103 = _ 1 4. 1 — .30103 

= — 1 -h (1 — .30103) =T69897. 

The decimal part .69897 is the log. of 6, and — 1 is the log. 
of 10 as a denominator. Therefore T69897 is the log. of 
.6 = i. 

Reduce f to a decimal. 

log. 6 0.69897 = — 1 + 1.698970 

log. 8 0.903090 



log. 0.626 = f Ans. T.796880 
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When there are several mtiltiplications and divisions to be 
performed together, it is rather more convenient to perform the 
whole by multiplication, that is, by adding the logarithms. 
This may be effected on the following principle. To divide 
by 2 is the same as to multiply by J or .6. Dividing by 5 is 
* the same as multiplying by ^ or .2, &c. 

Suppose then it is required to divide 435 by 16. Instead of 
dividing by 16 let us propose to multiply by y'3. First find the 
logarit&u of ^V reduced to a decimal. 



log. 1 

log. 15 subtract 


is = — 2+2.000000 
1.176091 


log. TT in form of a decimal 
log. 435 add 


"2:823909 
2.638489 


log. 29 = quotient of 435 by 15 


1.462398 



The log. of ?y viz.'2;823909 is called the Arithmetic Compk 
ment of the log- of 15. 

The arithmetic complement is found by subtracting the logarithm 
-of the nymberfrom the logarithm ofly imich is zero^ but which may 
atwaiys he represented 6y T + 1> 2" + ^j 4^<^« ^^ ^^^ always be 
represented by such a number that the logarithm of the number may 
be subtracted from the positive part. That m, it must always be 
equal to the chanacteristw of the logarithm to be subtracted^ phis 1 ; 
ySr 1 must always be borrowed from ity from wUch to subtract the 
fractional port. 

It is required to fiAd the value of a? in . the following equa- 
tion. 

X = / ^ X 26 X 56.78 \^ 
\ 887 X 2.895 / 
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log. 35 1.544Q68 

log. 28 1.447158 

log. 56.78 1.764195 

log. 387 2.587711 Arith. Com. '5412289 

log. 2.896 0.461799 « « T538201 



1.695911 
3 

6.087733(5 



log. 10.4123 very nearly answer 1.017546 

I multiply by 3 to find the 3d power, and divide by 5 to ob- 
tain the 5th root. 

LI. There is an expedient generally adopted to avoid the 
negative characteristics in the logarithms of decimals. I shall 
explain it and leave the learner to use the method he likes the 
best. 

1. Multiply 253 by .37. 

log. .37 T.568202 

log. 253 2.403121 



log. 93.61 nearly answer 1.971323 

Instead of using the logarithm 1.568202 in its present form, 
add 10 to its characteristic and it becomes 9.568202. 

log. .37 9.568202 

log. 253 2.403121 

11.971323 
Subtract 10. 



log. 93.61 as above. 1.971323 

In this case 10 was added to one of the numbers and after- 
wards subtracted firom the result ; of course the answer must 
be the same. 

2. Multiply .023 by .976. 
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Take out the logarithms of tliese numbers and add 10 to 
eaeh^ characteristic. 

log. .023 8.361728 

log. .976 9.989460 



18.3M178 
Subtract 20 



log..022448 nearly ans. 2.351178 

We may observe that, in this way, when the first left hand 
figure is tenths, the characteristic, instead of being T is 9, and 
when the first figure is hundredths, the characteristic is 8, (fcc. 
That is, the place of the first figure of the number reckoned 
from the decimal point corresponds to what the characteristic 
falls short of 10. Whenever in adding, the characteristic ex- 
ceeds 10, the ten or tens may be omitted and the unit figure 
only retained. • 

In the first example, one number only was a fi*action, viz. 
.37. In adding, the characteristic became 11, and omitting 
the 10 it became 1, which shows that the product is a number 
exceeding 10. 

In the second example both numbers were fi'actions, of course 
each characteristic was 10 too large. In adding, the charac- 
teristic became IS. Now instead of subtracting both tens or 
20, it hs sufiUcient to subtract one of them, and fie characteris- 
tic 8, which is 2 less than 10; shows as well as 2~ would do, 
that the product is a fraction, and that its first figure must be 
in the second place of fi'actions or hundredth's place. 

If three fractions were to be multiplied together, there would 
be three tens too much used, and the chaiacteristic would be 
between 20 and 30 ; but rejecting two of the tens, or 20, the 
remaining figure would show the product t6 be a firaction, and 
show the place of its first figure. 

3. What is the 3d power of .378 1 

log. .378 . . . . 9.577492 
Multiply by 3 

28.732476 
log. .05401 nearly ans. 8.732476 

22* 
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Mtiltiplyiiig by 3 is the s«ne.^8 adding tfae number twice to 
itself. The characteristic becomes 28, but omitting two qC the 
tens or 20, it becomes 8, which shows it to be the logaritmn of 
a fraction whose first place is hundredths. 

If it is required to find the 3d root of a flection, it is easy to 
see, that having taken out the logarithm of the fraction, it will 
be necessary to add two tens to the characteristic, for it is then 
considered the third power of some other fraction^ and in rais- 
ing the fraction to that power, two tens would be subtracted. 

In the last excunple the logarithm of the power is 8.732476, 
but in order to take its 3d root, it will be necessary to add the 
two tens which were omitted. . 

For the second root one ten must be previously added, and 
for the fourth root, three tens, &c. 

4. What is the 3d root of .027 ? 

log. 027 ... . 8.431364 

or considered as a 3d power 28.431364 (3 

log. .3. Ms. . ... 9.477121 

5. What is the 2d root of .0016 ? 

log. .0016 . . 7.204120 

or considered a second power 17.204120 (2 

log. .04. Jlns» 8.602060 

In dividing a whole number by a fraction, if 10 be added to 
the characteristic of the dividend, it cancels the 10 supposed 
to be added to the divisor. If both are fractions the ten m the 
one cancels it in the other ; and if the dividend only is a frac- 
tion, the answer will of course be a less fraction. Consequent- 
ly in division the results will reqtire no alteration. 

6. Divide 67 by .018. 

log. 67 . . 1.755875 

loir. .016 . . 8.255S72 



log. 3I66»7 neurly am. 3.500603 



lA. 
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Here in subtracfbg I pppose 10 to be added to the iinit 



characteristic, and sa^ 8 
7. Divide .2172 by .006. 

log, .2172 
log. .006 

log. S6.2 Am. 



9.336860 
7.778161 

1.668709 



In taking the arithmetical complement, the logarithm of the 
number may be subtracted immediately from 10. The loga- 
rithm of 2 being .301030, its arithmetical c(snplement is 
T698970. Adding 10 it becomes 9.698970. It would be the 
same if subtracted immediately from 10 thus 10 — .301030 
= 9.698970. 

8« It is required to find the yaluo of ^ in the following ex« 
pression * 



= JI / 1 3.78 X >070 6J 
112 \ .263 / 



log. 13.73 

log. .0706 

log. .263 9.403121 

Sum 



Product by 3 

i^uotient by 2 
log. 17 
log. 112 2.049218 Arith. Com. 

log. 0? = 1*13831 nearly 



1.137670 

8.848806 

Arith. Com. 0.596879 



0.683364 
3 

1.750062 (2 

0.875031 
1.230449 
7.960TB2 

0.056262 



Jlad the wtixieotx in the foHMring eqnatioBs. 

9. . ^ / 38.47 X .463 V* 

\ .037'X 576/ 
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10 « - il5 / 872 X ^<065 \* 

417 \.038X 4686/ 

_ 25 / 873 V ' / 278 \^ 

* 476 \956/ \1973/ 

12. 38* = 683. 

Observe that the 2d power of 38 is found by multiplying the 
lo^Birithm of 38 by 2, the 3d power by multiplying it by 3, &c. 
which will give the logarithm of the result. Hence we have 
the following equation; the logarithm of 38 being 1.679784 
and that of 683 being 2.765669. 

X X 1.679784 = 2.766669 

x = ?:Z25^^ 1.75066 + 
1.679784 

The value of x is found by dividing one logarithm by the 
other in the same manner as other numbers. It might be done 
by logarithms if the tables were suiEciently extensive to take 
out the numbers. By a table with six places an answer cor- 
rect to four decimal places may be obtained.. 

In taking out the logarithms the right hand figure may be 
omitted without affecting the result in the first four decimals. 

log. 2.76567 . . 0.441800 

log. 1.57978 . . . 0.198596 

log, X = 1.76067 . 0.243204 

13. What is the value of a? in the equation 1537* = 62.^ 
This gives first 1537 = 62*. 

This may now be solved like the last. 

LIL Questions rdoHng to Cong»ound LUerest. 

It is required to find what any ^ven princq>al|7 will amount 
to in a number n of years, at a given rate per cent r, at com- 
pound interest. 

Suppose first, that the principal is $1, or £1^ or one unit of 
money of any kind. 
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1 X T 

The interest of 1 for one year is , or simply r, if r is 

considered a decimal. The amount of 1 for one y,ear then^ 
will be 1 -I7 r. The amount of ^ dollars will be ^ (1 -f- r). 

For the second year, p(l+r) will be the principal, and the 
amount of 1 being (1 +r), the amount of p (1 -f-r) will be 
p(l+r)(i+r)orp{l+ry. 

For the third year p (1 + r)* being the principal, the amount 
will be p(l + ry (1 + r) orp (1 + r)*. 

For n years then, the amount will be p (1 + r)*. 

Putting A for the amount, we have 

Az=zp{l + r)\ 

This equation contains four quantities, A, p^ r, and n, any 
three of wiiicfa being given, the other may be foimd; 

Logarithms will save much labour in calculations of this 
kind. 



1. What will $753.37 amount to in 5| years, at 6 per cent, 
compound interest ? 

Here p =; 763.37, r = .06, and n =: 5|. 

log. 1 + r = 1.06 . . 0.025306 

n= ^ 

0.003163i 
3 



0.009490 
0.126530 



log. (1+r)^ . . . • 0.136020 

log. 753.37 • . . . 2.877008 

log. $1030.452 JbiM. ^013038 



LIL 



2. What principal put at interest wiU amount to $5000 in 
IS years at 6 per cent, compound interest ? 
By the above formula 



A 



P — 



(l+r)« 



log. 1 + r =s 1.06 



n = 



Subtract 
From 



0.021189 
13 

.063567 
21189 

.276457 
3.698970 

3.-^3513 



log. w4 = 6000 

log. p = ^651.63 nearly Aru 

3. At what rate per cent, must $378.57 be put at compound 
interest, that it may amount to $500 m 5 years ? 

Solving the equation ^ =i> (1 + r)- making r the unknown 
qaanti^i it becomes 



r + l 



Hff 



log. .5 = 600 
log. p = 378.57 



IMvidmg by n = 6 



2.698970 
5.578146 

0.120824 .(5 

0.024165 



log. (r+l) = 1.05722 
Consequently r = 0.05722 Aru. 

4. In what time wiU $284.37 amount to 760 at 7 per cent.? 
Makmg n the unknown quantity, tiie equation ^ =/> (1 + r)" 
becomes 

log. jl3siiXlog.(l + r),and 
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. . '^- (D 

log.(l+r) 

log. ,4 =760 . . . 2.876061 

log. p = 284.37 . . . 2.463884 

log. J:? . . : . . . 0.4^1177 

log. 1 + r = 1.07, is 0.029384 

log. 0.421177 9.624464 

log. 0.029384 .... 8.468111 

log. n = 14.334 nearly Ansi 1.166363 

6. What will be the compoimd interest of $947 for 4 years 
and 3 months at 6^ per cent. ? 

6^ What will $167.63 amount to in 17 years at 4f per cent.f 

7. A note was given the 16th of March 1804, for $68.46, at 
the rate of 6 per cent, compound interest ; and it was paid the 
19th of Oct. 1823. To how much had it amounted ? 

8. A note was given the 13th of Nov. 1807, for $466.33, and 
was paid the 23d of Sept. 1819. The sum paid was $894.40. 
What per cent, was allowed at compound interest ? 

9. In what time will the principal j? be doubled, or become 
2^, at 6 per cent, compound interest ? In what time will it 
be tripled ? 

JVote. In order to solve the above question, put 2 o in the 
place o{A for the first, 2p for the second, and find the value 
ofn. 

The principles of compound interest will apply to the follow- 
ing questions concerning the increase of population. 

10. The number of the inhabitants of the United States in 
A. D. 1790 was 3,929,000, and in 1800, 6,306,000. What rate 
per cent, for the whole time wrs the increase ? What per 

cent, per year ? 
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11. Suppose the rate of increase to remain the same for the 
next 10 yearsy what would be the number of inhabitants in 
1810? 

12. At the same rate, in what time would the number of in- 
habitants be doubled after 1800 ? 

13. The number of inhabitants in 1810 by the census was 
7,240,000. What was tlie annual rate of increase ? 

14. At the above rate, what woald be the number in 1820 ? 

15. At the above rate, in what time would the number in 
1810 be doubled? • 

16. The number of inhabitants by the census of 1^0, was 
9,638,000. What was tbe annual ra;te of increase from 1810 
to 1820 ? 

17. At the same 4«ite, what is the number in 1825 f 

18. At the same rate, wh»t will be the nund>er in 1830 ? 

19. At the same rate, in what time will the number in 1820 
>e doubled ? 

20. In what time will the number in 1820 be tripled ? 

21. When will die number of inhabitants, by the ratd of the 
la&t census, be 50,000,000 ? 



LIII. 1. Suppose a man puts $L0 a year mto the savings 
bank for 15 years, and that the rate of interest which the bank 
is able to divide annually is 5 per cent. How much money 
will he have in the bank at the end of the 15th year ? 

Si]iqx>se a = the sum put in annually, 
r = the rate of interest, 
i = th^ time, 
A = tha amount. 

According to the above rule of compound interest, the sum 
a at first deposited will amount to a (r + 1)*; that deposited 
^e second year will amount to a (r + 1)*""* ; that deposited 



i 



Lin. Compound Interest. 265 

the third year will amount to a (r + 1)*~* ; that deposited the 
last year will amount to a (r + 1)\ Hence we have 

^ = a (r+l)*+«(r+l )*-' + (! (r+l)^....a(r+l).. .. 

But (r -Kl)*, (r + 1)*"*, &c. is a geometrical progression, 
whose largest tenn is (r + 1)S the smallest r + 1> and the 
ratio r 4- 1* The sum of this progression, Art XLYII. \r 

(r + l)[(r + !)'-!] 
r 

Hence A = a (r + 1) [(r + D' - 1] 

r 

The same result may be obtained by another course of rea- 
soning. 

The amount of the sum a for one year is a -f a r. Adding 
a to this, it becomes 2 a -{- ar. 

The amount of this at the end of another year is 2 a + a r 
+ 2ar + ar*, or2a + 3ar + ar*. Adding a to this it 
becomes 

Za + ^ar -{- ar*. 
The amount of this for 1 year is 

= 3a + 6ar + 4ar» + ar', 
= a (3 + 6 r + 4 r* + r»). 

This is the amount at the end of tlie third year before the 
addition is made to the capital. The law is now sufficiently 
manifest. With a little alteration, the quantity 3 4- 6 r + 4 r* 
+ r* may be rendered the 4th power of 1 + r. The three last 
coefficients are already right. If we add 1 to the quantity it 
becomes 

4 4- 6 r + 4 r* + r\ 

Multiply this by r and it becomes 

4r + 6r»-j-4r' + r\ 
23 
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Add 1 again and it becomes 

This is now the 4th power of 1 + r, and it may be Mnritten 

(1 + ry. 

Subtract the 1 which was added last, and it becomes 

Divide this by r, because it was multiplied by r, and it be> 
comes 

(i+ry-i 

r 
Subtract 1 a^ain, because 1 was added previous to multiply- 
mg by r; and it becomes 

(l+r)«-l _^_ (l+ry-(l+r) _ (1 +r) [(l+r)'- !] 
r r r 

Substitute t in place of the exponent 3, and multiply by a, 
and it becomes 

«(l + r) [(l+r>-l] ^^. 
r 
which is the same as before. 

Tlie particular question given above may now be solved by 
logarithms, using this formula. 

log. (1 +r) = 1.05 . . . 0.021189 

Multiply by ^ = 16 . . 15 



105945 
^1189 



log. (1 + r )" = 2.079 . . .817835 
Subtract 1 1 

log. 1.079 . . • 0.033021 

log. (1 + r) . . . . 0.021189 

log. a = 10 . . . . 1.000000 

Arith. Com. log. r = .06 . . 1.301030 



Aw. $226.59 .... 2.355240 
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2. A man deposited annually $50 in a bank from the time 
his son was born, until he was 20 years of age ; and it was 
taken out, together with compound interest on each deposit at 
3 per cent., when his son was 21 years of age, and given to him. 
How much did the son receive f 

3. How much did the bankers gain by receiving the money, 
supposing they were able to employ it all the time at 6 per 
cent, compound interest ."^ 

4. A man has ^ son 7 years old, and he wishes to give him 
^2000 when he is 21 years old ; how much must he deposit 
annually at 4 per cent, compound interest, to be able to do it t 

5. If a man deposits in a bank annually $35, in how long a 
time will it amount to $500 at 6 per cent, compound interest ? 

6. The first slaves were brought into the American Colonies 
in the year 1685. Suppose the first number to have been 50, 
and that 50 had been brought each year for 100 years, and the 
rate of increase 3 per cent. How many would there have been 
in tiie country at the end of the hundred years f 

LIV. Annuities. 

1. A man died leaving a legacy to a friend in the following 
manner ; a sum of money was to be put at interest, such that, 
the person drawing 10 dollars a year, at the end of 15 years 
the principal and interest should both be exhausted. What 
sum must be put at interest at 6 per cent, to fulfil the above 
condition f 

Let the learner generalize this example and form a rule ; and 
then solve the following examples by it. 

2. A man wishes to purchase an annuity which shall afford 
him $300 a year so long as he shall live. It is considered 
probable that he will live 30 years. What sum must he de- 
posit in the annuity ofilice to produce this sum, supposing he 
can be allowed 3 per cent, interest f 

I^ B. The principal and interest must be exhausted at tke 
end of 30 years. 
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3. If the man mentioned in the last example should die at 
the end of 18 years, how much would the annuity company 
gain f 

4. If he we^e to live 43 years, how much would the company 
lose ? 

5. A man purchases an annuity for life, on the supposition 
that he shall live 45 years, for $15000, and is allowed 4 per 
cent, interest. How much must he draw annually that the 
whole may be exhausted ? 

6. A man has property to the amount of $35000, which 
yields him an income of 5 per cent. His annual expenses are 
$5000. How long will his property last him ? 

7. The number of slaves in the United States in 1810 was 
1,191,000, and in 1820 the number was 1,531,000. What is 
he number at present, 1825, allowing the rate of increase to 
'>e the same i 

8. There is a society establ:shed in the United States for the 
purpose of colonizing the free people of colour. Suppose the 
slaves to be emancipated as fast as this society can transport 
them away ; how many must be sent away annually, that the 
number may be neither increased nor diminished f 

9. How many must be sent away annually that the country 
may be cleared in 100 years i 

10* If the colonization is not commenced till the year 1840, 
supposing the rate of increase to remain the same as from 1810 
to 1820, how many must then be sent away annuallv, that the 
number remaining may continue the same ? 

11. How many must then be sent away annually, that the 
country may be cleared of them in 100 years ? 

Miscellaneous Examples. 

1. An express set out to travel 240 miles in 4 days, but in 
consequence of the badness of the roads he found that he must 

S) 5 miles the second day, 9 the third, and 14 the fourth^ less 
an Uio first. How many miles must he travel each dav f 
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2. Two workmen received the same sum for their labour ; 
but if one had received 27 shillings more and the other 19 
shilbngs less, then one would have received just three times as" 
much as the other. What did they receive .'* -^ 

3. Two persons, A and B worked together, A worked 15 
and B 18 days, and. they received equal sums for their work. 
But if A had worked 17 J and B 14 days, then A would have 
received 35 shillings more than B. What was the daily wages 

of each ? . . 

• . *^ ■ \ ' ' 

4. Two merchants entered into a speculation,, by which one 
gained 54 dollars more than the other. The whole gain was 
49 dollars less than three times the gain of ^the less. Whjit 
were the gains.'* , v. /. > • ' ' - v ' 

5. A^man bought a piece of cloth for a certain sum, and on 
measuring it, found that it cost him 8 dollars, but if there had 
been 4 yards more, it would have cost him only $7 per yard. 
How many yards were there f 

6. Divide the number 46 into two such parts, that one of 
them being divided by 7, and the other by 3, the quotients may 
together be equal to 10. ' . r, . . 

7. A farm of 864 acres is divided between 3 persons. C has 
as many acres as A and B together ; and the portions of A 
and B are in the proportion of 5 to 11. How many acres had 
each ? / '^ . , ^ ' '' -. • / 0^ ' .' w . 

8. Th^re are two numbers in the proportion of J to |, the 
first of which being increased by 4 and' the second by 6, they 
will be in the proportion of | to J. What are the numbers ? 

9. A farmer has a stack of hay, from whicHTie sells a quan- 
tity, which is to the quantity remaining in the proportion of 4 
to 6. He then uses 15 loads, and finds that he has a quantity 
left, which is to the quantity sold as 1 to 2.. How many loads 
did the stack at first contain ? 

10. There are 3 pieces of cloth, whose lengths are in the 
proportion of 3, 5, and 7 ; and 8 yards being cut off from each, 
the whole quantity is diminished in the proportion of 15 to II. 
What was the length of each piece aft first ? . ^^ 

11. The number of days that 4 workmen were employed 
were severally as the numbers 4 5, 6,7 ; their wages were the 

23* 
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same, viz. 3 shillings, and the sum received by the first and 
second was 36 shillings less than that received by the third and 
fourth. Hqw.niuch did each receive ? . . . ' 

la. There are tW *numbei4/ the"* greater of which is three 
tintes^ the less ; and the sum of their second powers is five times 
the sum of the numbers. What are the numbers t ,4 

.13. What two numbers areThose. of wTiich the less irto the 

S eater as 2 to 3 ; and whose product is six times the sum of 
e numbers ? /^ .• ^ , ' ^ , ] • • , v, ' 

14. There are two boys, the difference of whose ages is to 
their sum as 2 to 3, and their sum is to their product as 3 to 5. 
What are their ages t , ^ . 

15. A detachment of soldiers fi-om a regiment being ordered 
to march on a particular service, each company fiimished 4 
times as many men as there^were companies in the regiment ; 
but these being found in$ufii4:^ient, each company fiirnished 
three more men, when their number was found to be increased 
m the proportion of 17 to 16. How many companies were 
there in the regiment ? / 

16. Find two numbers which are in the proportion of 8 to 6, 
and whose product is 360. . , ' 

17. A draper bought 2 pieces of cloth for j^31.45, one bemg 
50 and the other 65 cents per yard. He sold each at an ad- 
vanced price of 12 cents per yard, and gained by the^whole 
^6.36. What were the lengths of the pieces f - . 

18. T\vo labourers, A and B, received $43.'^5 for their wa^es, 
A having been employed 15, and B 14 days; and A received 
for working four days $3.25 more than B for 3 days. What 
were their daily wages ? ' 

19. Having bought a certain quantity of brandy at 19 shil- 
lings per gallon, and a quantity of rum exceeding that of the 
brandy by 9 gallons, at 15 shillings per gallon, I find that I 
paid one shillmg more for the brandy than for the rum. How 
many gallons were there of each .^ 

20. Two persons, A and B, have each an annual inc<xne of 
$1200. A spends every year $120 more than B, and at the 
end of 4 years the amount of their savings is equal to one year's 
income of either. What does each spend annually i 
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21. In a naval engagement, the number of ships taken was 
7 more, and the number burnt was 2 fewer, than the number 
sunk ; 15 escaped, and the fleet consisted of 8 times the num- 
ber sunk. Of how many did the fleet consist i ^ 

22. A cistern is filled in 60 minutes by 3 pi\)es;"one of which 
conveys 10 gallons more, and the other 8 gallons less than the 
third, per minute. The cistern holds 1820 gallons. How 
much flow§^Jkfifoug^,each pip^ j)e^? minutp ii , . - » ^ 

23. A farm <n i'SoVcre's is divided between three persons, 
A, B, and C. C has as much as A and B both, wanting 10 
acres ; and the shares of A and B are to each other in the 
proportion of 7rto 3. ,^ Ho^y ^any ^q^jes has each i 

24. A "cerfKn suiii of m6nc!y being put at interest for 8 
months, amounts to $772.50. The same sum put out at the 
same rate for 15 months amounts to 792.1875. Required 
the sum and the rate per cent. ^Xt^A £ i /'# ^y^ 

25. From two casks of equal size are drawn quantities which 
are in the proportion of 5 to 8 ; and it appears that if 20 gal- 
lons less had been drawn from the one which now contains the 
less, only | as much would have been drawn from it as from 
the other. How many gallons were drawn from each ? ^ 

26. There are two pieces of land, which are in the form of 
rectangular parallelograms. The longer sides of the two are 
in the proportion of 6 to 11 , and the adjacent sides of the less 
are in the proportiojj of 3 to 2. The whole distance round the 
less is 135 yards greater than the longer side of the larg^ 
piece. Required the sides of the less, and the longer side of 
the greater. / ' i / . 

27. A person distributes forty shillings amongst fifly people, 
giving some 9d. and the rest 15d. each. How many were 
there of each ? , ' 

28. Divide the number 49 into two such parts, that the quo- 
tient of the greater divided by the less, may be to the quotient 
of the less divided by the greater as ^ to |. ' 

29. A person put a certain sum to interest for 5 years, at 6 
per cent, simple interest, and found that if he had put out the 
game sum for 8 years at 4J per cent, he would have received 
$60 more. What was the sum put out ? 
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30 A regiment of militia containing 830 men is to be raised 
from three towns, A, B, and C. The contingents of A and B 
are in the proportion of 3 to 5 ; and of B and C in the propor- 
tion of 6 to 7. Required the numbers raised by each. . ,4 

31. At what time between 6 and 7 o'clock are the hour and 
minute hands of a watch together ? . » . . 

32. There is a number consisting of two digits, the second 
of which is greater than the first ; and if the number be divided 
by the sum of the digits, the quotient will be 4 ; but if the digits 
be inverted and that number divided by a number greater by 2 
than the difference of the digits, the quotient will be 14. Re- 
quired the number. 

33. There is a fraction whose numerator being tripled, and 
the denominator diminished by 3, the value becomes § ; but if 
the denominator be doubled and the numerator increased by 
2, its value becomes |. Required the fraction. v 

34. A merchant bought a hogshead of wine f(^ $100. A 
few gallons having leaked out, he sold the remainder for the 
original sum, thus gaining a sum per cent, on the cost of it, 
equal to twice the number of gallons which leaked out. How 
many gallons did he lose i LQ / r u j 

35. There are two pieces of cloth, differing in length 4 
yards ; the first is worth as many shillings per yard as the se- 
cond contains yards ; the second is worth as many shillings per 
yard as the first contains yards ; and both pieces are worth 
£72. 10s. How many yards does each contain.'^ :^ 

36. A merchant bought a piece of cloth for $180, and sell- 
ing it at an advance of $1 a yard on the cost, he gained 15 
percent. Required the number of yards. 

37. There are two Tectangular pieces of land, whose leng^s 
are to each other as 3 : 2, and surfaces as 5 : 3 ; the smaller one 
is 20 rods wide. What is the widtli of the other ? 

38. There is a cistern to be filled with a pump, by a man 
and a boy working at it alternately ; the man would do it in 
15 hours, the boy in 20. They filled it in 16 hours 48 minutes. 
How long did each work i i ^ - . * -. . /i, - 

39. In a bag of money there is a certain number of eagles, 
as many quarter eagles, f the number of half eagles, together 
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with dollars sufficient to make up the number of coins equal to 
i of the value of the whole in dollars ; and the number of ea- 
gles and dollars diminished by 2, is half the number of coins. 
What is the number of coins of each sort }/^^ /^ . ^. /'* */, 

40. Suppose a man owes flOOOj what sum shall he pay 
daily so as to cancel tlie debt, principal and interest, at the end 
of a year, reckoning it at 6 per cent, simple interest f 

41 . A merchant bought two pieces of linen cloth, containing 
together 120 yards. He sold each piece for as many cents per 
yard as it contained yards, and found that one brought him in 
only I as much as the other. How many yards were there in 
each piece .'^ ^' ^^ . . "v 

42. A criminal having escaped from prison, travelled 10 
hours before his escape was known. He was then pursued so 
as to be gained upon 3 miles an hour. After his pursuers had 
travelled 8 hours, they met an express going at the same rate 
as themselves, who met the criminal 2 hours and 24 min. be- 
fore. In what time fron\ the commencement of the pursuit will 
they overtake him.** /^ i i li,, "-') (> ^ « ' . > . \ V^ . 

43. A and B enter into partnership \^th a joint stock of 
$900. A's capital was employed 4 months, and B's 7 months. 
When the stock and gain were divided, A received $512, and . 
B $469. What was each man's stock .'* / ", J\ ,[ /^ - ' 

44. A gentleman bought a rectangular lot of valuable landj'/« * 
giving 10 dollars for every foot in the perimeter. If the sam^ \ ^^ 

' quantity had been in a square, and he had bought it in the same *\^j:'> 
way, it would have cost him $330 less; and if he had bought ar^ ^ 
square piece of the same perimeter he would have had 12i rodsv^-^. 
more. What were the dimensions of the piece he bought f 

45. A and B put to interest sums amounting together to 800 
dollars. A's rate of interest was 1 per cent, more tlian B's, 

his yearly interest | of B's ; and at the end of 10 years his prin- ; ^ 
cipal and simple interest amounted to f of B's. What sum was ^ : -- 
put at interest by each, and at what rate? ^r a ^ ^ \. 

46. Two messengers, A and B, were despatched at the same ' ^ 
time to a place 90 miles distant ; the former of whom riding one 
mile an hour more than the other, arrived at the end of his jour- 
ney an hour before him. At what rate did each travel per hour f ' < 

47. A and B lay out some money on speculation. A dis- 
poses of his bargain for $11, and gains as much per cent, as B 
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lays out ; B's gain is $36, and it appears that A ^ains fou- 
times as much per cent, as B. Jleguired the capital of each ? 

48. A and B hired a pasture, inTo which Aputrour horses, 
and B as many as cost him 18 shillings a week. Afterwards B 
put in two additional horses, and found that he must pay 20 
shillings a week. At what rate was the pasture hired ? » 

49. A vintner draws a certain quantity of wine, out of a^ full 
vessel that holds 256 gallons ; and then filling the vessel with 
water, draws off the same quantity of liquor as before, and so 
on for four draughts, when there were only 81 gallons of pure 
wine left. How much wine did he draw each time ? 

50. Three merchants, A, B, and C, made a joint stock, by 
which they gained a sum less than that stock by $80. A's 
share^of the gain was $60, his contribution to the stock was $17 
more than B's. B and C together contributed $325. How 
much did each contribute ? 

51. A grocer sold 80lb. of mace and lOOlb. of cloves foi 
jB65 ; but he sold 60 pounds more of cloves for £$K) than he 
did of mace for i^lO. What was the price of a pound of each ? 

5^. A and B, 165 miles distant from each other, set out widi 
a design to meet. A travels one mile the first day, two the 
second, three the third, and so on ; B traveb 20 miles the first 
day, 18 the second, 16 the third, and so on. In how many 
days will they meet ? ' ' ^ 

53. A and B engage to reap a field for $20 ; and as A alone 
could reap it in 9 days, they promise to complete it in 5 days. 
They found however that they were obliged to call in C to as- 
sist them for the two last days, in consequence of which, B re- 
ceived I of a dollar less than he otherwise would have done. 
In what time could B or C alone reap the field i 

54. A mercer bought a piece of silk for $54 ; and the num- 
ber of shillings which he paid for a yard was a of the number 
of yards. How many yards did he buy, and what was the 
price of a yard.'* ' ' - ^v 

55. The fore wheel of a carriage makes 6 revolutions more 
than the hind wheel in going 120 yards ; but if the periphery 
of each wheel be increased one yard, it will make only 4 revo- 
lutions more than the hind wheel in the same space. Requir* 
ed the circumference of each. - • ' 

• -^- M - -> . 
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56. There are three numbers, the difference of whose differ- 
ences is 5 ; the sum of the numbers is 20, and their continual 
product 130. Required the numbers. ' J^ j ^^ ^ 

67. From two towns, C and D, two travellers, A and B, set 
out to meet each other; and it appeared that when they met, 
B had gone 35 miles more than f of the distance that A had 
travelled ; but from their rate of travelling, A expected to 
reach C in 20f hours ; and B to reach D in 30 hours. Re- 
quired the distance from C to D. 

68. Two men, A and B, entered into a speculation, to which 
B contributed $16 more than A. After four months, C was 
admitted, who added $60 to the stock ; and at the end of 12 
months from C's admission they had gained j^l59; when A 
withdrawing received for principal and gain $88. What did 
he originally subscribe ? 

69. The number of deaths in a besieged garrison amounted 
to 6 daily ; and allowing for this diminution, their stock of pro- 
visions was^ufScient to last 8 days. But on the evening of die 
sixth day, 100 men were killed in a sally, and afterwards the 
mortality increased to 10 daily. Supposing the stock of pro- 
visions unconsumed at the end of the sixm day to support 6 
men for 61 days; it is required to find how long it would sup- 
port the garrison, and the number of men alive when the pro- 
visions were exhausted. , 

60. There was a cask containing 20 gallons of brandy ; a 
certain quantity of this was drawn oif into another cask of equal 
size, and this last filled with water, and afterwards the first 
cask was filled with the mixture. It now appears that if 6% 
gallons of the mixture be drawn off fi^m the first into the se- 
cond cask, there will be equal quantities of brandy in each. 
Hequired the quantity of brandy first drawn off. 

61. From two towns, C and D, which were at the distance 
of 396 miles, two persons, A and B, set out at the same time,, 
and meet with each other, travelling as many days as are equal 
to the difference of the number of miles they travelled per day ; 
when it appeared that A has travelled 216 miles. How many 
miles did each travel per day ? 

62. A tailor bought a piece of cloth for $200, from which 
he cut 6 yards for his own use. and sold the remainder for 
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|175, gaining 75 cents per yard. How many yards were 
tfiere, and what did 'it cost him per yard? 

63. There is a rectangular field containing 10 acres, 1 quar- 
ter, 5 rods, and the length of it exceeds the breadth by 12 rods. 
Required the dimensions of the field, i? /^ / * c^l ', V< -v > ^ 

64. A man travelled 96 miles, and then found that if he had 
travelled 2 miles faster per hour, he should have been 8 hours 
less in performing the same journey. ^ At what rate per hour 
did he travel ? /V ; f .. . ^' _ - \ 

65. A regiment of soldiers, consisting of 900 men, is formed 
into two squares, one of which has 6 men more in a side Ihan 
the other. What is the number of men m a side of each 
square? ^ ^ ^ ., -,-.'. ; ' 

66. A and B travelled on the 'same road and at the same 
rate from Huntingdon to London. At the 50th mile stone 
fi-om London, A overtook a drove of geese which were pro- 
ceeding at the rate of three miles in two hours y and two 
hours afterwards met a stage waggon, which was moving at 
the rate of 9 miles in 4 hours. B overtook the same drove of 
geese at the 45th mile stone, and met the same stage waggon 
exactly forty minutes before he came to the 31st mile stone. 
Where was B when A reached London ? 

67. Two men, A and B, bought a farm consisting of 200 
acres, for which they paid $200 each. On dividing the land, 
A says to B, if you will let me have my part in the situation 
which I shall choose, you shall have so much more land than I, 
that mine shall cost 75 cents per acre more than yours. B ac- 
cepted the proposal. How much land did each have, and 
what was the price of each per acre ? 

68. A person bought two cubical stacks of hay for 4 1 £ ; each 
of them cost as many shillings per solid yard as there were yards 
in a side of the other, and the greater stood on more ground thah 
the less by 9 square yards. What was the price of each ? 

69. Two partners, A and B, dividing their gain $60 B 
took $20 ; A's money was in trade 4 months, and if the num- 
ber 50 be divided by A's money, the quotient will give the 
number of months that B's money, which was $100, continued 
in trade. What was A's money, and how long did B's con- 
tinue in trade ? 

END. 
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